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In this paper, we obtain M-polynomial of some graph operations 
and cycle related graphs. As an application, we compute M-
polynomial of some nanostructures viz., ܷܶܥସ[ݍ,]଼ܥ nanotube, 
 nanotorus, line graph of subdivision graph of [ݍ,]଼ܥସܥܷܶ
-nanotorus, V [ݍ,]଼ܥସܥܷܶ nanotube and [ݍ,]଼ܥସܥܷܶ
tetracenic nanotube and V-tetracenic nanotorus. Further, we 
derive some degree based topological indices from the obtained 
polynomials.  
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1. INTRODUCTION  

Let ܩ be a simple, connected, undirected graph of order ݊ and size ݉ with vertex set ܸ(ܩ) 
and edge set (ܩ)ܧ. The degree ݀ீ(ݒ) of a vertex ݒ ∈  is the number of edges incident (ܩ)ܸ
to it in ܩ. An isolated vertex or singleton graph is a vertex with degree zero. Let 
,ଶݒ,ଵݒ} . . . and let ݀ ܩ } be the vertices ofݒ, =  [24] (ܩ)ܵ The subdivision graph .(ݒ)ீ݀
of a graph ܩ is the graph obtained by inserting a new vertex onto each edge of ܩ. Let ܩଵ 
and ܩଶ be two graphs of order ݊ଵ, ݊ଶ and size ݉ଵ,݉ଶ respectively. The union [24] of ܩଵ 
and ܩଶ is the graph with vertex set ଵܸ ∪ ଶܸ and edge set ܧଵ ∪ ଵܩ ଶ is denoted byܧ ∪  ଶ andܩ
ଵܩ)ܸ| ∪ |(ଶܩ = ݊ଵ + ݊ଶ, |ܩ)ܧଵ ∪ |(ଶܩ = ݉ଵ + ݉ଶ. The join [24] ܩଵ +  ଶ isܩ ଵ andܩ ଶ ofܩ
the graph obtained from ܩଵ ∪  ଶ by anܩ ଵ with every vertex ofܩ ଶ by joining each vertex ofܩ
edge. Order and size of ܩଵ + ଶ are ݊ଵܩ + ݊ଶ and ݉ଵ + ݉ଶ + ݊ଵ݊ଶ, respectively. The 
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corona [24] ܩଵ ∘  ଶ of order ݊ଵ and ݊ଶ respectively, is defined asܩ ଵ andܩ ଶ of two graphsܩ
the graph obtained by taking one copy of ܩଵ and ݊ଵ copies of ܩଶ and then joining the ݅௧ 
vertex of ܩଵ to every vertex in the ݅௧ copy of ܩଶ. For undefined graph theoretic 
terminologies and notions refer [24]. 

Several topological indices have been defined in the literature. Among them some 
standard topological indices are first Zagreb index [22], second Zagreb index [23], 
modified second Zagreb index [10], Randic′ index [36], harmonic index [16], symmetric 
division index [10] and inverse sum index [10]. The general form of these degree-based 
topological indices of a graph is given by  

(ܩ)ܫܶ =   
ୀ௨௩∈ா(ீ)

,(ݑ)ீ݀)݂  ,((ݒ)ீ݀

where ݂ =  is a function appropriately chosen for the computation. Table 1 gives (ݕ,ݔ)݂
the standard topological indices defined by ݂(ݕ,ݔ). For more details on degree-based and 
distance based topological indices refer [1−7,12,13,18,19,21,32,39−41,43,45]. 

It would be interesting that, if all these topological indices are obtained from a 
single expression. This role is played by polynomials. In fact there are several graph 
polynomials like PI polynomial [3], Tutte polynomial [14], matching polynomial [15,20], 
Schultz polynomial [25], Zang-Zang polynomial [46], etc., Among them, the Hosoya 
polynomial [26] is the best and well-known polynomial which plays a vital role in 
determining distance-based topological indices such as Wiener index [44], hyper Wiener 
index [9] of graphs. Similarly, M-polynomial which was introduced in 2015 by Deutsch 
and Klavz෬ar in [10], which is useful in determining many degree-based topological indices 
(listed in Tables 1 and 2). This motivates us to study M-polynomial of some graph 
operations and some cycle related graphs. Recently, the study of M-polynomial are 
reported in [8,11,28,33−35,37].  
 

Table 1. [10] Operators to derive degree-based topological indices from M-polynomial. 

Notation Topological Index (࢟,࢞)ࢌ Derivation from (࢟,࢞;ࡳ)ࡹ 
ݔ First Zagreb (ܩ)ଵܯ + ௫ܦ) ݕ +  ௫ୀ௬ୀଵ|((ݕ,ݔ;ܩ)ܯ)(௬ܦ
;ܩ)ܯ)(௬ܦ௫ܦ) ݕݔ Second Zagreb (ܩ)ଶܯ  ௫ୀ௬ୀଵ|((ݕ,ݔ

Mଶ
୫(ܩ) 

Second modified 
Zagreb 

1
ݕݔ

 (ܵ௫ܵ௬)(ܩ)ܯ;  ௫ୀ௬ୀଵ|((ݕ,ݔ

ܵ(ܩ) Symmetric division 
ଶݔ + ଶݕ

ݕݔ
௫ܵ௬ܦ)  + ;ܩ)ܯ)(௬ܵ௫ܦ ,ݔ  ௫ୀ௬ୀଵ|((ݕ

 Harmonic (ܩ)ܪ
2

ݔ + ݕ
 2ܵ௫ܩ)ܯ)ܬ;  ௫ୀଵ|((ݕ,ݔ

 Inverse sum (ܩ)ܫ
ݕݔ
ݔ + ݕ

 ܵ௫ܦܬ௫ܦ௬(ܩ)ܯ;  ௫ୀଵ|((ݕ,ݔ
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where, ܦ௫ = ݔ ப(௫,௬)
ப௫

௬ܦ , = ݕ ப(௫,௬)
ப௬

, ܵ௫ = ∫  ௫


(௧,௬)
௧

௬ܵ ,ݐ݀ = ∫  ௬


(௫,௧)
௧

((ݕ,ݔ)݂)ܬ and ݐ݀ =

 are the operators. Along with these operators, we also mention two more operators (ݔ,ݔ)݂
in Table 2 to calculate general sum connectivity index and first general Zagreb index.  
 
Definition 1. [10] Let ܩ be a graph. Then M-polynomial of ܩ is defined as  

,ݔ;ܩ)ܯ  (ݕ = ∑  ஸ ݉(ܩ)ݔݕ, 
where ݉ , ݅, ݆ ≥ 1, is the number [19] of edges ݒݑ of ܩ such that {݀ீ(ݑ),݀ீ(ݒ)} = {݅, ݆}.   
 

Table 2: New operators to derive degree-based topological indices from M-polynomial. 

Notation Topological Index (࢟,࢞)ࢌ Derivation from ۵)ۻ;  (࢟,࢞

߯ఈ(ܩ) 
General sum 

connectivity [21] (ݔ + ,ݔ;ܩ)ܯ)ܬ)௫ఈܦ ఈ(ݕ  ௫ୀଵ|(((ݕ

ଵܯ
ఈ(ܩ) First general Zagreb [31] ݔఈିଵ + ௫ఈିଵܦ) ఈିଵݕ + ;ܩ)ܯ)(௬ఈିଵܦ ,ݔ  ௫ୀ௬ୀଵ|((ݕ

  
Note 1: Hyper Zagreb index is obtained by taking ߙ = 2 in general sum connectivity index. 
Note 2: Taking ߙ = 2,3 in first general Zagreb index, first Zagreb and forgotten topological 
indices are obtained respectively.  
 
 

2. M−POLYNOMIAL OF SOME GRAPH OPERATIONS 

In this section, we obtain M-polynomial of some graph operations. 
  
Lemma 2.1. For any ݎ-regular graph ܩ of order ݊ and size ݉, the M-polynomial of ܩ is 
given by ݔ;ܩ)ܯ, (ݕ = ݕݔ݉ . 
  
Proof. Since ܩ is a ݎ-regular graph with ݉ edges and every edge is incident on vertex of 
degree ݎ, the proof follows.          � 
 

The product [24] ܩ × ܩ)ܸ has the vertex set ܪ and ܩ of graphs ܪ × (ܪ = (ܩ)ܸ ×
,ܽ) and (ܪ)ܸ ܩ is an edge of (ݕ,ܾ)(ݔ ܽ] if and only if ܪ× = ܾ and ݕݔ ∈ ݔ] or [(ܪ)ܧ =  ݕ
and ܾܽ ∈    .[(ܩ)ܧ
 

Theorem 2.2. Let ܩ be an ݎଵ-regular graph of order ݊ଵ and ܪ be an ݎଶ-regular graph of 
order ݊ଶ. Then ܩ)ܯ × ;ܪ ,ݔ (ݕ = ݊ଵ݊ଶݔభାమݕభାమ . 
  
