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The Wiener index ܹ and the edge-Wiener index ௘ܹ  of ܩ are defined 
as the sum of distances between all pairs of vertices in ܩ and the sum 
of distances between all pairs of edges in ܩ, respectively.  In this 
paper, we identify the four trees, with the first through fourth greatest 
Wiener and edge−Wiener index among all trees of order ݊ ≥  10. 
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1. INTRODUCTION  

Throughout this paper we consider undirected graphs without loops and multiple edges. Let 
 respectively. The distance ,(ܩ)ܧ and (ܩ) ܸ be such a graph with vertex and edge sets ܩ
between two vertices ݑ and ݒ in ܩ, denoted by ݀(ݑ,  is defined as the length of a ,(ܩ|ݒ
shortest path between ݑ and ݒ. Let ݂ = = ݃ and ݕݔ   The distance .ܩ be two edges of ݒݑ 
between f and g is denoted by ݀௘(݂,݃|ܩ) and defined as the distance between the vertices 
of ݂ and ݃ in the line graph of ܩ. The degree of a vertex ݒ in (ݒ)ீ݀ ,ܩ, is the number of 
edges incident to ݒ and ܰ[ܩ,ݒ] denotes the set of vertices adjacent to ݒ. A pendent vertex 
is a vertex with degree one. We use the notations ∆ = and ݊௜ (ܩ)∆  = ݊௜(ܩ) to denote the 
maximum degree and the number of vertices of degree ݅ in ܩ, respectively. Obviously, 
∑ ݊௜ = (ீ)∆|(ܩ)ܸ|
௜ୀଵ . Let ܵ ⊆  Then the induced .ܩ be any subset of vertices of (ܩ) ܸ 

subgraph ܩ[ܵ] is the graph whose vertex set is ܵ and whose edge set consists of all of the 
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edges in (ܩ)ܧ that have both endpoints in ܵ. If ܹ is a subset of ܸ (ܩ) then ܩ −  ܹ will be 
the subgraph of ܩ obtained by deleting the vertices of ܹ and similarly, for a subset ܨ of 
− ܩ is denoted by ܨ the subgraph obtained by deleting all edges in ,(ܩ)ܧ  In the case . ܨ 
that ܹ = = ܨ or {ݒ}  − ܩ the subgraphs ,{ݕݔ}   ܹ and ܩ –  will shortly be written as ܨ 
− ܩ − ܩ or ݒ   let ,ܩ in ݕ and ݔ respectively. For any two nonadjacent vertices ,ݕݔ 
+ ܩ  .ݕݔ by adding an edge ܩ be the graph obtained from ݕݔ 

If ܩ is acyclic and connected graph, then ܩ is a tree. Any tree with at least two 
vertices has at least two pendent vertices. The set of all ݊ −vertex trees is denoted by ߬(݊). 
In chemical graph theory, a topological index is a number invariant under graph 
automorphisms. These numbers play a significant role in mathematical chemistry 
especially in the QSPR/QSAR investigations, see [7, 11]. 

Harold Wiener in [18], introduced Wiener index defined as 

(ܩ)ܹ = ෍ ,ݑ)݀ ,(ܩ|ݒ
{௩,௨}⊆௏(ீ)

 

which is the sum of distances between all pairs of vertices of ܩ. The edge−Wiener index of 
 is defined as ,(ܩ)denoted by ௘ܹ ,ܩ

௘ܹ(ܩ) = ෍ ݀௘(݂,݃|ܩ),
{௙,௚}⊆ா(ீ)

