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1. INTRODUCTION

Let G be a simple, connected, undirected graph of order n and size m with vertex set V(G)
and edge set E(G). The degree d;(v) of a vertex v € V(G) is the number of edges incident
to it in G. An isolated vertex or singleton graph is a vertex with degree zero. Let
{v1,v,,...,v,} be the vertices of G and let d; = d;(v;). The subdivision graph S(G) [24]
of a graph G is the graph obtained by inserting a new vertex onto each edge of G. Let G,
and G, be two graphs of order n,, n, and size m,, m, respectively. The union [24] of G,
and G, is the graph with vertex set V; U V, and edge set E; U E, is denoted by G, U G, and
[V(G, VU Gy)| =ng +ny, |E(GL U G,)| = my +m,. The join [24] G, + G, of G; and G, is
the graph obtained from G; U G, by joining each vertex of G; with every vertex of G, by an
edge. Order and size of G, + G, are n; + n, and m; + m, + nyn,, respectively. The
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corona [24] G, o G, of two graphs G, and G, of order n; and n, respectively, is defined as
the graph obtained by taking one copy of G, and n, copies of G, and then joining the it"
vertex of G, to every vertex in the i®" copy of G,. For undefined graph theoretic
terminologies and notions refer [24].

Several topological indices have been defined in the literature. Among them some
standard topological indices are first Zagreb index [22], second Zagreb index [23],
modified second Zagreb index [10], Randic’ index [36], harmonic index [16], symmetric
division index [10] and inverse sum index [10]. The general form of these degree-based
topological indices of a graph is given by

TG = ) f(de(), dg®)),
e=uveE(G)
where f = f(x,y) is a function appropriately chosen for the computation. Table 1 gives
the standard topological indices defined by f(x,y). For more details on degree-based and
distance based topological indices refer [1-7,12,13,18,19,21,32,39-41,43,45].

It would be interesting that, if all these topological indices are obtained from a
single expression. This role is played by polynomials. In fact there are several graph
polynomials like P1 polynomial [3], Tutte polynomial [14], matching polynomial [15,20],
Schultz polynomial [25], Zang-Zang polynomial [46], etc., Among them, the Hosoya
polynomial [26] is the best and well-known polynomial which plays a vital role in
determining distance-based topological indices such as Wiener index [44], hyper Wiener
index [9] of graphs. Similarly, M-polynomial which was introduced in 2015 by Deutsch
and KlavZzar in [10], which is useful in determining many degree-based topological indices
(listed in Tables 1 and 2). This motivates us to study M-polynomial of some graph
operations and some cycle related graphs. Recently, the study of M-polynomial are
reported in [8,11,28,33-35,37].

Table 1. [10] Operators to derive degree-based topological indices from M-polynomial.

Notation Topological Index f(x,y) | Derivation from M(G; x,y)
M;(G) First Zagreb x+y (Dy + Dy )(M(G; %, Y |x=y=1
M, (G) Second Zagreb xy (Dx Dy Y(M(G; %, ¥)) | x=y=1

Second modified 1
n — S,Sy)(M(G; =
MF(6) Zagieh > (Sx$)(M(G;x.3))|=y=1
o x% +y?
Sp(G) Symmetric division (DxSy + Dy Sy )(M(G; X, ¥)) | x=y=1
xy
} 2
H(G) Harmonic Xty 25 JM(G; 2, ¥)) | x=1
X
I,(G) Inverse sum x jy SxJDxDy(M(G; x,Y))|x=1
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—_ . 0f(xy) — ., 0f(xy) — (* fy) — (Y fxt) _
where, D, = x a’;y,Dy—y a’;y,Sx—fo ty dt, S, = |7 ’t‘ dt and J(f(x,y)) =

f(x,x) are the operators. Along with these operators, we also mention two more operators
in Table 2 to calculate general sum connectivity index and first general Zagreb index.

Definition 1. [10] Let G be a graph. Then M-polynomial of G is defined as
M(G;x,y) = Xicj my; (G)x'y,

where m;;,i,j = 1, is the number [19] of edges uv of G such that {d;(u),d;(v)} = {i,j}

j

Table 2: New operators to derive degree-based topological indices from M-polynomial.

Notation Topological Index f(x,y) Derivation from M(G; x, y)

General sum o o _
K@ | onectivity [21] (x+) DEU(M(G:x,¥)))x=1

MZ(G) | First general Zagreb [31] | x*~1 +y*~1 | (DF™' + Dy Y(M(G; %,¥))|x=y=1

Note 1: Hyper Zagreb index is obtained by taking a« = 2 in general sum connectivity index.
Note 2: Taking a = 2,3 in first general Zagreb index, first Zagreb and forgotten topological
indices are obtained respectively.

2. M-POLYNOMIAL OF SOME GRAPH OPERATIONS
In this section, we obtain M-polynomial of some graph operations.

Lemma 2.1. For any r-regular graph G of order n and size m, the M-polynomial of G is
givenby M(G; x,y) = mx"y".