Proof. Since the graphs ܩ and ܪ are regular graphs of degree ݎଵ and ݎଶ respectively. 
Therefore the graph obtained by product of ܩ and ܪ is a regular graph of degree ݎଵ +  ଶݎ
with ݊ଵ݊ଶ vertices. Hence the result follows from Lemma 2.1.     � 
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Figure 1. Some cycle related graphs. 
 

The composition [24] [ܪ]ܩ of graphs ܩ and ܪ with disjoint vertex sets ܸ(ܩ) and 
([ܪ]ܩ)ܸ is the graph with vertex set (ܪ)ܧ and (ܩ)ܧ and edge sets (ܪ)ܸ = (ܩ)ܸ ×  (ܪ)ܸ
and (ܽ,ݔ)(ܾ,ݕ) is an edge of [ܪ]ܩ if and only if [ܽ is adjacent to ܾ in ܩ] or [ܽ = ܾ and ݔ 
is adjacent to ݕ in ܪ].   
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Theorem 2.3. Let ܩ be an ݎଵ-regular graph of order ݊ଵ and ܪ be an ݎଶ-regular graph of 
order ݊ଶ. Then,  ݔ;[ܪ]ܩ)ܯ, (ݕ = ݊ଵ݊ଶݔమభାమݕమభାమ . 
  
Proof. Since ܩ and ܪ are regular graphs of degree ݎଵ and ݎଶ respectively. The graph 
obtained by the composition of two graphs ܩ and ܪ is a regular graph of degree ݊ଶݎଵ +  ଶݎ
with ݊ଵ݊ଶ vertices. Hence the result follows from Lemma 2.1.     � 

 
3. M−POLYNOMIAL OF CYCLE RELATED GRAPHS 

In this section, we obtain M-polynomial of some cycle related graphs, Figure 1. Definitions 
2-10 can be found in [17], definition 11 is in [42] and definitions 12-16 can be found in [30, 
38]. We also derive some topological indices (mentioned in Tables 1 and 2) of these graphs 
from the respective M-polynomials. For more details on wheel related graphs refer 
[17,27,38,42] and references cited there in.   

 
Definition 2. The fan graph ܨ , (݊ ≥ 3) is defined as the graph ܭଵ + ܲ, where ܭଵ is 
singleton graph and ܲ is the path on ݊ vertices.   
   
 Theorem 3.1. Let ܨ be a fan of order ݊ + 1 and size 2݊ − 1. Then,  

,ݔ;ܨ)ܯ (ݕ = ଷݕଶݔ2 + ݕଶݔ2 + (݊ − ଷݕଷݔ(3 + (݊ − ݕଷݔ(2 . 
   
Proof. The fan ܨ has ݊ + 1 vertices and 2݊ − 1 edges. It is easy to see that |݉{ଶ,ଷ}| =
2, |݉{ଶ,}| = 2 and the remaining edge partition of ܨ is as follows:  

 
|{ଷ,ଷ}ܧ|     = ܿݑ|     ∈ ௨݀:(ܨ)ܧ = 3    ܽ݊݀    ݀ = 3| = (݊ − 3),
|{ଷ,}ܧ|     = ܿݑ|     ∈ ௨݀:(ܨ)ܧ = 3    ܽ݊݀    ݀ = ݊| = (݊ − 2) , 

proving the result.           � 
 
Corollary 3.2. If  ܨ is a Fan, then 

(ܨ)ଵܯ .1     =     ݊ଶ + 9݊ − 10, 
(ܨ)ଶܯ .2     =     3݊ଶ + 7݊ − 15, 

3. Mଶ
(ܨ)    =     

మାଷାଷ
ଽ

, 

4. ܵ(ܨ)      =    
యାమାସି

ଷ
, 

(ܨ)ܪ .5        =     
మାଶାଵଶ
ଷ(ାଶ)

+ ଽିଶଷ
ହ(ାଷ)

, 

(ܨ)ܫ .6        =     ଷ(ିଶ)
ାଷ

+ ଷ(ହି)
ଵ

+ ସ
ାଶ

, 
7. ߯ఈ(ܨ)       =     2 ⋅ 5ఈ + 2(݊ + 2)ఈ + (݊ − 3) ⋅ 6ఈ + (݊ − 2)(݊ − 3)ఈ, 
ଵܯ .8

ఈ(ܨ)     =     2ఈାଶ + 3ఈ(2݊ − 5) + 3ఈ(݊ − 1) + ݊ఈାଵ. 
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Proof. The M-polynomial for fan ܨ is given by  
(ݕ,ݔ;ܨ)ܯ  = ଷݕଶݔ2 + ݕଶݔ2 + (݊ − ଷݕଷݔ(3 + (݊ −  .ݕଷݔ(2
Using the expressions from Tables 1 and 2, we have  

 

௫ܦ     = ݔ     ப(௫,௬)
ப௫

= ݕଶݔ4 + ଷݕଶݔ4 + 3(݊ − ଷݕଷݔ(3 + 3(݊ − ݕଷݔ(2

௬ܦ     = ݕ     ப(௫,௬)
ப௬

= ݕଶݔ2݊ + ଷݕଶݔ6 + 3(݊ − ଷݕଷݔ(3 + ݊(݊ − ݕଷݔ(2

ܵ௫     =     ∫  ௫


(௧,௬)
௧

ݐ݀ = ݕଶݔ + ଷݕଶݔ + (ିଷ)
ଷ

ଷݕଷݔ + (ିଶ)
ଷ

ݕଷݔ

ܵ௬     =     ∫  ௬


(௫,௧)
௧

ݐ݀ = ଶ

ݕଶݔ + ଶ

ଷ
ଷݕଶݔ + (ିଷ)

ଷ
ଷݕଷݔ + (ିଶ)


ݕଷݔ .

 

Therefore,  
(ܨ)ଵܯ = ൫ܦ௫ + ,ݔ;ܨ)ܯ௬൯൫ܦ ൯|௫ୀ௬ୀଵ(ݕ = ݊ଶ + 9݊ − 10, 
(ܨ)ଶܯ = ൫ܦ௫ܦ௬൯൫ܨ)ܯ;ݔ, ൯|௫ୀ௬ୀଵ(ݕ = 3݊ଶ + 7݊ − 15, 

Mଶ
(ܨ) = (ܵ௫ܵ௬)(ܨ)ܯ;ݔ, ௫ୀ௬ୀଵ|((ݕ = ଵ

ଷ
+ ାଷ

ଽ
, 

ܵ(ܨ) = ൫ܦ௫ܵ௬ + ൯|௫ୀ௬ୀଵ(ݕ,ݔ;ܨ)ܯ௬ܵ௫൯൫ܦ = యାమାସି
ଷ

, 

(ܨ)ܪ = 2ܵ௫ ,ݔ;ܨ)ܯ൫ܬ  ൯|௫ୀଵ(ݕ = మାଶାଵଶ
ଷ(ାଶ)

+ ଽିଶଷ
ହ(ାଷ)

, 

(ܨ)ܫ = ܵ௫ܦܬ௫ܦ௬൫ݔ;݊ܨ)ܯ, ൯|௫ୀଵ(ݕ = ଷ(ିଶ)
ାଷ

+ ଷ(ହି)
ଵ

+ ସ
ାଶ

,  

߯ఈ(ܨ) = ௫ఈܦ ቀܬ൫ܨ)ܯ; ൯ቁ(ݕ,ݔ |௫ୀଵ = 2 ⋅ 5ఈ + 2(݊ + 2)ఈ + (݊ − 3) ⋅ 6α + (݊ − 2)(݊ − 3)ఈ, 

ఈܯ
ଵ(ܨ) = ൫ܦ௫ఈ + ;ܨ)ܯ௬ఈ൯൫ܦ ൯|௫ୀ௬ୀଵ(ݕ,ݔ = 2ఈାଶ + 3ఈ(2݊ − 5) + 3ఈ(݊ − 1) + ݊ఈାଵ.  � 

 
Definition 3. The wheel ܹ = ܥ + ݊ ଵ is a graph withܭ + 1 vertices and 2݊ edges, where 
the vertex ܿ with degree ݊ is called the central vertex while the vertices on the cycle ܥ are 
called rim vertices.   
   
Theorem 3.3. Let ܹ be a wheel of order ݊ + 1 and size 2݊. Then,   

)ܯ ܹ;ݔ, (ݕ = ଷ(1ݕଷݔ݊ +  .(ିଷݕ
   
Proof. The wheel ܹ has ݊ + 1 vertices and 2݊ edges. The edge set of ܹ can be 
partitioned as,  

 
|{ଷ,ଷ}ܧ|     = ݒݑ|     ∈ )ܧ ܹ):݀௨ = 3    ܽ݊݀    ݀௩ = 3| = ݊,
|{ଷ,}ܧ|     = ܿݑ|     ∈ )ܧ ܹ):݀௨ = 3    ܽ݊݀    ݀ = ݊|
                  = )ܧ|     ܹ) − |{ଷ,ଷ}ܧ| = ݊.