 

which is the sum of distances between all pairs of edges of ܩ. This invariant was 
independently introduced in [10, 13]. Edge-Wiener index is one of the most interesting 

topological indices. Dankelmann et al. [5], recalled that, ௘ܹ(ܩ) ≤ ଶఱ

ହఱ
݊ହ + ܱ ቀ݊

వ
మቁ, for 

graphs of order ݊. Dou et al. [6], characterized the polyphenyl chains with minimum and 
maximum edge-Wiener indices among all the polyphenyl chains with ℎ hexagons. They 
also characterized the explicit formulas for the edge-Wiener indices of extremal polyphenyl 
chains. Yousefi–Azari et al. [19], proved that for every tree T, ܵݖ௘(ܶ) = ௘ܹ(ܶ), 
 ௘(ܶ) denotes the edge Szeged index of ܶ. Nadjafi–Arani et al. [16], showed that forݖܵ
every connected graph G, ܵݖ௘(ܩ) ≥ ௘ܹ(ܩ) with equality if and only if G is a tree. 
Alizadeh et al. [1], characterized the edge-Wiener index of suspensions, bottlenecks, and 

thorny graphs.  Knor et al. [12], proved that ௘ܹ(ܩ) ≥ ఋమିଵ
ସ
 denotes the ߜ where  (ܩ)ܹ

minimum degree in ܩ. Kelenc et al. [14], characterized an algorithm developed that, for a 
given benzenoid system ܩ with ݉ edges, computes the edge-Wiener index of G in ܱ(݉) 
time.  Chen et al. [4], studied explicit relation between the Wiener index and the edge-
Wiener index of the catacondensed hexagonal systems. We refer the reader to [2, 9] for 
more information on the edge-Wiener index. Buckley in [3] and Tratnik  et al. in  [17], for a 
tree ܶ with ݊ vertices proved that: 

௘ܹ(ܶ) =  ܹ(ܶ) −
݊(݊ − 1)

2 .                                              (1) 
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Deng  [8], the trees with the greatest Wiener index were investigated, where the trees on ݊ 
vertices (݊ ≥ 9) with the first to seventeenth greatest Wiener index were found. However, 
it turned out that the results in [8] were not correct and therefore, paper [15] was published. 
In that paper, the trees on ݊ vertices (݊ ≥ 28) with the first to fifteenth greatest Wiener 
index were found. Hence by Equation (1), the trees on ݊ vertices (݊ ≥ 28) with the first to 
fifteenth greatest Wiener index in  [15] are  the trees on ݊ vertices (݊ ≥ 28) with the first 
to fifteenth greatest edge-Wiener index. In this paper, we identify the four trees, with the 
first through fourth greatest Wiener and edge-Wiener index among all trees of order 
݊ ≥  10. 

 

2. MAIN RESULTS  

In this section, some graph transformations are presented by which we can increase the 
edge-Wiener index of trees. By applying these graph operations, we identify the four trees, 
with the first through fourth greatest edge-Wiener index among all trees of order ݊ ≥  10.     

 
       Figure 1. The graphs ܲ, ܳ, ܩ ,ܩଵ and ܩଶ in Transformation ܣ. 

 
Transformation ܣ. Suppose ݓ is a vertex in a connected graph ܩ with at least two vertices 
and ܰ[ܩ,ݓ] ,ଶݔ,ଵݔ} =  … , ܲ ௗಸ(௪)}. In addition, we assume thatݔ ∶ ௞ିଵݑ௞ݑ   ଵ andݑଶݑ…
ܳ ∶ ௟ିଵݒ௟ݒ … ,݇ ଵ, are two new paths of lengthsݒଶݒ ݈ (݇ ≥  ݈ ≥  1), respectively. Let ܩଵ be 
the graph obtained from ܩ,ܲ and ܳ by attaching edges ݒ௟ݑݓ ,ݓ௞, and ܩଶ = ଵܩ −
௜ݔ:௜ݔݓ} ∈ {[ܩ,ݓ]ܰ + :௜ݔ௟ݒ} ௜ݔ ∈  .Such graphs have been illustrated in Figure 1 .{[ܩ,ݓ]ܰ
  