Proof. Since G is a r-regular graph with m edges and every edge is incident on vertex of
degree r, the proof follows. O

The product [24] G < H of graphs G and H has the vertex set V(G x H) = V(G) %
V(H) and (a,x)(b,y) isanedge of G x H ifand only if [a = b and xy € E(H)]or [x =y
and ab € E(G)].

Theorem 2.2. Let G be an r;-regular graph of order n, and H be an r,-regular graph of
order n,. Then M(G % H; x,y) = nyn,x"1 2ymtrz,

Proof. Since the graphs G and H are regular graphs of degree r; and r, respectively.
Therefore the graph obtained by product of G and H is a regular graph of degree r; + 1,
with nyn, vertices. Hence the result follows from Lemma 2.1. O
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Figure 1. Some cycle related graphs.

The composition [24] G[H] of graphs G and H with disjoint vertex sets VV(G) and
V' (H) and edge sets E(G) and E(H) is the graph with vertex set V(G[H]) =V (G) x V(H)
and (a,x)(b,y) is an edge of G[H] if and only if [a is adjacent to b in G] or [a = b and x
is adjacent to y in H].
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Theorem 2.3. Let G be an ry-regular graph of order n, and H be an r,-regular graph of
order n,. Then, M(G[H]; x,y) = nyn,x"2"1tr2yn2ritr;,

Proof. Since G and H are regular graphs of degree r; and r, respectively. The graph
obtained by the composition of two graphs G and H is a regular graph of degree n,r; + r,
with n,n, vertices. Hence the result follows from Lemma 2.1. O

3. M-POLYNOMIAL OF CYCLE RELATED GRAPHS

In this section, we obtain M-polynomial of some cycle related graphs, Figure 1. Definitions
2-10 can be found in [17], definition 11 is in [42] and definitions 12-16 can be found in [30,
38]. We also derive some topological indices (mentioned in Tables 1 and 2) of these graphs
from the respective M-polynomials. For more details on wheel related graphs refer
[17,27,38,42] and references cited there in.

Definition 2. The fan graph F,,(n = 3) is defined as the graph K; + B,, where K, is
singleton graph and B, is the path on n vertices.

Theorem 3.1. Let F,, be a fan of order n + 1 and size 2n — 1. Then,
M(E,; x,y) = 2x%y3 + 2x%2y™ + (n — 3)x3y3 + (n — 2)x3y™.

Proof. The fan F, has n + 1 vertices and 2n — 1 edges. It is easy to see that [my, 53| =
2, |mg; 3| = 2 and the remaining edge partition of F, is as follows:

|Ez3l = |uc€E(F,).d,=3 and d.=3|]=(n-3),
|Esmyl = |uc€E(F,):d,=3 and d.=n|={n-2),
proving the result. O

Corollary 3.2. If F, is a Fan, then

1. M,(E) = n?+9n-10,
2. My(E) = 3n?2+7n-15,
24+3n+3
3. MRME) = =
3+7n%+4n—6
4. Sp(F) =
_ n?+2n+12 . 9n-23
5. H(E) - 3(n+2) 5(n+3)’
_ 3n(n-2) 3(5n-7) An
6. (F) - nt3 T 10 ez
7. xo(E) = 2:52+2n+2)*+(n—-3):-6%+ (n—2)(n—3)%,
8. MZ(E) = 2%"2+3%(2n—-5)+3%(n—1)+n*tL
1
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Proof. The M-polynomial for fan F, is given by
M(E,; x,y) = 2x%y3 + 2x%2y™ + (n — 3)x3y3 + (n — 2)x3y™
Using the expressions from Tables 1 and 2, we have

D, = x% = 4x?y™ + 4x2%y3 + 3(n — 3)x3y3 + 3(n — 2)x3y"

D, = %’;‘y) = 2nx%y™ + 6x%y3 + 3(n — 3)x3y? + n(n — 2)x3y"

s, = fox @dt = x2y" + x2y3% + @x%ﬁ + (713;2)x3yn

S, = foy @dt = %xzy” + §x2y3 + (713;3)x3y3 + (nn;z)x3y”.
Therefore,

My (F,) = (Dy + D) (M(Fp; %, ¥))|x=y=1 = n? + 9n — 10,
M, (F,) = (DyDy,)(M(Fy; %, ¥))lx=y=1 = 3n% + 7n — 15,
MZ(F,) = (SxSy) (M (Fyi X, YD) a1 = o= + 5,

Sp(Fy) = (DySy + Dy S, ) (M(Fy; 2,7))lgmymy = TrTtin=e

H(Fn) — ZSx](M(Fn;x,y))Ix=1 — n?4+2n+12 = 9n-23

3n !

3(n+2) 5(n+3)’
_ ) __3n(n-2) , 3(5n-7) 4
In(Fp) = S DDy (M(F1; x,y) ) |xmy = = =+ =2+ —,

Xa(F) = DE (J(M(Fy; %)) lx=y = 25 + 2(n + ) + (n - 3) - 6"+ (n = ) (n - 3)",
Mg(Fy) = (Df + D) (M(Fyi 2, 9))limy =1 = 247 + 3%(2n = 5) + 3%(n — 1) + n*™. 0

Definition 3. The wheel W;,, = C,, + K; is a graph with n + 1 vertices and 2n edges, where
the vertex ¢ with degree n is called the central vertex while the vertices on the cycle C,, are
called rim vertices.