 

            �  
 Corollary 3.4. If  ܹ is a wheel, then  

)ଵܯ .1 ܹ)    =     ݊ଶ + 9݊, 
)ଶܯ .2 ܹ)    =    3݊ଶ + 9݊  , 
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ଶܯ .3
( ܹ)  = ାଷ

ଽ
, 

4. ܵ( ܹ)    = మାାଽ
ଷ

, 

)ܪ .5 ܹ)   = మାଽ
ଷ (ାଷ)

 , 

)ܫ .6 ܹ)   = ଷ
ଶ

+ ଷమ

ାଷ
, 

7. ߯ఈ( ܹ)  = ݊(6ఈ + (݊ + 3)ఈ), 
ଵܯ .8

ఈ( ܹ) = 3ఈାଵ + ݊ఈ. 
 

Proof. Let  ܯ( ܹ; ,ݔ (ݕ = ∑  ஸ ݉( ܹ)ݔݕ = ଷ(1ݕଷݔ݊ +  ିଷ). Using the expressionsݕ
from Tables 1 and 2, we have  

௫ܦ     = ݔ    
(ݕ,ݔ)݂∂
ݔ∂

= ଷݕଷݔ3݊ + ݕଷݔ3݊

௬ܦ     = ݕ    
(ݕ,ݔ)݂∂
ݕ∂

= ଷݕଷݔ3݊ + ݊ଶݔଷݕ

ܵ௫     =     න  
௫



,ݐ)݂ (ݕ
ݐ

ݐ݀ =
ଷݕଷݔ݊

3
+
ݕଷݔ݊

3

ܵ௬     =     න  
௬



,ݔ)݂ (ݐ
ݐ

ݐ݀ =
ଷݕଷݔ݊

3
+ .ݕଷݔ

 

Thus we get,  
)ଵܯ ܹ)  = ൫ܦ௫ + )ܯ௬൯൫ܦ ܹ;ݔ, ൯|௫ୀ௬ୀଵ(ݕ = ݊ଶ + 9݊, 
)ଶܯ ܹ)  = )ܯ)(௬ܦ௫ܦ) ܹ; ௫ୀ௬ୀଵ|((ݕ,ݔ = 3݊ଶ + 9݊, 

Mଶ
( ܹ) = ൫ܵ௫ܵ௬൯൫ܯ( ܹ; ,ݔ ൯|௫ୀ௬ୀଵ(ݕ = 

ଽ
+ ଵ

ଷ
,  

ܵ( ܹ)   = ൫ܦ௫ܵ௬ + )ܯ௬ܵ௫൯൫ܦ ܹ; ൯|௫ୀ௬ୀଵ(ݕ,ݔ = మାାଽ
ଷ

,  

)ܪ ܹ  )   =  2ܵ௫ܬ൫ܯ( ܹ; ,ݔ ൯|௫ୀଵ(ݕ = 
ଷ

+ ଶ
ାଷ

, 

)ܫ ܹ)    =  ܵ௫ܦܬ௫ܦ௬൫ܯ( ܹ; ൯|௫ୀଵ(ݕ,ݔ = ଷ
ଶ

+ ଷమ

ାଷ
, 

߯ఈ( ܹ)   = ௫ఈܦ ቀܬ൫ܯ( ܹ; ൯ቁ(ݕ,ݔ |௫ୀଵ = ݊(6ఈ + (݊ + 3)ఈ), 

ଵܯ
ఈ( ܹ)  = ൫ܦ௫ఈ + )ܯ௬ఈ൯൫ܦ ܹ; ൯|௫ୀ௬ୀଵ(ݕ,ݔ = 3ఈାଵ + ݊ఈ. 

  
Definition 4. The gear graph ܩ is a wheel graph with a vertex added between each pair 
adjacent vertices of the outer circle.   
   
Theorem 3.5. Let ܩ be a gear graph. Then  ܩ)ܯ;ݔ, (ݕ = ଷݕଶݔ2݊ + ݕଷݔ݊ . 
  
Proof. Let ܩ is a graph having (2݊ + 1) vertices and 3݊ edges. The edge partition of ܩ is 
given by,  
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|{ଶ,ଷ}ܧ|     = ݒݑ|     ∈ ௨݀:(ܩ)ܧ = 2    ܽ݊݀    ݀௩ = 3| = 2݊,
|{ଷ,}ܧ|     = ݒݑ|     ∈ ௨݀:(ܩ)ܧ = 3    ܽ݊݀    ݀௩ = ݊|
                  = −|(ܩ)ܧ|     |{ଶ,ଷ}ܧ| = ݊.

 

Using definition of M-polynomial and above edge partitions, we get the desired result. � 
 
Corollary 3.6. If ܩ is a gear graph, then  

(ܩ)ଵܯ .1     =     ݊ଶ + 13݊, 
(ܩ)ଶܯ .2     =    3݊ଶ + 12݊  , 
ଶܯ .3

(ܩ)     = ାଵ
ଷ

, 

4. ܵ(ܩ)      = మ

ଷ
+ ଵଷ୬

ଷ
+ 3, 

(ܩ)ܪ .5       = ସ
ହ

+ 
ାଷ

 , 

(ܩ)ܫ .6       = ଵଶ
ହ

+ ଷమ

ାଷ
, 

7. ߯ఈ(ܩ)     = 2݊5ఈ + ݊(݊ + 3)ఈ, 
ଵܯ .8

ఈ(ܩ) = ݊(2ఈାଵ + 3ఈାଵ + ݊ఈ). 
 
Definition 5. The helm ܪ is a graph obtained from a wheel ܹ with central vertex ܿ, by 
attaching a pendant edge to each rim vertex of ܹ. A closed helm ܪܥ is the graph with 
central vertex ܿ, obtained from a helm by joining each pendant vertex to form a cycle.   
   
Theorem 3.7. Let ܪ be a helm. Then ܪ)ܯ; (ݕ,ݔ = ସݕݔ݊ + ସݕସݔ݊ + ݕସݔ݊ . 
  
Proof. Let ܪ is a graph having (2݊ + 1) vertices and 3݊ edges. The edge partition of ܪ 
is given by,  

|{ଵ,ସ}ܧ|     = ݒݑ|     ∈ ௨݀:(ܪ)ܧ = 1    ܽ݊݀    ݀௩ = 4| = ݊,
|{ସ,ସ}ܧ|     = ݒݑ|     ∈ ௨݀:(ܪ)ܧ = 4    ܽ݊݀    ݀௩ = 4| = ݊,
|{ସ,}ܧ|     = ݒݑ|     ∈ ௨݀:(ܪ)ܧ = 4    ܽ݊݀    ݀௩ = ݊|
                  = −|(ܪ)ܧ|     |{ଵ,ସ}ܧ| − |{ସ,ସ}ܧ| = ݊.

 

             � 
Corollary 3.8. If ܪ is a helm graph, then  

(ܪ)ଵܯ .1     =     ݊ଶ + 17݊, 
(ܪ)ଶܯ .2     =    4݊ଶ + 20݊  , 
ଶܯ .3

(ܪ)     = ହାସ
ଵ

, 

4. ܵ(ܪ)      = (ାଵ)
ସ

+ 6݊ + 4 , 

(ܪ)ܪ .5       = ଶ
ହ

+ 
ସ

+ ଶ
ାସ

 , 

(ܪ)ܫ .6       = మ

ାସ
+ ଵସ

ହ
, 
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7. ߯ఈ(ܪ)     = ݊(5ఈ + 8ఈ + (݊ + 4)ఈ, 
ଵܯ .8

ఈ(ܪ)   = ݊(4ఈାଵ + ݊ఈ). 
 
Theorem 3.9. Let ܪܥ be a closed helm. Then  

;ܪܥ)ܯ (ݕ,ݔ = ଷݕଷݔ݊ + ସݕଷݔ݊ + ସݕସݔ݊ + ݕସݔ݊ . 
  
Proof. Let ܪܥ is a graph having (2݊ + 1) vertices and 4݊ edges. The edge partition of 
  , is given byܪܥ

|{ଷ,ଷ}ܧ|     = ݒݑ|     ∈ ௨݀:(ܪܥ)ܧ = 3    ܽ݊݀    ݀௩ = 3| = ݊,
|{ଷ,ସ}ܧ|     = ݒݑ|     ∈ ௨݀:(ܪܥ)ܧ = 3    ܽ݊݀    ݀௩ = 4| = ݊,
|{ସ,ସ}ܧ|     = ݒݑ|     ∈ ௨݀:(ܪܥ)ܧ = 4    ܽ݊݀    ݀௩ = 4| = ݊,
|{ସ,}ܧ|     = ݒݑ|     ∈ :(ܪܥ)ܧ ݀௨ = 4    ܽ݊݀    ݀௩ = ݊| = ݊.