Lemma ૛.૚. Let ܩଵ and ܩଶ be two graphs as shown in Figure 1. Then we have 

  ௘ܹ(ܩଵ) < ௘ܹ(ܩଶ). 
Proof. Let (ܩ)∗ܧ = ݔ|ݓݔ}\(ܩ)ܧ ∈ (ܩ)തܧ and {[ܩ,ݓ]ܰ = (ܩ)∗ܧ ∪ ݔ|௟ݒݔ} ∈  .{[ܩ,ݓ]ܰ
From definition, 
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௘ܹ(ܩଵ) − ௘ܹ(ܩଶ) = ෍ ෍ ݀௘(݂, (ଵܩ|௜ାଵݒ௜ݒ
௙∈ா(ீ)

௟ିଵ

௜ୀଵ

+ ෍ ෍ ݀௘(݂, (ଵܩ|௜ାଵݑ௜ݑ
௙∈ா(ீ)

௞ିଵ

௜ୀଵ

 

+ ෍ ݀௘(݂,ݑݓ௞|ܩଵ)
௙∈ா(ீ)

 

    − ቎෍ ෍ ݀௘(݂,ݒ௜ݒ௜ାଵ|ܩଶ)
௙∈ாത(ீ)

௟ିଵ

௜ୀଵ

+ ෍ ෍ ݀௘(݂,ݑ௜ݑ௜ାଵ|ܩଶ)
௙∈ாത(ீ)

௞ିଵ

௜ୀଵ

 

  + ෍ ݀௘(݂,ݑݓ௞|ܩଶ)
௙∈ாത(ீ)

቏ 

                                 = ෍ ෍ ݀௘(݂, (ଵܩ|௜ାଵݒ௜ݒ
௙∈ா(ீ)

௟ିଵ

௜ୀଵ

+ ෍ ෍ ݀௘(݂, (ଵܩ|௜ାଵݑ௜ݑ
௙∈ா(ீ)

௞ିଵ

௜ୀଵ

 

+ ෍ ݀௘(݂,ݑݓ௞|ܩଵ)
௙∈ா(ீ)

 

        − ቎෍ ෍ (݀௘(݂, (ଵܩ|௜ାଵݒ௜ݒ − 1)
௙∈ா(ீ)

௟ିଵ

௜ୀଵ

 

                     +෍ ෍ (݀௘(݂, (ଵܩ|௜ାଵݑ௜ݑ + 1)
௙∈ா(ீ)

௞ିଵ

௜ୀଵ

 

            + ෍ (݀௘(݂,ݑݓ௞|ܩଵ) + 1)
௙∈ா(ீ)

቏ 

                              = ෍ ෍ 1
௙∈ா(ீ)

୪ିଵ

௜ୀଵ

−෍ ෍ 1
௙∈ா(ீ)

௞ିଵ

௜ୀଵ

− ෍ 1
௙∈ா(ீ)

< ݇ ݏܽ 0 ≥ l ≥ 1. 

which completes the proof.                                                                                                     □ 
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                Figure ૛. The graphs ܩଵ, ܩଶ, ܲ , ଵܶ and ଶܶ in Transformation ܤ 
 
Transformation ܤ. Suppose ܩଵ and ܩଶ are two trivial graphs with vertices ݓଵ and ݓଶ, 
respectively. In addition, we assume that ܲ ∶ ଶݒଵݒ ௞ݒ௞ିଵݒ…  is a path of length ݇ (݇ ≥  5). 
Let ଵܶ be the graph obtained from ܩଵ, ܩଶ and ܲ by attaching edges ݓଵݒ௜, ݓଶݒ௝, and  
ଶܶ  =  ଵܶ − ൛ݓଵݒ௜,ݓଶݒ௝ൟ + ,such that at least one of the two ݅≠ 2 ,{௞ିଵݒଶݓ ,ଶݒଵݓ} ݆ ≠  ݇ −

 1 is true and 1 <  ݅ <  ݆ <  ݇. Such graphs have been illustrated in Figure 2. 
 