Theorem 3.3. Let W, be a wheel of order n + 1 and size 2n. Then,
MWy x, y) = nxly3 (1 +ym3).

Proof. The wheel W, has n+ 1 vertices and 2n edges. The edge set of W, can be
partitioned as,
[Ezyl = |luwweEW,).d,=3 and d,=3|=n,
[Egmyl = l|luc€e E(W,):d, =3 and d.=n]
|[E(WL) — |Ez 3| =n

Corollary 3.4. If W, is a wheel, then
1. M(W,)) = n?+9n,
2. My(W,) = 3n2+9n,
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2
_ n?+9n
5. HW,) = 3(n+3)’

2
6. L(W) =7+

n+3'
7. xa(W,) =n(6% + (n+3)9),
8. ME(W,) = 371 + n.

Proof. Let M(Wy; x,y) = Xi<;j mi;j(Wp)x'y! = nx3y3(1 + y™3). Using the expressions
from Tables 1 and 2, we have

af (x,
D, = «x fgxy)=3nx3y3+3nx3y"
af (x,
X t, nx3 3 nx3 n
szjf(y)dtz y>  nx’y
.t 3 3
Yf(x,t nx3y3
S, = J K )dt= 4 + x3y™,

Thus we get,
M (W) = (D + Dy)(M(Wp; x,¥))|x=y=1 = n* + 91,
M, (Wo) = (D Dy )(M(Wrs %, YD) |x=y=1 = 3n? + 9n,

n 1

MZ(Wp) = (828, ) (M (Woi %, 7)) lxmymr = 5 + 5

2
Sp(W) = (DyS, + DySy ) (MW %, 9) )| mym1 = = +§n+9,
HW,) = 28 (M(Wp; x,y)) ey = 5+ =,
3 3n2
L(Wo) = SeJDuDy (MW %,3))lmy = 22+ 2,

XaWy) = DE (J(MWy; 2,9))) Loy = (6 + (n+3)%),
MEW,) = (DE + DE)(M(Wy; x,9))lxeyer = 34+ + n2,

Definition 4. The gear graph G, is a wheel graph with a vertex added between each pair
adjacent vertices of the outer circle.

Theorem 3.5. Let G, be a gear graph. Then M(G,,;x,y) = 2nx?y3 + nx3y™,

Proof. Let G,, is a graph having (2n + 1) vertices and 3n edges. The edge partition of G,, is
given by,
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|Ez3l = |uv € E(Gy):dy=2 and d,=3|=2n,
|Egml = |uv€E(Gy):d, =3 and d, =n|
= |E(@G)] = |Eal =n.
Using definition of M-polynomial and above edge partitions, we get the desired result. [

Corollary 3.6. If G,, is a gear graph, then

1. M;(G,) = n?+13n,
2. My(G,) = 3n?+12n,
3. MpG) ="
4. Sp(G,) :”;+137“+3,
__4n n
5. HG,) = ~+t—,
__12n , 3n?
6. I,(G,) = = + 3
7. x4(G,) =2n5%+ n(n+ 3)¢,
8. M&(G,) =n(2%t1 + 32+ + n®),

Definition 5. The helm H,, is a graph obtained from a wheel W, with central vertex c, by
attaching a pendant edge to each rim vertex of W,,. A closed helm CH,, is the graph with
central vertex c, obtained from a helm by joining each pendant vertex to form a cycle.

Theorem 3.7. Let H,, be a helm. Then M(H,,; x,y) = nxy* + nx*y* + nx*y™.

Proof. Let H,, is a graph having (2n + 1) vertices and 3n edges. The edge partition of H,,
IS given by,

|Eqayl = |luww€eE(H,)d,=1 and d,=4|=n,

|E{4'4}| = |luveE(H,):d,=4 and d,=4|=n,

|Egmyl = |uveE(H,).d,=4 and d,=n|

= |E(H,)|— |E{1,4}| - |E{4,4}| =n
U]
Corollary 3.8. If H, is a helm graph, then
1. M;(H,) = n?+17n,
2. My(H,) = 4n?+20n,
3. MP(H,) =22
4. S,(H,) :@+6n+4,
—n,n, 2n
5. H(H,) = s T2 e
2

6. L,(H,) = n__|_14_n,

n+4 5
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7. x,(H,) =n(5%+8%+ (n+4)%,
8. M&(H,) =n(4**1+n%).

Theorem 3.9. Let CH,, be a closed helm. Then
M(CH,; x,y) = nx3y3 + nx3y* + nx*y* + nx*y™.