 

             � 
Corollary 3.10. If ܪܥ is a gear graph, then  

(ܪܥ)ଵܯ .1     =     ݊ଶ + 25݊, 
(ܪܥ)ଶܯ .2     =    4݊ଶ + 37݊  , 
ଶܯ .3

(ܪܥ)     = ଷାଷ
ଵସସ

, 

4. ܵ(ܪܥ)      = ଷାଷ
ଵଶ

, 

(ܪܥ)ܪ .5   = 
ଷ

+ 
ସ

+ ଶ


+ ଶ
ାସ

 , 

(ܪܥ)ܫ .6   = ଷ
ଶ

+ ଵଶ


+ ସమ

ାସ
+ 2݊, 

7. ߯ఈ(ܪܥ)  = ݊(6ఈ + 7ఈ + 8ఈ + (݊ + 4)ఈ), 
ଵܯ .8

ఈ(ܪܥ) = ݊(3ఈାଵ + 4ఈାଵ + ݊ఈ). 
 

Definition 6. The flower ݈ܨ is the graph obtained from a helm ܪ by joining each pendant 
vertex to the central vertex ܿ of the helm.   
   
Theorem 3.11. Let ݈ܨ be a flower. Then  

,ݔ;݈ܨ)ܯ (ݕ = ସݕଶݔ݊ + ଶݕଶݔ݊ + ସݕସݔ݊ + ଶݕସݔ݊ . 
  
 Proof. Let flower ݈ܨ is a graph having (2݊ + 1) vertices and 4݊ edges. The edge 
partition of ݈ܨ is given by,  

หܧ{ଶ,ସ}ห    = ݒݑ|  ∈ ௨݀:(݈ܨ)ܧ = 2    ܽ݊݀    ݀௩ = 4|    = ݊,
หܧ{ଶ,ଶ}ห  = ݒݑ|  ∈ ௨݀:(݈ܨ)ܧ = 2    ܽ݊݀    ݀௩ = 2݊| = ݊,
หܧ{ସ,ସ}ห   = ݒݑ|  ∈ ௨݀:(݈ܨ)ܧ = 4    ܽ݊݀    ݀௩ = 4|     = ݊,
หܧ{ସ,ଶ}ห = ݒݑ|  ∈ ௨݀:(݈ܨ)ܧ = 4    ܽ݊݀    ݀௩ = 2݊|
                = −|(݈ܨ)ܧ|  |{ଶ,ସ}ܧ| − |{ଶ,ଶ}ܧ| − |{ସ,ସ}ܧ| = ݊.

 

            � 
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Corollary 3.12. If ݈ܨ is a flower graph, then  
(݈ܨ)ଵܯ .1     =     4݊(݊ + 5), 
(݈ܨ)ଶܯ .2     =   12݊(݊ + 2)  , 
ଶܯ .3

(݈ܨ)     = ଷା
ଵ

, 

4. ܵ(݈ܨ)      = ଷమ

ଶ
+ ହ

ଶ
+ 3 , 

(݈ܨ)ܪ .5       = 
ାଵ

+ 
ାଶ

+ 
଼

 , 

(݈ܨ)ܫ .6        = ସ
ଷ

+ ଶమ

ାଵ
+ ସమ

ାଶ
+ 2݊, 

7. ߯ఈ(݈ܨ)     = n(6α + 8α + (2n + 2)α + (2n + 4)α), 
ଵܯ .8

ఈ(݈ܨ)   = ݊(2α+1 + 4α+1 + ݊α2α+1). 
 
Definition 7. The sunflower graph ܵܨ is a graph obtained from a wheel with central 
vertex ܿ, ݊-cycle ݒ,ݒଵ, . . . , ,ଵݓ,ݓ ିଵ and additional ݊ verticesݒ . . .   isݓ ିଵ whereݓ,
joined by edges to ݒ, ݅ ାଵ forݒ = 0,1, . . . , ݊ − 1 where ݅ + 1 is taken modulo ݊.   
   
Theorem 3.13. Let ܵܨ be a sunflower. Then ܨܵ)ܯ;ݔ, (ݕ = ହݕଶݔ2݊ + ହݕହݔ݊ + ݕହݔ݊ . 
  
Proof. The sunflower graph ܵܨ is a graph having (2݊ + 1) vertices and 4݊ edges. The 
edge partition of ܵܨ is given by,  

|{ଶ,ହ}ܧ|     = ݒݑ|     ∈ ௨݀:(ܨܵ)ܧ = 2    ܽ݊݀    ݀௩ = 5| = 2݊,
|{ହ,ହ}ܧ|     = ݒݑ|     ∈ ௨݀:(ܨܵ)ܧ = 5    ܽ݊݀    ݀௩ = 5| = ݊,
|{ହ,}ܧ|     = ݒݑ|     ∈ ௨݀:(ܨܵ)ܧ = 5    ܽ݊݀    ݀௩ = ݊|
                  = −|(ܨܵ)ܧ|     −|{ଶ,ହ}ܧ| |{ହ,ହ}ܧ| = ݊.

 

            � 
Corollary 3.14. If ܵܨ is a sunflower graph, then  

(ܨܵ)ଵܯ .1     =     ݊ଶ + 29݊, 
(ܨܵ)ଶܯ .2     =    5݊(݊ + 9)  , 
ଶܯ .3

(ܵܨ)     = 
ହ

+ 
ଶହ

+ ଵ
ହ
, 

4. ܵ(ܵܨ)      = మାଷଽାଶହ
ହ

, 

(ܨܵ)ܪ .5       =  ସ


+ 
ହ

+ ଶ
ାହ

, 

(ܨܵ)ܫ .6       = ହమ

ାହ
+ ହ

ଶ
+ ଶ


, 

7. ߯ఈ(ܵܨ)      = ݊(2 ⋅ 7ఈ + 10ఈ + (݊ + 5)ఈ), 
ଵܯ .8

ఈ(ܵܨ)    = ݊(2ఈାଵ + 5ఈାଵ + ݊ఈ). 
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Definition 8. The friendship graph ݂ is a collection of ݊-triangles with a common vertex. 
Friendship graph can also be obtained from a wheel ଶܹ with cycle ܥଶ by deleting 
alternate edges of the cycle. That is ݂ = ଵܭ +    .ଶܭ݊
   
Theorem 3.15. Let ݂ be a friendship graph. Then ܯ( ݂; (ݕ,ݔ = ଶݕଶݔ݊ + ଶݕଶݔ2݊ . 
  
Proof. Let friendship graph ݂ is a graph having (2݊ + 1) vertices and 3݊ edges. The edge 
partition of ݂ is given by,  

|{ଶ,ଶ}ܧ|     = ݒݑ|     ∈ )ܧ ݂):݀௨ = 2    ܽ݊݀    ݀௩ = 2| = ݊,
|{ଶ,ଶ}ܧ|   = ݒݑ|     ∈ )ܧ ݂): ݀௨ = 2    ܽ݊݀    ݀௩ = 2݊|
                  = )ܧ|     ݂)|− |{ଶ,ଶ}ܧ| = 2݊.

 

             � 
Corollary 3.16. If  ݂ is a flower graph, then  

)ଵܯ .1 ݂)     =  4݊(݊ + 2), 
)ଶܯ .2 ݂)     =  4݊(2݊ + 1)  , 
ଶܯ .3

( ݂)     =  ାଶ
ସ

, 
4. ܵ( ݂)      = 2(݊ଶ + ݊ + 1), 
)ܪ .5 ݂)       = 

ଶ
+ ଶ

ାଵ
 , 

)ܫ .6 ݂)      = ݊ + ସమ

ାଵ
, 

7. ߯ఈ( ݂)     = ݊(4ఈ + 2ఈାଵ(݊ + 1)), 
ଵܯ .8

ఈ( ݂)   = ݊2ఈାଵ(݊ + 2). 
 
Definition 9. A web graph is the graph obtained by joining a pendant edge to each vertex 
on the outer cycle of the closed helm. ܹ(ݐ,݊) is the generalized web with ݐ cycles each of 
order ݊.   
   
Theorem 3.17. Let ܹ(ݐ, ݊) be a generalized web. Then  

,ݐ)ܹ)ܯ ݊); (ݕ,ݔ = ସݕݔ݊ + ݐ2)݊ − ସݕସݔ(1 + ݕସݔ݊ . 
  