Lemma ૛.૛. Let ଵܶ  and ଶܶ  be two graphs as shown in Figure 2. Then we have 

௘ܹ( ଵܶ) < ௘ܹ( ଶܶ). 
Proof. Let  ܵ = ,ଶݒ,ଵݒ} … , ,௜ݒ = ܴ ଵ} andݓ,௜ାଵݒ ,௝ିଵݒ} ,௝ݒ … ,௞ିଵݒ,  ଶ}. Then fromݓ,௞ݒ
definition  ଵܶ[ܵ] ≅ ଶܶ[ܵ] and ଵܶ[ܴ] ≅ ଶܶ[ܴ]. Therefore, we have, 

௘ܹ( ଵܶ)− ௘ܹ( ଶܶ)  = ෍ ݀௘(ݓଵݒ௜ |௛ାଵݒ௛ݒ, ଵܶ)
௞ିଵ

௛ୀ௜ାଵ

+ ෍݀௘൫ݓଶݒ௝, ௛ାଵหݒ௛ݒ ଵܶ൯
௝ିଶ

௛ୀଵ

 

 +݀௘൫ݓଵݒ௜,ݓଶݒ௝ห ଵܶ൯ 

        − ቎ ෍ ݀௘(ݓଵݒଶ, |௛ାଵݒ௛ݒ ଶܶ)
௞ିଵ

௛ୀ௜ାଵ

+ ෍݀௘(ݓଶݒ௞ିଵ, |௛ାଵݒ௛ݒ ଶܶ)
௝ିଶ

௛ୀଵ

 

       +݀௘(ݓଵݒଶ,ݓଶݒ௞ିଵ| ଶܶ)] 

                                   = ෍ ݀௘(ݓଵݒ௜, |௛ାଵݒ௛ݒ ଵܶ)
௞ିଵ

௛ୀ௜ାଵ

+ ෍݀௘൫ݓଶݒ௝ ௛ାଵหݒ௛ݒ, ଵܶ൯
௝ିଶ

௛ୀଵ

 

 +݀௘൫ݓଵݒ௜,ݓଶݒ௝ห ଵܶ൯ 

         − ൥ ෍ (݀௘(ݓଵݒ௜, |௛ାଵݒ௛ݒ ଵܶ) + ݅ − 2)
௞ିଵ

௛ୀ௜ାଵ

 

         +෍(݀௘൫ݓଶݒ௝ ௛ାଵหݒ௛ݒ, ଵܶ൯
௝ିଶ

௛ୀଵ

+ k − j − 1) 



156                                                                                                                                                      GHALAVAND 

 

                                   + (݀௘൫ݓଵݒ௜,ݓଶݒ௝ห ଵܶ൯ + ݇ + ݅ − ݆ − 3)൧ 

                                 = − ቎ ෍ (݅ − 2)
୩ିଵ

௛ୀ௜ାଵ

+ ෍(݇ − ݆ − 1)
௝ିଶ

௛ୀଵ

+ (݇ + ݅ − ݆ − 3)቏. 

Now, suppose that i ≠  2 . So, 

௘ܹ( ଵܶ) − ௘ܹ( ଶܶ)  = − ቎ ෍ (݅ − 2)
௞ିଵ

௛ୀ௜ାଵ

+ ෍(݇ − ݆ − 1) + (݇ + ݅ − ݆ − 3)
௝ିଶ

௛ୀଵ

቏ 

                                ≤ − ቎ ෍ (3 − 2)
௞ିଵ

௛ୀ௜ାଵ

+ ෍[(݇ − (݇ − 1)− 1) + 1
௝ିଶ

௛ୀଵ

቏ < 0. 

 
If ݆ ≠  ݇ −  1, then we have, 

௘ܹ( ଵܶ) − ௘ܹ( ଶܶ)  = −቎ ෍ (݅ − 2)
௞ିଵ

௛ୀ௜ାଵ

+ ෍[(݇ − ݆ − 1) + (݇ + ݅ − ݆ − 3)]
௝ିଶ

௛ୀଵ

቏ 

                            ≤ −ൣ∑ (2− 2)௞ିଵ
ୀ௜ାଵ + ∑ [(݇ − (݇ − 2) − 1)௝ିଶ

ୀଵ + (k + 2 − (k − 2) − 3)] < 0, 
 
which completes the proof.                                                                                                     □ 
 