Proof. Let CH,, is a graph having (2n + 1) vertices and 4n edges. The edge partition of
CH,, is given by,
|Ezsyl = |uv € E(CHy):d, =3 and
|Ez gl = |uv € E(CH,):d, =3 and
|Euayl = luv € E(CH,):d, =4 and
|Euml = |uv € E(CH,):d, =4 and

QU
<

Il

Il
s

Il
s

Il
s

Qo
< S
Il

= DD W

QU
<
Il
Il
S

Corollary 3.10. If CH,, is a gear graph, then
1. M;(CH,) = n?+25n,
M,(CH,) = 4n?+37n,

__37n+36

My (cH,) =
SD(CHn)

__73n+3
12

H(CH,) = ’31

3n  12n _ 4n?
I,(CH,) =—+—
”( ”) 2 7 n+4

Xo(CH,) =n(6%+ 7%+ 8%+ (n + 4)%),
M&(CH,) = n(3%t1 + 42+1 4 n®),

©N e R W
|
+
|
+

Definition 6. The flower Fl,, is the graph obtained from a helm H,, by joining each pendant
vertex to the central vertex ¢ of the helm.

Theorem 3.11. Let Fl,, be a flower. Then
2,,2n

M(Fl,;x,y) = nx?y* + nx?y?™ + nx*y* + nx*y?n,

Proof. Let flower FI,, is a graph having (2n + 1) vertices and 4n edges. The edge
partition of FL,, is given by,

|Epag| = luv € E(FL,):d, =2 and d,=4] =n,
|Ezomy| = luv € E(FL):dy, =2 and d, =2n|=n,
|Eay| = lweE(FL):d, =4 and d, =4 =n,

|E{4'2n}| = |luve E(Fl,):d, =4 and d, = 2n|
= |E(FL,)| - |E{2,4}| - |E{2,2n}| - |E{4,4}| =n



136 BASAVANAGOUD, BARANGI AND JAKKANNAVAR

Corollary 3.12. If Fl,, is a flower graph, then

1. M;(Fl,) = 4n(n+5),
2. M,(FL,) = 12n(n+2),
m __ 3n+6
3. MJ*(Fl,,) = —
2
4.%@%):ﬁ§+%+&
R B
5. H(FL,) = w1 ez s
6. I(Fl,) =242 4on
3 n+1 n+2
7. x,(FL)) =n(6*+8"+ (2n+2)*+ (2n + 4)%),
8. MZ(Fl,) =n@*™? + 4% +pe2*thy,

Definition 7. The sunflower graph SF, is a graph obtained from a wheel with central
vertex ¢, n-cycle vy, vy,...,v,_1 and additional n vertices wy, wy,...,w,_; Where w; is
joined by edges to v;, v;,, fori =0,1,...,n — 1 where i + 1 is taken modulo n.

Theorem 3.13. Let SE, be a sunflower. Then M(SE,; x,v) = 2nx?y> + nx>y5 + nx>y™,

Proof. The sunflower graph SE, is a graph having (2n + 1) vertices and 4n edges. The
edge partition of SE, is given by,

|Ezsyl = |uv € E(SE,):d, =2 and d,=5|=2n,
|Essyl = |uv € E(SE,).d, =5 and d,=5|=n,
|Esmyl = |uv€E(SE):d, =5 and d, =n|
|[ESE)| — |Eg syl — |Es 53l = n.
U]
Corollary 3.14. If SE, is a sunflower graph, then
1. M,(SE,) = n?+29n,
2. My(SF,) = 5n(n+9),
3. MP(SF) =T+ g
4 SD(SFn) _ n2+3‘;n+25’
4n n 2n
5. H(SE,)) = 72+§+E’
5n 5n 20n
6. I,(SE) =+
7. xo(SE) =n(2-7%+ 10% + (n + 5)9),
8. M%(SE,) =n(2%*1 +5%t1 4+ na),
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Definition 8. The friendship graph f, is a collection of n-triangles with a common vertex.
Friendship graph can also be obtained from a wheel W,, with cycle C,, by deleting
alternate edges of the cycle. That is f,, = K; + nK,.

Theorem 3.15. Let f;, be a friendship graph. Then M(f,,; x,v) = nx?y? + 2nx2y?",

Proof. Let friendship graph f;, is a graph having (2n + 1) vertices and 3n edges. The edge
partition of £, is given by,
[Epyl = |uww€E(fp).d,=2 and d,=2|=n,
|Egoml = |luv €E(fy):dy=2 and d, =2n|
[E(f)] — |E{2,2}| = 2n.

Corollary 3.16. If f,, is a flower graph, then
1. Mi(fp) = 4n(n+2),

Xo(fn)  =n(4% + 29" (n + 1)),
Mi(f) =n2*"(n+2).

2. My(f,) = 4n(@Cn+1),
3. Mp(R) =M

4. Sp(f,) =2n*+n+1),
5. H(f,) =2+,

6. L(f) =n+T,

1.

8.

Definition 9. A web graph is the graph obtained by joining a pendant edge to each vertex
on the outer cycle of the closed helm. W (t,n) is the generalized web with t cycles each of
order n.

Theorem 3.17. Let W (t, n) be a generalized web. Then
MW (t,n);x,y) = nxy* +nt — 1)x*y* + nx*y™.