Proof. Let generalized web ܹ(ݐ,݊) is a graph having (݊ݐ + ݊ + 1) vertices and ݊(2ݐ + 1) 
edges. The edge partition of ܹ(ݐ, ݊) is given by,  

|{ଵ,ସ}ܧ|     = ݒݑ|     ∈ ,ݐ)ܹ)ܧ ݊)):݀௨ = 1    ܽ݊݀    ݀௩ = 4| = ݊,
|{ସ,ସ}ܧ|     = ݒݑ|     ∈ ,ݐ)ܹ)ܧ ݊)):݀௨ = 4    ܽ݊݀    ݀௩ = 4| = ݐ2)݊ − 1),
|{ସ,}ܧ|     = ݒݑ|     ∈ ௨݀:((݊,ݐ)ܹ)ܧ = 4    ܽ݊݀    ݀௩ = ݊|
                  = −|((݊,ݐ)ܹ)ܧ|     |{ଵ,ସ}ܧ| − |{ସ,ସ}ܧ| = ݊.

 

             � 
Corollary 3.18. If  ܹ(ݐ, ݊) be a generalized web, then  
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൯(݊,ݐ)ଵ൫ܹܯ .1 =     ݊(݊ + ݐ2)8 − 1) + 9), 
,ݐ)ܹ)ଶܯ .2 ݊) ) =    4݊(݊ + ݐ2)4 − 1) + 1)  , 
ଶܯ .3

(ܹ(ݐ, ݊) ) = 
ସ

+ (ଶ௧ିଵ)
ଵ

+ ଵ
ସ
, 

4. ܵ(ܹ(ݐ, ݊) )  = మ

ଶ
+ 

ସ
+ ݐ2)2݊ − 1) + 4݊ + 4, 

( (݊,ݐ)ܹ)ܪ .5   = ଶ
ହ

+ (ଶ௧ିଵ)
ସ

+ ଶ
ାସ

 , 

( (݊,ݐ)ܹ)ܫ .6   = ସ
ହ

+ 2݊(2t − 1) + ସమ

ାସ
, 

7. ߯ఈ(ܹ(ݐ,݊) )  = ݊(5ఈ + ݐ2) − 1)8ఈ + (4 + ݊)ఈ, 
ଵܯ .8

ఈ൫ܹ(ݐ, ݊)൯ = 2݊ ⋅ 4ఈ + 2݊ ⋅ 4ఈ(2ݐ − 1) + ݊ఈାଵ + ݊. 
 
Definition 10. The crown (or sun) ܥ ܹ is a corona of form ܥ ∘ ݊ ଵ whereܭ ≥ 3. That is 
crown is a helm without central vertex.   
   
Theorem 3.19. Let ܥ ܹ be a crown graph. Then  

ܥ)ܯ ܹ ,ݔ; (ݕ = ଷݕݔ݊ +  .ଷݕଷݔ݊
  
Proof. Let ܥ ܹ is a crown graph having 2݊ vertices and 2݊ edges. The edge partition of 
ܥ ܹ is given by,  

|{ଵ,ଷ}ܧ|     = ݒݑ|     ∈ ܥ)ܧ ܹ): ݀௨ = 1    ܽ݊݀    ݀௩ = 3| = ݊,
|{ଷ,ଷ}ܧ|     = ݒݑ|     ∈ ܥ)ܧ ܹ): ݀௨ = 3    ܽ݊݀    ݀௩ = 3|
                  = ܥ)ܧ|     ܹ)| − |{ଵ,ଷ}ܧ| = ݊.

 

             � 
Corollary 3.20. If ܥ ܹ is a flower graph, then  

ܥ)ଵܯ .1 ܹ)     =     10݊, 
ܥ)ଶܯ .2 ܹ)     =    12݊  , 
ଶܯ .3

(ܥ ܹ)     = ସ
ଽ

, 

4. ܵ(ܥ ܹ)      = ଵ
ଷ

,   

ܥ)ܪ .5 ܹ)   = 
ଶ

+ 
ଷ

 , 

ܥ)ܫ .6 ܹ)   = ଽ
ସ

, 
7. ߯ఈ(ܥ ܹ)  = ݊(4ఈ + 6ఈ), 
ଵܯ .8

ఈ(ܥ ܹ) = ݊(3ఈାଵ + 1). 
 

The duplication of an edge [42] ݁ =  produces a ܩ ᇱ in a graphݒ by a new vertex ݒݑ
new graph ܩᇱ by adding a new vertex ݒᇱ such that ܰ(ݒᇱ) = ,ݑ}    .{ݒ
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Definition 11. Consider a wheel ܹ = ܥ + ,ଵݒ ଵ withܭ ,ଶݒ . . . ,  ܿ  as its rim vertices andݒ
as its central vertex. Let ݁ଵ, ݁ଶ, . . . , ݁ be the rim edges of ܹ which are duplicated by new 
vertices ݓଵ,ݓଶ, . . . ,, respectively and let ଵ݂ݓ, ଶ݂ , . . . , ݂ be the spoke edges of ܹ which 
are duplicated by the vertices ݑଵ, ,ଶݑ . . . ,  , respectively. The resultant graph is calledݑ
duplication of the wheel denoted by ݑܦ ܹ .   
   
Theorem 3.21. Let ݑܦ ܹ  be the duplication of the wheel. Then  

ݑܦ)ܯ ܹ; (ݕ,ݔ = ݕଶݔ3݊ + ଶݕଶݔ݊ + ݕݔ݊ + ଶݕݔ݊ . 
  
Proof. Let duplication of the wheel ݑܦ ܹ is a graph having (3݊ + 1) vertices and 6݊ 
edges. The edge partition of ݑܦ ܹ is given by,  

|{ଶ,}ܧ|     = ݒݑ|     ∈ ݑܦ)ܧ ܹ):݀௨ = 2    ܽ݊݀    ݀௩ = 6| = 3݊,
|{ଶ,ଶ}ܧ|   = ݒݑ|     ∈ ݑܦ)ܧ ܹ):݀௨ = 2    ܽ݊݀    ݀௩ = 2݊| = ݊,
|{,}ܧ|     = ݒݑ|     ∈ ݑܦ)ܧ ܹ):݀௨ = 6    ܽ݊݀    ݀௩ = 6| = ݊,
|{,ଶ}ܧ|   = ݒݑ|     ∈ ݑܦ)ܧ ܹ):݀௨ = 6    ܽ݊݀    ݀௩ = 2݊|
                  = ݑܦ)ܧ|     ܹ)| − |{ଶ,}ܧ| − −|{ଶ,ଶ}ܧ| |{,}ܧ| = ݊.

 

             � 
Corollary 3.22. If  ܥ ܹ be the duplication of the wheel, then  

ݑܦ)ଵܯ .1 ܹ)   =     4݊(݊ + 11), 
ݑܦ)ଶܯ .2 ܹ)   =    8݊(2݊ + 9),  , 
ଶܯ .3

(ݑܦ ܹ)   = ହା
ଵ଼

, 

4. ܵ(ݑܦ ܹ)    = ସమାଵାଵ
ସ

, 

ݑܦ)ܪ .5 ܹ)     = ଷ
ସ

+ 
ାଵ

+ 


+ 
ାଷ

 , 

ݑܦ)ܫ .6 ܹ)     = ଽ
ଶ

+ ଼మ

ାଵ
+ 3݊, 

7. ߯ఈ(ݑܦ ܹ)    = ݊(3 ⋅ 8ఈ + 12ఈ + (2݊ + 2)ఈ + (2݊ + 6)ఈ), 
ଵܯ .8

ఈ(ݑܦ ܹ)  = (4݊ ⋅ 2ఈ + 6݊ ⋅ 6ఈ + (2݊)ఈାଵ). 
 
Definition 12. A uniform ݊-fan split graph ܵܨ, contains a star ܵିଵ with hub at ݔ such 
that the deletion of ݊ edges of ܵିଵ partitions the graph into ݊ independent fans ܨ = ܲ

 +
,ଵܭ (1 ≤ ݅ ≤ ݊) and a isolated vertex, Figure 2.   
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ܵ    ସଽܨܵ   ସܹ

ଽ     KW(6, 9) 
 

Figure 2. Self explanatory examples of  ܵܨସଽ, ܵ ସܹ
ଽ and KW(6, 9) graphs. 

 
Theorem 3.23. Let ܵܨ be a uniform ݊-fan split graph. Then  
(ݕ,ݔ;ܨܵ)ܯ  = ଷݕଶݔ2݊ + ାଵݕଶݔ2݊ + ݎ)݊ − ଷݕଷݔ(3 + ݎ)݊ − ାଵݕଷݔ(2 +  .ାଵݕݔ݊
  
Proof. The uniform ݊-fan split graph ܵܨ has (݊ݎ + ݊ + 1) vertices and 2݊ݎ edges. The 
edge set of ܵܨ can be partitioned as,  

|{ଶ,ଷ}ܧ|     = ݒݑ|     ∈ ௨݀:(ܨܵ)ܧ = 2    ܽ݊݀    ݀௩ = 3| = 2݊,
หܧ{ଶ,ାଵ}ห = ܿݑ|     ∈ ௨݀:(ܨܵ)ܧ = 2    ܽ݊݀    ݀ = ݎ + 1| = 2݊,
|{ଷ,ଷ}ܧ|     = ܿݑ|     ∈ ௨݀:(ܨܵ)ܧ = 3    ܽ݊݀    ݀ = 3| = ݎ)݊ − 3),
|{ଷ,ାଵ}ܧ| = ܿݑ|     ∈ ௨݀:(ܨܵ)ܧ = 3    ܽ݊݀    ݀ = ݎ + 1| = ݎ)݊ − 2),
|{,ାଵ}ܧ| = ܿݑ|     ∈ ௨݀:(ܨܵ)ܧ = ݊    ܽ݊݀    ݀ = ݎ + 1|
                  = (ܨܵ)ܧ|     − |{ଶ,ଷ}ܧ| − −|{ଶ,ାଵ}ܧ| |{ଷ,ଷ}ܧ| − |{ଷ,ାଵ}ܧ| = ݊.