Let the vertices of the path  ௡ܲିଵ be numbered consecutively by 1, 2, . . ., ݊ −  1. 
Construct the graph ௡ܲିଵ(݆) by attaching a pendent vertex at position ݆ of the (݊ −
 1) −vertex path. For positive integers ݔଵ, … , ௠ݔ , and ݕଵ, … , ௠ݕ ,  let ܶ(ݕଵ௫భ , … ,  ௠௫೘) beݕ
the class of trees with ݔ௜  vertices of degree ݕ௜, ݅ =  1, . . . ,݉. For some values of ݔଵ, … , ௠ݔ , 
and ݕଵ, … , ௠ݕ , the class ܶ(ݕଵ௫భ , … ,  .௠௫೘) may be emptyݕ
 
Lemma 2.3. Let  ௡ܲିଵ(2), ௡ܲିଵ(3), ௡ܲିଵ(4), ଵܶ, ଶܶ and ଷܶ be six trees with ݊(≥  10) 
vertices as shown in Figure 3. Then we have 
௘ܹ( ௡ܲ) > ௘ܹ൫ ௡ܲିଵ(2)൯ > ௘ܹ൫ ௡ܲିଵ(3)൯ > ௘ܹ( ଵܶ) > max൛ ௘ܹ൫ ௡ܲିଵ(4)൯, ௘ܹ( ଶܶ), ௘ܹ( ଷܶ)ൟ. 

 
Proof. By Lemma 2.1, we have ௘ܹ( ௡ܲ) > ௘ܹ൫ ௡ܲିଵ(2)൯ > ௘ܹ൫ ௡ܲିଵ(3)൯.  Now, it is easy 
to see, ௡ܲିଵ(3)[{1,2, … , ݊ − 2}] ≅ ௡ܲିଵ(4)[{1,2, … , ݊ − 2}] ≅ ଵܶ[{vଵ, vଶ, … , v୬ିଶ}], and 
∑ ݀௘൫(݊ − 1)(݊ − 2), (݅)(݅ + 1)ห ௡ܲିଵ(3)൯௡ିଷ
௜ୀଶ = ∑ ݀௘((n− 1)(n− 2), (i)(i + 1)|୬ିଷ

୧ୀଶ  

௡ܲିଵ(4)) = ∑ ݀௘(v୬ିଵv୬ିଷ, v୧v୧ାଵ| ଵܶ)௡ିସ
௜ୀଵ .  Then for n  10, we have 

௘ܹ൫ ௡ܲିଵ(3)൯ − ௘ܹ( ଵܶ)  = 1 + 2 + ݊ − 3 + ෍݅
௡ିସ

௜ୀଵ

− [1 + 1 + ݊ − 4 + ෍݅
௡ିସ

௜ୀଵ

] > 0 

and 

௘ܹ( ଵܶ) − ௘ܹ൫ ௡ܲିଵ(4)൯  = 1 + 1 + ݊ − 4 + ෍݅
௡ିସ

௜ୀଵ

+ − ൥1 + 2 + ݊ − 3 + ෍݅
௡ିହ

௜ୀଵ

൩. 
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Figure ૜. The trees in Lemma 2.3 ( ଵܶ ∈ ܶ(3ଶ, 2௡ି଺, 1ସ), ଶܶ ∈ ܶ(3ଵ, 2௡ିସ, 1ଷ), ଷܶ ∈
ܶ(4ଵ, 2௡ିହ, 1ସ)). 
 
In addition, ଵܶ[{vଵ, vଶ, … , v୬ିଶ}] ≅ ଶܶ[{uଵ, uଶ, … , u୬ିଶ}], ∑ ݀௘(v୬vଶ, v୧v୧ାଵ|Tଵ)௡ିଷ

௜ୀଶ = 
∑ ݀௘(u୬u୬ିଵ, u୧u୧ାଵ|Tଶ) + ݀௘(u୬u୬ିଵ, u୬ିଵuଷ|Tଶ)௡ିଷ
௜ୀଷ  and  ∑ ݀௘(v୬ିଵv୬ିଷ, v୧v୧ାଵ|Tଵ) ௡ିସ

௜ୀଶ  
= ∑ ݀௘(u୬ିଵuଷ, u୧u୧ାଵ|Tଶ)௡ିଷ

௜ୀଷ . Then we have 
 

௘ܹ( ଵܶ) − ௘ܹ( ଶܶ)  = 1 + 1 + ݊ − 4 + ݊ − 4 − (2 + 3 + 1 + 2) > ݊ ݏܽ 0 ≥ 10. 
 