Proof. Let generalized web W (t,n) is a graph having (tn + n + 1) vertices and n(2t + 1)
edges. The edge partition of W (t, n) is given by,

[Eqgl = JuwweEW(tn)).d,=1 and d,=4|=n,
[Epgl = |uweEW(tn)).d,=4 and d,=4|=n2t—-1),
[Egmyl = |uveEW(t,n)).d,=4 and d, =n|

= |[EW(t,n)| — |Eqa] — |[Eg gl =n.

Corollary 3.18. If W(t,n) be a generalized web, then
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xoW(t,n)) =n(B*+ (2t —1)8% + (4 + n)%,
Mf‘(W(t, n)) =2n-4%+2n-4%(2t — 1) + n**l + n.

1. Mi(W(tn))= n(m+8(Q2t—1)+09),
2. M,(W(t,n))= dn(n+4Q2t—-1)+1),

m _n n(2t-1) 1
3. MP*(W(t,n))= T o

2

4. S,(W(t,n)) = ”7 +%+ 2n(2t — 1) + 4n + 4,
5. HW(t,n)) = %+@+%,
6. L(W(tn)) =2 +2n2t-1)+2,
1.
8.

Definition 10. The crown (or sun) CW,, is a corona of form C,, o K; where n > 3. That is
crown is a helm without central vertex.

Theorem 3.19. Let CW,, be a crown graph. Then
M(CW,;x,y) = nxy3 +nx3y3.

Proof. Let CW,, is a crown graph having 2n vertices and 2n edges. The edge partition of
CW, is given by,

|Eqsyl = |uveE(CW,).d,=1 and d,=3|=n,
|Ezsyl = |uv € E(CW,).d, =3 and d,=3|
[E(CW)] = Byl =
U]
Corollary 3.20. If CWW,, is a flower graph, then
1. My(CW,) = 10n,
2. M,(CW,,) = 12n,
3. Mp(ew,) =72
4. sp(Cw,) =12
5. H(CW,) :§+§,
6. L(CW,) =2,
7. xo(CW,)) =n(4% + 6%),
8. M&(CW,) =n(3%t +1).

The duplication of an edge [42] e = uv by a new vertex v’ in a graph G produces a
new graph G’ by adding a new vertex v’ such that N(v") = {u, v}.
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Definition 11. Consider a wheel W,, = C,, + K; with v, v,,..., v, as its rim vertices and c¢
as its central vertex. Let eq, e,,..., e, be the rim edges of I,, which are duplicated by new
vertices wy,w,, ..., w,, respectively and let f;, f5,..., f, be the spoke edges of W, which
are duplicated by the vertices u,,u,,...,u,, respectively. The resultant graph is called
duplication of the wheel denoted by Dul,.

Theorem 3.21. Let DuW,, be the duplication of the wheel. Then
M(DuW,; x,y) = 3nx?y® + nx2y?" + nx®y® + nx®y?",

Proof. Let duplication of the wheel Dul, is a graph having (3n + 1) vertices and 6n
edges. The edge partition of Dul,, is given by,

|Eze)l = |uveEMDuW,).d,=2 and d,=6]=3n,
|Eqzomyl = |uv € E(DuW,).d, =2 and d, =2n|=n,
|Eeyl = |uve€E(DuW,):d, =6 and d,=6]=n,
|E2myl = |uv € E(DuW,):.d, =6 and d, = 2n|

|E(DuW,)| — |E{2,6}| - |E{2,2n}| - |E{6,6}| =n

Corollary 3.22. If CW,, be the duplication of the wheel, then
1. M;(DulW,) = 4n(n+ 11),

2. My,(buw,) = 8n(2n+9),,
3. MP(Duw,) =2
4. s, (DuW;l) _ 4-n2+14"7n+16’
_3n n n n
5. HDuW,) ==+ m+o+on
_ 9 8n?
6. L(Duw,) =2+ 43n,
7. xo.(DuW,) =n(3-8%+12%+ (2n+2)% + (2n + 6)%),
8. M&(DuW,) = (4n-2%+6n-6% + (2n)*+1).

Definition 12. A uniform n-fan split graph SF,, contains a star S,,_; with hub at x such
that the deletion of n edges of S,,_; partitions the graph into n independent fans F* = P' +
K;, (1 <i < n)and aisolated vertex, Figure 2.
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SF? SW KW(6, 9)

Figure 2. Self explanatory examples of SF?, SW,” and KW(6, 9) graphs.

Theorem 3.23. Let SF,; be a uniform n-fan split graph. Then
M(SE!;x,y) = 2nx2y3 + 2nx2y"™ 1 + n(r — 3)x3y3 + n(r — 2)x3y™* 1 + nx"y"+1,