 

             � 
Corollary 3.24. If ܵܨ be a uniform ݊-fan split graph, then  

(ܨܵ)ଵܯ .1     = ଶݎ)݊     + ݎ11 + ݊ − 9), 
(ܨܵ)ଶܯ .2     = ଶݎ3)݊    + ݎ݊ + ݎ10 + ݊ − 17),  , 

ଶܯ .3
(ܵܨ)   = ଽା(ଷାସାమ)

ଽ(ାଵ)
, 

4. ܵ(ܵܨ)     = ଷమାଷ(ାଵ)మା(యାଽమାଵଷିଵ)
ଷ(ାଵ)

, 

(ܨܵ)ܪ .5      = ଶ
ଵହ

( ଵହ
ାାଵ

− ଽ
ାସ

+ ଷ
ାଷ

+ ݎ10 − 9) , 

(ܨܵ)ܫ .6     = మ(ାଵ)
(ାାଵ)

+ (ସହయାଵ଼ସమା଼ଷିଶଶ)
ଵ(ାଷ)(ାସ)

, 

7. ߯ఈ(ܵܨ)        = 2݊ 5ఈ + ݎ) 2݊ + 3)ఈ + ݎ)݊ − 3)6ఈ + ݎ)݊ − ݎ)(2 + 4)ఈ + ݊(݊ + ݎ + 1)ఈ 
ଵܯ .8

ఈ(ܵܨ)         = 4݊ ⋅ 2ఈ + ݎ)2݊ − 3)3ఈ + ݎ)݊ − 2)3ఈ + 2݊ ⋅ 3ఈ + ݊ఈାଵ + ݎ)݊ − +ݎ)(2 1)ఈ + +ݎ)݊ 1)ఈ. 
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Definition 13. The graph ܵ ܹ
  contains a star ܵିଵ with hub at ݔ such that the deletion of 

the ݊ edges of ܵିଵ partitions the graph into ݊ independent wheels ܹ
 = ܥ + ,ଵܭ (1 ≤

݅ ≤ ݊) and an isolated vertex, Figure 2.   
 

Theorem 3.25. Let ܵ ܹ
  be the graph having (݊ݎ + ݊ + 1) vertices and ݊(2ݎ + 1) edges. 

Then  
ܵ)ܯ ܹ

 (ݕ,ݔ; = ଷݕଷݔݎ݊ + ାଵݕଷݔݎ݊ +  .ାଵݕݔ݊
  
Proof. Let ܵ ܹ

  is a graph having (݊ݎ + ݊ + 1) vertices and ݊(2ݎ + 1) edges. The edge 
partition of ܵ ܹ

 is given by,  
|{ଷ,ଷ}ܧ|      = ݒݑ|     ∈ ܵ)ܧ ܹ

):݀௨ = 3    ܽ݊݀    ݀௩ = 3| = ,ݎ݊
|{ଷ,ାଵ}ܧ|  = ݒݑ|     ∈ ܵ)ܧ ܹ

):݀௨ = 3    ܽ݊݀    ݀௩ = ݎ + 1| = ,ݎ݊
|{,ାଵ}ܧ|  = ݒݑ|     ∈ ܵ)ܧ ܹ

):݀௨ = ݊    ܽ݊݀    ݀௩ = ݎ + 1|
                   = ܵ)ܧ|     ܹ

)|− −|{ଷ,ାଵ}ܧ| |{ଷ,ଷ}ܧ| = ݊.

 

            � 
 
 

Corollary 3.26. If  ܵ ܹ
  graph, then  

ܵ)ଵܯ .1 ܹ
)     =   ݊ଶ + ݎ)݊ + 1) + ݎ)ݎ݊ + 10), 

ܵ)ଶܯ .2 ܹ
)     =   ݊ଶ(ݎ + 1) + ݎ)ݎ3݊ + 4) , 

ଶܯ .3
(ܵ ܹ

)     =   మାସାଽ
ଽ(ାଵ)

, 

4. ܵ(ܵ ܹ
)      =  ଷమାଷ(ାଵ)మା(ାସ)మ

ଷ(ାଵ)
, 

ܵ)ܪ .5 ܹ
)       = ଶ

(ାାଵ)
+ ݎ݊ ቀ ାଵ

ଷ(ାସ)
ቁ , 

ܵ)ܫ .6 ܹ
)       = ଽ(ାଶ)

ଶ(ାସ)
+ ቀ

మ(ାଵ)
(ାାସ)

ቁ, 

7. ߯ఈ(ܵ ܹ
)     = nr ⋅ 6α + nr (r + 4)α + n(n + r + 1)α, 

ଵܯ .8
ఈ(ܵ ܹ

)    = 3nr ⋅ 3α + nα+1 + nr(r + 1)α + n(r + 1)α. 
 
Definition 14. Let ݑ, (1 ≤ ݅ ≤ ݊) be the vertices of the complete graph ܭ . Let ܹ

 = ܥ +
ݓ ଵ be the wheel with hubsܭ , (1 ≤ ݅ ≤ ݊), respectively. Let ݑݓ , (1 ≤ ݅ ≤ ݊) be an edge. 
The graph so constructed is called uniform ݊-wheel split graph ܹܭ(݊,  .Figure 2 ,(ݎ
 
Note: A uniform ݊-wheel split graph ܹܭ(݊,  is a graph in which the deletion of ݊ edges (ݎ
ݓݑ , (1 ≤ ݅ ≤ ݊) partitions the graph into a complete graph and ݊ independent wheels ܹ . 
This graph can be thought of as a generalization of the standard split graph in the sense that 
the elements of the independent sets are replaced by wheels here.   
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           SW (6,9)                     KDW(6,9) 
 

Figure 3. Graphs SW (6,9) and KDW(6,9). 
 
Theorem 3.27. Let ܹܭ(݊,   be a uniform ݊-wheel split graph. Then (ݎ

,݊)ܹܭ)ܯ  ,ݔ;(ݎ (ݕ = ଷݕଷݔݎ݊ + ାଵݕଷݔݎ݊ + ାଵݕݔ݊ + ቀ݊2ቁ ݔ
ݕ . 

  
Proof. Let ܹܭ(݊, ݎ)݊ uniform ݊-wheel split graph having (ݎ + 2) vertices and 

ଶ
ݎ4) +

݊ + 1) edges. The edge partition of ܹܭ(݊,   ,is given by (ݎ
|{ଷ,ଷ}ܧ|     = ݒݑ| ∈ ,݊)ܹܭ)ܧ ௨݀:((ݎ = 3    ܽ݊݀    ݀௩ = 3| = ,ݎ݊
|{ଷ,ାଵ}ܧ| = ݒݑ| ∈ ,݊)ܹܭ)ܧ ௨݀:((ݎ = 3    ܽ݊݀    ݀௩ = ݎ + 1| = ,ݎ݊
|{,ାଵ}ܧ| = ݒݑ| ∈ ,݊)ܹܭ)ܧ ௨݀:((ݎ = ݊    ܽ݊݀    ݀௩ = ݎ + 1| = ݊,
|{,}ܧ|     = ݒݑ| ∈ ,݊)ܹܭ)ܧ ௨݀:((ݎ = ݊    ܽ݊݀    ݀௩ = ݊|

                  = ,݊)ܹܭ)ܧ|  ((ݎ − |{ଷ,ଷ}ܧ| − |{ଷ,ାଵ}ܧ| − |{,ାଵ}ܧ| = ቀ݊2ቁ .