Finally,  
        ଵܶ[{vଵ, vଶ, … , v୬ିଶ}] ≅ ଷܶ[{xଵ, xଶ, … , x୬ିଶ}],  
∑ ݀௘(v୬vଶ, v୧v୧ାଵ|Tଵ)௡ିଷ
௜ୀଶ = ∑ ݀௘(x୬ିଵxଶ, x୧x୧ାଵ|Tଷ)௡ିଷ

௜ୀଶ ,  
    ∑ ݀௘(v୬ିଵv୬ିଷ, v୧v୧ାଵ|Tଵ) ௡ିସ

௜ୀଵ  = ∑ ݀௘(x୬xଶ, x୧x୧ାଵ|Tଷ)௡ିଷ
௜ୀଶ .  

Then we have, 
௘ܹ( ଵܶ) − ௘ܹ( ଷܶ)  = ݊ − 4 − (1 + 1 + 1) > ݊ ݏܽ 0 ≥ 10. 

which completes the proof.                                                                                                     □ 
 
Theorem 2.4. Let ௡ܲିଵ(2), ௡ܲିଵ(3) and ଵܶ be trees with ݊ vertices as shown in Figure 3. 
If ݊ ≥  10 and  ܶ ∈  ߬(݊)\{ ௡ܲ , ௡ܲିଵ(2), ௡ܲିଵ(3), ଵܶ}, then 

 ௘ܹ( ௡ܲ) > ௘ܹ൫ ௡ܲିଵ(2)൯ > ௘ܹ൫ ௡ܲିଵ(3)൯ > ௘ܹ( ଵܶ) > ௘ܹ(T). 
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Proof.  From Lemma 2.3,  ௘ܹ( ௡ܲ) > ௘ܹ൫ ௡ܲିଵ(2)൯ > ௘ܹ൫ ௡ܲିଵ(3)൯ > ௘ܹ( ଵܶ). Now, 

suppose that ∆(ܶ)  =  3 and ݊ଷ(ܶ) = 1. In this case, if  ܶ ∊ ቄ ௡ܲିଵ(݅): ݅ = 4,5, … , ቂ௡
ଶ
ቃቅ then 

by Lemma 2.1 and Lemma 2.3, ௘ܹ( ଵܶ) > ௘ܹ( ௡ܲିଵ(4) ) ≥ ௘ܹ(T). Otherwise, by Lemma 
2.1 and Lemma 2.3, ௘ܹ( ଵܶ) > ௘ܹ( ଶܶ) ≥ ௘ܹ(T). For the case of ∆(ܶ)  =  3 and  ݊ଷ(ܶ) ≥
2,  by Lemma 2.1 and Lemma 2.2, ௘ܹ( ଵܶ) > ௘ܹ(T).  If ∆(ܶ)  ≥  4, then by Lemma 2.1 
and Lemma 2.3, ௘ܹ( ଵܶ) > ௘ܹ( ଷܶ) ≥ ௘ܹ(T).  Otherwise, ܶ ∈ { ௡ܲ , ௡ܲିଵ(2), ௡ܲିଵ(3), ଵܶ}.  
This proves our theorem.                                                                                                     □ 
 

Corollary 2.5. Among all trees with n(≥ 10) vertices, ௡ܲ ,  ௡ܲିଵ(2), ௡ܲିଵ(3) and ଵܶ have  
the  maximum values of  first through fourth Wiener index, respectively. 
 
Proof. Equation (1) and Theorem 2.4 give us the result.                                                      □ 
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