Proof. The uniform n-fan split graph SF,; has (nr + n + 1) vertices and 2nr edges. The
edge set of SE can be partitioned as,

|Ezsyl = |uv € E(SE]):dy, =2 and d,=3|=2n,
|E{2yr+1}| = |uc€E(SF)):d, =2 and d,=r+1|=2n,
|Ezsyl = |uc € E(SE]):d, =3 and d.=3|=n(r—23),
|Ezri13l = luc € E(SE;):d, =3 and d,=r+1]=n(r—-2),
|Egnre3l =  |uc € E(SE]):d, =n and d,=r7r+1]
= |EGE) = |Egsl — [Egrinl — [Egayl — |Egrenl =1
U
Corollary 3.24. If SE; be a uniform n-fan split graph, then
1. M;(SE') = n@?+1llr+n-29),
2. My(SE') = n(Br?+nr+10r+n-17),,
m N — 9+n(3+4r+r?)
3. MJ*(SET) = T orr)
r _ 3n24+3(r+1)?+n(r3+9r2+13r-10)
4. S,(SEr) = 3+ D) :
r 22 15 %0 , 30 —
. H(SFn) T (n+r+1 T+4 * T+3 +10r—9),
r _ n?(r+1) | n(45r3+184r2+83r-272)
6. L(SE) = (n+r+1) * 10(r+3)(r+4) :
1. x.(SET) =2n5+2n(r+3)*+n(r —3)6* +n(r —2)(r +4)* + n(n +r + 1)¢
8. MZ(SED) =4n-2%+2n(r —3)3* + n(r — 2)3* + 2n- 3% + n**1 + n(r — 2)(r + 1)* + n(r + 1)
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Definition 13. The graph SW, contains a star S,,_; with hub at x such that the deletion of
the n edges of S,_; partitions the graph into n independent wheels W} = C! + K;, (1 <
i < n) and an isolated vertex, Figure 2.

Theorem 3.25. Let SW,” be the graph having (nr + n + 1) vertices and n(2r + 1) edges.
Then

M(SWy;x,y) = nrx3y? + nrxdy™1 + nxmy™1,
Proof. Let SW, is a graph having (nr + n + 1) vertices and n(2r + 1) edges. The edge
partition of SW,; is given by,

|Egsyl = |luvw € E(SWY):.dy, =3 and d, = 3| =nr,
|Egreyl = luv € E(SW).dy, =3 and d, =7+ 1| =nr,
|Egnr+yl = |uv € E(SWY):dy=n and d, =71 +1]

= [ESW])| - |E{3,r+1}| - |E{3,3}| =n

Corollary 3.26. If SW;] graph, then
1. M;(SW) = n?+n@+1)+nr(+10),
2. My(SWT) = n?(r+1)+3nr(r+4),

3. MP(SWr) = %,
e
5. HSWT) = (nf:+1)+nr(3r(:2))’
6. (s =R (),

7. xa(SWY) =nr-6%+nr(r+4)*+n(n+r+1)%
8. MZ(SWY) =3nr-3*+n*1+nr(r+ 1)+ n(r+ 1)~

Definition 14. Let u;, (1 < i < n) be the vertices of the complete graph K,,. Let W' = C! +
K, be the wheel with hubs w, (1 < i < n), respectively. Let u;w’, (1 < i < n) be an edge.
The graph so constructed is called uniform n-wheel split graph KW (n, r), Figure 2.

Note: A uniform n-wheel split graph KW (n,r) is a graph in which the deletion of n edges
w;wt, (1 < i < n) partitions the graph into a complete graph and n independent wheels W,.
This graph can be thought of as a generalization of the standard split graph in the sense that
the elements of the independent sets are replaced by wheels here.
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SW (6,9) KDW(6,9)
Figure 3. Graphs SW (6,9) and KDW(6,9).

Theorem 3.27. Let KW (n, ) be a uniform n-wheel split graph. Then
MKW (n,r);x,v) = nrx3y3 + nra3y™1 + nx"y™1 + (Z) x"ym,

Proof. Let KW (n,r) uniform n-wheel split graph having n(r + 2) vertices and %(4r +
n + 1) edges. The edge partition of KW (n,r) is given by,
|Ezsyl = luw e E(KW(n,1)):d, =3 and d,
|Ere3l = luv € E(KW(n,7)):d, =3 and d,=r+1|=nr,
|Enreyl = luv € E(KW(n,7)):d, =n and d,=r+1|=n,
|Egnmyl = |luv € E(KW(n,7)):d, =n and d,

n
= [E(KW(n.7)) = gyl = |Egsranyl = |Epnreny] = ().

= 3| =nr,

:nl

Corollary 3.28. If KW (n,r) be a uniform n-wheel split graph, then

1. Ml(KW(n, r)) = n3®+n(r+1)+nr(r+10),
5 M (KW(TL T‘)) _ n*-n3+2n?(r+1)+enr(r+4)
. 2 y - 2 ]
m _ i 9(r+3)+2nr(r+4) . 2

3. My(KW(nr)) = 18( (r+1) n)’
0 nr(r+4)>2 2 E

4, SD (KW(TI., T)) =r n+l+ 3(r+1) tn (T+1)’
_ r+10 n+r+3 . 1

S H(KW(TL, T‘)) —nr (3(r+4)) tn (2(n+r+1)) 2’
_1 3 onr _ onr

6. L(KW(n,1)) —Jn (n+3)+ 2 (r+4)  (n+r+1)

7. xd(KWm,r)) =nr-6*+nr(@r+4)*+nn+r+1)%+ (721) (2n)«
8. MY(KW(n,r)) =nr -3t +n®*l 4+ nn—n*+nr(r+1)* +n(r+ 1)%.
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Definition 15. Let u;, (1 <i <n) be the vertices of a star S,,_; with a hub at x. Let
u;wt, (1 < i <n)beanedge. Let W = CE + K, be wheels with hubs wt, (1 < i < n). The
graph so obtained is denoted by SW (n,r), Figure 3.