 

            �  
 
Corollary 3.28. If  ܹܭ(݊,   be a uniform ݊-wheel split graph, then (ݎ

,݊)ܹܭଵ൫ܯ .1 ൯(ݎ    =     ݊ଷ + ݎ)݊ + 1) + ݎ)ݎ݊ + 10), 

,݊)ܹܭ)ଶܯ .2 ((ݎ     =    
రିయାଶమ(ାଵ)ା(ାସ)

ଶ
  , 

ଶܯ .3
(ܹܭ(݊, ((ݎ     = ଵ

ଵ଼
ቀଽ(ାଷ)ାଶ(ାସ)

(ାଵ)
− ଽ


ቁ, 

4. ܵ(ܹܭ(݊, ((ݎ      = ݎ − ݊ + 1 + (ାସ)మ

ଷ (ାଵ)
+ ݊ଶ ቀାଶ

ାଵ
ቁ, 

,݊)ܹܭ)ܪ .5 ((ݎ       = ݎ݊ ቀ ାଵ
ଷ(ାସ)

ቁ + ݊ ቀ ାାଷ
ଶ(ାାଵ)

ቁ − ଵ
ଶ
 , 

,݊)ܹܭ)ܫ .6 ((ݎ       = ଵ
ସ
݊ଶ(݊ + 3) + ଽ

ଶ
− ଽ

 (ାସ)
− య

 (ାାଵ)
, 

7. ߯ఈ(ܹܭ(݊, ((ݎ ݎ݊ =      ⋅ 6ఈ + ݎ) ݎ݊ + 4)ఈ + ݊(݊ + ݎ + 1)ఈ + ൫ଶ൯ (2݊)ఈ 
ଵܯ .8

ఈ(ܹܭ(݊, ((ݎ    = ݎ݊ ⋅ 3ఈାଵ + ݊ఈାଵ + ݊(݊ − 1)݊ఈ + ݎ)ݎ݊ + 1)ఈ + ݎ)݊ + 1)ఈ . 
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Definition 15. Let ݑ, (1 ≤ ݅ ≤ ݊) be the vertices of a star ܵିଵ with a hub at ݔ. Let 
ݓݑ , (1 ≤ ݅ ≤ ݊) be an edge. Let ܹ

 = ܥ + ݓ ଵ be wheels with hubsܭ , (1 ≤ ݅ ≤ ݊). The 
graph so obtained is denoted by ܹܵ(݊,  .Figure 3 ,(ݎ
 
Theorem 3.29. Let ܹܵ(݊, ݎ)݊ be the graph having (ݎ + 2) + 1 vertices and 2݊(ݎ + 1) 
edges. Then  

,݊)ܹܵ)ܯ ;(ݎ (ݕ,ݔ = ݕଶݔ݊ + ାଵݕଶݔ݊ + ଷݕଷݔݎ݊ +  .ାଵݕଷݔݎ݊
  
Proof. Let ܹܵ(݊, ݎ)݊ is a graph having (ݎ + 2) + 1 vertices and 2݊(ݎ + 1) edges. The 
edge partition of ܹܵ(݊,   ,is given by (ݎ

|{ଶ,}ܧ|     = ݒݑ| ∈ ,݊)ܹܵ)ܧ ௨݀:((ݎ = 2    ܽ݊݀    ݀௩ = ݊| = ݊,
|{ଶ,ାଵ}ܧ| = ݒݑ| ∈ ,݊)ܹܵ)ܧ ௨݀:((ݎ = 2    ܽ݊݀    ݀௩ = ݎ + 1| = ݊,
|{ଷ,ଷ}ܧ|     = ݒݑ| ∈ ,݊)ܹܵ)ܧ ௨݀:((ݎ = 3    ܽ݊݀    ݀௩ = 3| = ,ݎ݊
|{ଷ,ାଵ}ܧ| = ݒݑ| ∈ ,݊)ܹܵ)ܧ ௨݀:((ݎ = 3    ܽ݊݀    ݀௩ = ݎ + 1|
                  = ,݊)ܹܵ)ܧ| ((ݎ − |{ଶ,}ܧ| − |{ଶ,ାଵ}ܧ| − |{ଷ,ଷ}ܧ| = .ݎ݊

 

             � 
Corollary 3.30. If  ܹܵ(݊,   be a graph, then (ݎ

,݊)ଵ൫ܹܵܯ .1 ൯(ݎ    =     ݊ଶ + ݎ)݊ + 5) + ݎ)ݎ݊ + 10), 
,݊)ଶ൫ܹܵܯ .2 ൯(ݎ    =    2݊ଶ + ݎ)2݊ + 1) + ݎ)ݎ3݊ + 4)  , 

ଶܯ .3
(ܹܵ(݊, ((ݎ     = ଶమା଼ାଽ(ାାଵ)

ଵ଼(ାଵ)
, 

4. ܵ(ܹܵ(݊, ((ݎ      = ଷమ(ାଵ)ାଷ(మାଶାହ)ାଶ((ାଵ)ା(ାସ)మ)
(ାଵ)

, 

,݊)ܹܵ)ܪ .5 ((ݎ       = (ାଵ)
ଷ (ାସ)

+ ଶ(ାାହ)
(ାଶ) (ାଷ)

 , 

,݊)ܹܵ)ܫ .6 ((ݎ       = ଶమ

ାଶ
+ ଶ(ାଵ)

ାଷ
+ ଽ(ାଶ)

ଶ(ାସ)
, 

7. ߯ఈ(ܹܵ(݊, ((ݎ      = ݊ (݊ + 2)ఈ + ݎ) ݊ + 3)ఈ + ݎ݊ ⋅ 6ఈ + ݎ) ݎ݊ + 4)ఈ, 
ଵܯ .8

ఈ(ܹܵ(݊, ((ݎ    = ݊2ఈାଵ + ݎ݊ ⋅ 3ఈାଵ + ݊ఈାଵ + ݎ)݊ + 1)ఈ + ݎ)ݎ݊ + 1)ఈ. 
 
Definition 16. Let ݔ, (1 ≤ ݅ ≤ ݊) be the vertices of the complete graph ܭ. Let ܹ

 = ܥ +
,ݓ ଵ be wheel with hubܭ (1 ≤ ݅ ≤ ݊). Let ݔݓ, (1 ≤ ݅ ≤ ݊) be an edge. Subdivide each 
edge ݔݓ by ݑ, (1 ≤ ݅ ≤ ݊). The graph so obtained is denoted by ܹܦܭ(݊,  .Figure 3 ,(ݎ
 
Theorem 3.31. Let ܹܦܭ(݊, ݎ)݊ be the graph having (ݎ + 3) vertices and 

ଶ
ݎ4) + ݊ + 3). 

Then  

,݊)ܹܦܭ)ܯ  ;(ݎ (ݕ,ݔ = ݕଶݔ݊ + ାଵݕଶݔ݊ + ଷݕଷݔݎ݊ + ାଵݕଷݔݎ݊ + ቀ݊2ቁݔ
ݕ. 
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Proof. Let ܹܦܭ(݊, ݎ)݊ is a graph having (ݎ + 3) vertices and 
ଶ

ݎ4) + ݊ + 3) edges. The 
edge partition of ܹܦܭ(݊,   ,is given by (ݎ

|{ଶ,}ܧ|     = ݒݑ|  ∈ ,݊)ܹܦܭ)ܧ ௨݀:((ݎ = 2    ܽ݊݀    ݀௩ = ݊| = ݊,
|{ଶ,ାଵ}ܧ| = ݒݑ|  ∈ ,݊)ܹܦܭ)ܧ ௨݀:((ݎ = 2    ܽ݊݀    ݀௩ = ݎ + 1| = ݊,
|{ଷ,ଷ}ܧ|     = ݒݑ|  ∈ ,݊)ܹܦܭ)ܧ ௨݀:((ݎ = 3    ܽ݊݀    ݀௩ = 3| = ,ݎ݊
หܧ{ଷ,ାଵ}ห = ݒݑ| ∈ ,݊)ܹܦܭ)ܧ ௨݀:((ݎ = 3    ܽ݊݀    ݀௩ = ݎ + 1| = ,ݎ݊
|{,}ܧ|     = ݒݑ| ∈ ,݊)ܹܦܭ)ܧ ௨݀:((ݎ = ݊    ܽ݊݀    ݀௩ = ݊|

                  = ,݊)ܹܦܭ)ܧ| −|((ݎ |{ଶ,}ܧ| − |{ଶ,ାଵ}ܧ| − −|{ଷ,ଷ}ܧ| |{ଷ,ାଵ}ܧ| = ቀ݊2ቁ .