Theorem 3.29. Let SW(n,r) be the graph having n(r + 2) + 1 vertices and 2n(r + 1)
edges. Then

M(SW(n,r);x,y) = nx?y™ + nx?y"™1 + nrady3 + nradyrtL,
Proof. Let SW(n,r) is a graph having n(r + 2) + 1 vertices and 2n(r + 1) edges. The
edge partition of SW(n,r) is given by,

|[Ezmyl =|uv e E(SW(n,r)).d, =2 and d,=n|=n,
|Eqzrin3l = luv € E(SW(n,7)):dy, =2 and d,=7r+1|=n,
|Ezsyl = luv € E(SW(n,7)):d, =3 and d, = 3| =nr,

Etsripn| = luv € E(SW(n,r)):d, =3 and d,=r+1
{ ' }
= |E(SW(n, 7)) — |Epnyl — |Egreyl — |Eg syl = nr.

0
Corollary 3.30. If SW (n,r) be a graph, then
1. Ml(SW(n, r)) = n?+n(r+5)+nr(r+10),
2. MZ(SW(n, r)) = 2n?2+2n(r+ 1)+ 3nr(r +4) ,
m __2nr?+8nr+9(n+r+1)
3. MP(SW(n,r)) = 8011 :
— 3n2(r+1)+3n(r?+2r+5)+2(6(r+1)+nr(r+4)?)

4. S,(SW(n,r)) SreD)

nr(r+10) + 2n(n+r+5)
3 (r+4) (n+2) (r+3) "’

5. H(SW(n, 1)) =

2
6. I,(SW(nr) =22+ 2n(r+1) | 9nr(r+2)

n+2 r+3 2(r+4) '
7. xs(SWn,7r)) =nn+2)*+n(r+3)*+nr -6%+nr(r+4)7
8. M&(SW(n,r)) =n2%?1+nr 3% + n1 4 n(r+1)% +nr(r + 1)%,

Definition 16. Let x;, (1 < i < n) be the vertices of the complete graph K,,. Let W,! = C. +
K, be wheel with hub wt, (1 <i < n). Let x;w’, (1 < i <n) be an edge. Subdivide each
edge x;w’ by u;, (1 < i <n). The graph so obtained is denoted by KDW (n, r), Figure 3.

Theorem 3.31. Let KDW (n,r) be the graph having n(r + 3) vertices and %(4r +n+3).
Then

M(KDW (n,r);x,y) = nx?y™ + nx?y"™1 + nrx3y3 + nrad3y™1 + (721) x"y™,
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Proof. Let KDW (n,r) is a graph having n(r + 3) vertices and %(4r + n + 3) edges. The
edge partition of KDW (n, r) is given by,

|Ezmyl = |luv € E(KDW(n,7)):d, =2 and d,=n|=n,

|Ez 413l = luv € E(KDW(n,71)):d, =2 and d,=r+1|=n,
|Ez 3l = |luv € E(KDW(n,1)).d, =3 and d, =3|=nr,
|E{3'r+1}| = |uv € E(KDW(n,r)):d, =3 and d,=r+1| =nr,
|Enmyl = |uv € E(KDW(n,1)).d, =n and d, =n]|

n
= [E(KDW (n,7))| = Bzl = Byl = 1] = eyl = (5).
Corollary 3.32. If KDW (n,r) be a graph, then

1. Ml(KW(n, r)) = n3+n(r+5)+nr(r+10),
n(n(n(n-1)+4)+4)+nr(3r+14)

2. My,(KW(n,r)) = 5 ;

an2-9(r+1)+2n(9(r+1)+nr(r+4))

18n(r+1)
3(r+1)(3n2+4)+3n(r2+3)+2nr(r+4)2
6 (r+1)

3. M*(KW(n,r)) =

4. Sp(KW(n,r)) =

— (s 2 4+ 2 1y 2)\_12
H(KW(n! r)) =-n (2 + n+2 + T+3) +ar (3 + T+4) 2’
3 2 1 2 1 9 2
L(KW(n,1)) = nj +n? (_ - ") * n::; >+ Z:;;)’

n+2 4
Xa (KW, 1)) =n(n+2)*+n(r+3)*+nr-6%+nr (r+4)%+ (’;)(Zn)“,

ME(KW(n,7)) =n- -2 +nr -39 + n®* 1+ n(r + 1) + nr(r + 1) + (n — 1)no+?!

N o o

4. M—POLYNOMIAL OF SOME NANOSTRUCTURES

In science and technology, nanostructures play a vital role in small electronic devices to big
satellites, pharmaceutical and medical treatments, communication and information, food
science and so on. Among these, M-polynomial of dendrimers were studied in [33], V-
phenylenic nanotubes and nanotori in [29] titania nanotubes in [34], Armchair polyhex
nanotube and zig-zag polyhex nanotubes were encountered in [35]. In this paper, we
consider TUC,Cg[p, q] nanotube, TUC,Cg[p, q] nanotorus, line graph of the subdivision
graph of TUC,Cg[p, q] nanotube and TUC,Cg[p, q] nanotorus, V-tetracenic nanotube and
V-tetracenic nanotorus and compute M-polynomial.

Let p and g denote the number of squares in a row and the number of rows of
squares, respectively in nanotube and nanotorus of TUC,Cg[p,q]. The nanotube and
nanotorus of TUC,Cg[4,3] is shown in Figure 4 (a), (b) respectively. The line graph of
subdivision graph of TUC,Cg[4,3] nanotube is given in Figure 5 (b). The line graph of
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subdivision graph of TUC,Cg[4,2] nanotorus is given in Figure 6 (b). The structures V-
tetracenic nanotube and V-tetracenic nanotorus are given in Figures 7 and 8, respectively.

(a) (b)

Figure 4. (a) TUC,Cg[4,3] nanotube; (b) TUC,Cg4[4,3] nanotorus.

VA S A N 4 N 4 \

(a) (b)
Figure 5. (a) Subdivision graph of TUC,Cg[4,3] of nanotube; (b) line graph of the
subdivision graph of TUC,Cg4[4,3] of nanotube.

T 4

Figure 6. (a) Subdivision graph of TUC,Cg[4,2] of nanotorus; (b) line graph of the
subdivision graph of TUC,Cg[4,2] of nanotorus.

We now obtain M-polynomial of these nanostructures as follows.

Theorem 4.1. Let A = TUC,Cg[p, q] nanotube. Then
M(4;x,y) = 4px*y® + (6pq — 5p)x°y°.

Proof. The TUC,Cg[p, q] nanotube has 4pq vertices and 6pqg — p edges. The edge set of
TUC,Cg[p, q] nanotube can be partitioned as,
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|Epsyl = |luww€eE(A):.d, =2 and d,=3|=4p,
|Egsyl = luww€eE(A):.d, =3 and d,=3|
= |E(A) — |Ep3| = 6pq — 5p.

Theorem 4.2. Let B = TUC,Cg[p, q] nanotorus. Then, M(B; x,y) = 6pqx3y?3.

Proof. The TUC,Cg[p, q] nanotorus is a 3-regular graph with 6pq edges. Thus, from
Lemma 2.1, M-polynomial of TUC,Cg[p, q] nanotorus is M(B; x,y) = 6pqx3y3.

Theorem 4.3. Let C be the line graph of subdivision graph of TUC,Cg[p, q] nanotube.
Then
M(C;x,y) = 2px?y? + 4px?y3 + p(18q — 11)x3y3.

Proof. The line graph of subdivision graph of TUC,Cg[p,q] nanotube has 12pq — 2p
vertices and 18pq — 5p edges. The edge partition of line graph of subdivision graph of
TUC,Cg[p, q] nanotube is given by,
|Ez 03| = luv € E(C):d, =2 and d, =2|=2p,
|Ez33l = luv € E(C):d, =2 and d, = 3| =4p,
|Ez 33| = |[uv € E(C):dy, =3 and d, = 3|
= |E(C) — |E 3| — |Ep233] = 18pgq — 11p.

Theorem 4.4. Let D be the line graph of subdivision graph of TUC,Cg[p, q] nanotorus.
Then M(D; x,y) = 18pgx3y3.

Proof. The line graph of subdivision graph of TUC,Cs[p,q] nanotorus is a 3-regular
graph with 18pq edges. Thus, from Lemma 2.1 we have, M(D; x,y) = 18pqx3y3.

Figure 7. VV-tetracenic nanotube G[p, q].

Theorem 4.5. Let H be the V-tetracenic nanotube. Then
M(H;x,y) = 16px?y3 + (27q — 20)px3y3.
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Proof. The V-tetracenic nanotube has 18pq vertices and 27pq — 4p edges. The edge
partition of V-tetracenic nanotube is obtained as,
|Ez3l = |uve€E(H).d, =2 and d, = 3| = 16p,
|Es3l = |uveE(H).d, =3 and d, = 3|
= |E(H)| = |Egzl| = 27pq — 20p.

I i i i i ]
! [} I 1

Figure 8. V-tetracenic nanotorus G|[p, q].

Theorem 4.6. Let I be the V-tetracenic nanotorus. Then M(I; x,y) = 27pqx3y3.

Proof. The proof follows from Lemma 2.1 as V-tetracenic nanotorus is 3-regular graph
with 27pq edges.
U

We skip calculating topological indices of these nanostructures as it is routine work.

5. CONCLUDING REMARKS

In this paper, we have proposed new operators to derive general sum connectivity index
and first general Zagreb index of a graph from the respective M-polynomial. Further, we
have obtained M-polynomials of some graph operations and cycle related graphs. In
addition, some degree based topological indices of these graphs are derived. The advantage
of M-polynomial is that, from that one expression we can obtain several degree-based
topological indices. It is very challenging to obtain new operators to derive all the degree-
based topological indices from M-polynomial.
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