 

            � 
Corollary 3.32. If  ܹܦܭ(݊,   be a graph, then (ݎ
 

,݊)ܹܭଵ൫ܯ .1 ൯(ݎ =     ݊ଷ + ݎ)݊ + 5) + ݎ)ݎ݊ + 10), 

,݊)ܹܭ)ଶܯ .2 ((ݎ =    (((ିଵ)ାସ)ାସ)ା(ଷାଵସ)
ଶ

  , 

ଶܯ .3
(ܹܭ(݊, ((ݎ = ଽమିଽ(ାଵ)ାଶ(ଽ(ାଵ)ା(ାସ))

ଵ଼(ାଵ)
, 

4. ܵ(ܹܭ(݊, ((ݎ = ଷ(ାଵ)൫ଷమାସ൯ାଷ൫మାଷ൯ାଶ(ାସ)మ

 (ାଵ)
, 

,݊)ܹܭ)ܪ .5 ((ݎ = ݊ ቀଵ
ଶ

+ ଶ
ାଶ

+ ଶ
ାଷ

ቁ + ݎ݊ ቀଵ
ଷ

+ ଶ
ାସ

ቁ − ଵ
ଶ
 , 

,݊)ܹܭ)ܫ .6 ((ݎ = య

ସ
+ ݊ଶ ቀ ଶ

ାଶ
− ଵ

ସ
ቁ + ଶ(ାଵ)

ାଷ
+ ଽ(ଶା)

 ଶ(ାସ)
, 

7. ߯ఈ(ܹܭ(݊, ((ݎ  = ݊ (݊ + 2)ఈ + ݎ) ݊ + 3)ఈ + ݎ݊ ⋅ 6ఈ + ݎ) ݎ݊ + 4)ఈ + ൫ଶ൯(2݊)ఈ , 
ଵܯ .8

ఈ(ܹܭ(݊, ((ݎ  = ݊ ⋅ 2ఈାଵ + ݎ݊ ⋅ 3ఈାଵ + ݊ఈାଵ + ݎ)݊ + 1)ఈ + ݎ)ݎ݊ + 1)ఈ + (݊ − 1)݊ఈାଵ 
 
4. M−POLYNOMIAL OF SOME NANOSTRUCTURES 

In science and technology, nanostructures play a vital role in small electronic devices to big 
satellites, pharmaceutical and medical treatments, communication and information, food 
science and so on. Among these, M-polynomial of dendrimers were studied in [33], V-
phenylenic nanotubes and nanotori in [29] titania nanotubes in [34], Armchair polyhex 
nanotube and zig-zag polyhex nanotubes were encountered in [35]. In this paper, we 
consider ܷܶܥସ]଼ܥ, ,]଼ܥସܥܷܶ ,nanotube [ݍ  nanotorus, line graph of the subdivision [ݍ
graph of ܷܶܥସ[ݍ,]଼ܥ nanotube and ܷܶܥସ]଼ܥ,  nanotorus, V-tetracenic nanotube and [ݍ
V-tetracenic nanotorus and compute M-polynomial. 

Let  and ݍ denote the number of squares in a row and the number of rows of 
squares, respectively in nanotube and nanotorus of ܷܶܥସ[ݍ,]଼ܥ. The nanotube and 
nanotorus of ܷܶܥସ[4,3]଼ܥ is shown in Figure 4 (a), (b) respectively. The line graph of 
subdivision graph of ܷܶܥସ[4,3]଼ܥ nanotube is given in Figure 5 (b). The line graph of 
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subdivision graph of ܷܶܥସ[4,2]଼ܥ nanotorus is given in Figure 6 (b). The structures V-
tetracenic nanotube and V-tetracenic nanotorus are given in Figures 7 and 8, respectively.   

 
Figure 4. (a) ܷܶܥସ[4,3]଼ܥ nanotube; (b) ܷܶܥସ[4,3]଼ܥ nanotorus.    

 

 
Figure 5. (a) Subdivision graph of ܷܶܥସ[4,3]଼ܥ of nanotube; (b) line graph of the 
subdivision graph of ܷܶܥସ[4,3]଼ܥ of nanotube.   

 
Figure 6. (a) Subdivision graph of ܷܶܥସ[4,2]଼ܥ of nanotorus; (b) line graph of the 
subdivision graph of ܷܶܥସ[4,2]଼ܥ of nanotorus.    
 

We now obtain M-polynomial of these nanostructures as follows.   
 
Theorem 4.1. Let ܣ = ,]଼ܥସܥܷܶ   nanotube. Then [ݍ

;ܣ)ܯ (ݕ,ݔ = ଷݕଶݔ4 + ݍ6) −  .ଷݕଷݔ(5
   
Proof. The ܷܶܥସ]଼ܥ, ݍvertices and 6 ݍnanotube has 4 [ݍ −  edges. The edge set of 
,]଼ܥସܥܷܶ   ,nanotube can be partitioned as [ݍ
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|{ଶ,ଷ}ܧ|     = ݒݑ|     ∈ ௨݀:(ܣ)ܧ = 2    ܽ݊݀    ݀௩ = 3| = ,4
|{ଷ,ଷ}ܧ|     = ݒݑ|     ∈ ௨݀:(ܣ)ܧ = 3    ܽ݊݀    ݀௩ = 3|
                  = (ܣ)ܧ|     − |{ଶ,ଷ}ܧ| = ݍ6 − .5

 

             � 
Theorem 4.2. Let ܤ = ,]଼ܥସܥܷܶ ;ܤ)ܯ ,nanotorus. Then [ݍ (ݕ,ݔ =    .ଷݕଷݔݍ6
  
Proof. The ܷܶܥସ]଼ܥ,  edges. Thus, from ݍgraph with 6 ݎ݈ܽݑ݃݁ݎ-nanotorus is a 3 [ݍ
Lemma 2.1, M-polynomial of ܷܶܥସ]଼ܥ, ,ݔ;ܤ)ܯ nanotorus is [ݍ (ݕ =   .ଷݕଷݔݍ6
 

Theorem 4.3. Let ܥ be the line graph of subdivision graph of ܷܶܥସ]଼ܥ,  .nanotube [ݍ
Then  

(ݕ,ݔ;ܥ)ܯ = ଶݕଶݔ2 + ଷݕଶݔ4 + ݍ18) −  .ଷݕଷݔ(11
   
Proof. The line graph of subdivision graph of ܷܶܥସ[ݍ,]଼ܥ nanotube has 12ݍ −  2
vertices and 18ݍ −  edges. The edge partition of line graph of subdivision graph of 5
,]଼ܥସܥܷܶ   ,nanotube is given by [ݍ

|{ଶ,ଶ}ܧ| = ݒݑ| ∈ ௨݀:(ܥ)ܧ = 2    ܽ݊݀    ݀௩ = 2| = ,2
|{ଶ,ଷ}ܧ| = ݒݑ| ∈ ௨݀:(ܥ)ܧ = 2    ܽ݊݀    ݀௩ = 3| = ,4
|{ଷ,ଷ}ܧ| = ݒݑ| ∈ ௨݀:(ܥ)ܧ = 3    ܽ݊݀    ݀௩ = 3|
              = (ܥ)ܧ| − |{ଶ,ଶ}ܧ| − |{ଶ,ଷ}ܧ| = ݍ18 − .11

 

             � 
Theorem 4.4. Let ܦ be the line graph of subdivision graph of ܷܶܥସ]଼ܥ,  .nanotorus [ݍ

 Then ݔ;ܦ)ܯ, (ݕ =  .ଷݕଷݔݍ18
 

Proof. The line graph of subdivision graph of ܷܶܥସ[ݍ,]଼ܥ nanotorus is a 3-ݎ݈ܽݑ݃݁ݎ 
graph with 18ݍ edges. Thus, from Lemma 2.1 we have, ܦ)ܯ; ,ݔ (ݕ =   .ଷݕଷݔݍ18
 

 
Figure 7. V-tetracenic nanotube ]ܩ,  .[ݍ

 
Theorem 4.5. Let ܪ be the V-tetracenic nanotube. Then  

;ܪ)ܯ ,ݔ (ݕ = ଷݕଶݔ16 + ݍ27) −  .ଷݕଷݔ(20
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Proof. The V-tetracenic nanotube has 18ݍ vertices and 27ݍ −  edges. The edge 4
partition of V-tetracenic nanotube is obtained as,  

|{ଶ,ଷ}ܧ|     = ݒݑ|     ∈ ௨݀:(ܪ)ܧ = 2  ܽ݊݀  ݀௩ = 3| = ,16
|{ଷ,ଷ}ܧ|     = ݒݑ|     ∈ ௨݀:(ܪ)ܧ = 3  ܽ݊݀  ݀௩ = 3|
                  = |(ܪ)ܧ|     − |{ଶ,ଷ}ܧ| = ݍ27 − .20

 

            �  
 

 
Figure 8. V-tetracenic nanotorus ]ܩ,  .[ݍ

 
Theorem 4.6. Let ܫ be the V-tetracenic nanotorus. Then ܫ)ܯ; (ݕ,ݔ =    .ଷݕଷݔݍ27
  
Proof. The proof follows from Lemma 2.1 as V-tetracenic nanotorus is 3-regular graph 
with 27ݍ edges.  
            � 
 

We skip calculating topological indices of these nanostructures as it is routine work.  
 
5. CONCLUDING REMARKS 

In this paper, we have proposed new operators to derive general sum connectivity index 
and first general Zagreb index of a graph from the respective M-polynomial. Further, we 
have obtained M-polynomials of some graph operations and cycle related graphs. In 
addition, some degree based topological indices of these graphs are derived. The advantage 
of M-polynomial is that, from that one expression we can obtain several degree-based 
topological indices. It is very challenging to obtain new operators to derive all the degree-
based topological indices from M-polynomial. 
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