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1. INTRODUCTION

Throughout this paper we consider undirected graphs without loops and multiple edges. Let
G be such a graph with vertex and edge sets V (G) and E(G), respectively. The distance
between two vertices u and v in G, denoted by d(u,v|G), is defined as the length of a
shortest path between u and v. Let f = xy and g = uwv be two edges of G. The distance
between f and g is denoted by d.(f, g|G) and defined as the distance between the vertices
of f and g in the line graph of G. The degree of a vertex v in G, d;(v), is the number of
edges incident to v and N[v, G] denotes the set of vertices adjacent to v. A pendent vertex
is a vertex with degree one. We use the notations A = A(G) and n; = n;(G) to denote the
maximum degree and the number of vertices of degree i in G, respectively. Obviously,

Zfé? n; = |V(G)|. Let S € V (G) be any subset of vertices of G. Then the induced

subgraph G[S] is the graph whose vertex set is S and whose edge set consists of all of the
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edges in E(G) that have both endpoints in S. If W is a subset of V (G) then G — W will be
the subgraph of G obtained by deleting the vertices of W and similarly, for a subset F of
E(G), the subgraph obtained by deleting all edges in F is denoted by G — F . In the case
that W = {v} or F = {xy}, the subgraphs G — W and G — F will shortly be written as
G — v or G — xy, respectively. For any two nonadjacent vertices x and y in G, let
G + xy be the graph obtained from G by adding an edge xy.

If G is acyclic and connected graph, then G is a tree. Any tree with at least two
vertices has at least two pendent vertices. The set of all n —vertex trees is denoted by t(n).
In chemical graph theory, a topological index is a number invariant under graph
automorphisms. These numbers play a significant role in mathematical chemistry
especially in the QSPR/QSAR investigations, see [7,11].

Harold Wiener in [18], introduced Wiener index defined as

wW(G) = Z d(u,v|G),
{vu}cv(G)
which is the sum of distances between all pairs of vertices of G. The edge-Wiener index of
G, denoted by W, (G), is defined as

W,(G) = Z d.(f.glG),

{f.9}<E(G)
which is the sum of distances between all pairs of edges of G. This invariant was

independently introduced in [10,13]. Edge-Wiener index is one of the most interesting
5
topological indices. Dankelmann et al. [5], recalled that, W,(G) < §—5n5 + O(n%), for

graphs of order n. Dou et al. [6], characterized the polyphenyl chains with minimum and
maximum edge-Wiener indices among all the polyphenyl chains with h hexagons. They
also characterized the explicit formulas for the edge-Wiener indices of extremal polyphenyl
chains. Yousefi-Azari et al. [19], proved that for every tree T, Sz, (T) = W,(T),
Sz,(T) denotes the edge Szeged index of T. Nadjafi—Arani et al. [16], showed that for
every connected graph G, Sz,(G) = W,(G) with equality if and only if G is a tree.
Alizadeh et al. [1], characterized the edge-Wiener index of suspensions, bottlenecks, and

thorny graphs. Knor et al. [12], proved that W,(G) = %W(G) where § denotes the

minimum degree in G. Kelenc et al. [14], characterized an algorithm developed that, for a
given benzenoid system G with m edges, computes the edge-Wiener index of G in O(m)
time. Chen et al. [4], studied explicit relation between the Wiener index and the edge-
Wiener index of the catacondensed hexagonal systems. We refer the reader to [2,9] for
more information on the edge-Wiener index. Buckley in [3] and Tratnik et al. in [17], for a
tree T with n vertices proved that:

w(ry = wir 2022 @
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Deng [8], the trees with the greatest Wiener index were investigated, where the trees onn
vertices (n = 9) with the first to seventeenth greatest Wiener index were found. However,
it turned out that the results in [8] were not correct and therefore, paper [15] was published.
In that paper, the trees on n vertices (n > 28) with the first to fifteenth greatest Wiener
index were found. Hence by Equation (1), the trees on n vertices (n = 28) with the first to
fifteenth greatest Wiener index in [15] are the trees on n vertices (n > 28) with the first
to fifteenth greatest edge-Wiener index. In this paper, we identify the four trees, with the
first through fourth greatest Wiener and edge-Wiener index among all trees of order
n > 10.

2. MAIN RESULTS

In this section, some graph transformations are presented by which we can increase the
edge-Wiener index of trees. By applying these graph operations, we identify the four trees,
with the first through fourth greatest edge-Wiener index among all trees of order n > 10.

Uk u, uy
o0 0o o

Figure 1. The graphs P, Q, G, G, and G, in Transformation A.

Transformation A. Suppose w is a vertex in a connected graph G with at least two vertices
and N[w,G] = {x1,%3, ..., Xg,w)}- In addition, we assume that P : uju,_; .. uu,; and
Q : vv;_; ... vyv4, are two new paths of lengths k,l (k = | > 1), respectively. Let G; be
the graph obtained from G,P and Q by attaching edges v,w, wu,, and G, = G; —
{wx;:x; € N[w, G]} + {v,x;: x; € N[w, G]}. Such graphs have been illustrated in Figure 1.

Lemma 2. 1. Let G, and G, be two graphs as shown in Figure 1. Then we have

We (Gy) < W, (G2). ~
Proof. Let E*(G) = E(G)\{xw|x € N[w,G]} and E(G) = E*(G) U {xv;|x € N[w, G]}.
From definition,
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-1 k-1
We(G1) - We(Gz) = Z Z de(f, viVi41]G1) + Z Z de(f, uui+1]Gy)

i=1 fEE(G) i=1 fEE(G)

+ Z A, (f, wig|Gy)
feE(G)
-1 k—1

D) ) AGomial)+ ) D dolf uial6y)
i=1 feE(G) i=1 fe€E(G)

+ Z A, (F, wi|G,)
feE(G)
-1 k—1

=D D A vwiali) + ) > dolf uitesalGr)
i=1 fEE(G) i=1 fEE(G)

+ Z A, (f, wig|Gy)
feE(G)
-1

-2, D, @elfrominle) - 1)
i=1 feE(G)
k—1

+Z Z (do(f, uju;411G1) + 1)
i=1 feE(G)

+ Z (d,(f, wi |G,) + 1)

FEEG)
1-1 k-1

:Zzl— 1—Zl<0ask2|21.
i=1 feE(G) i=1 feE(G) f€EE(G)

which completes the proof. O
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Figure 2. The graphs G4, G,, P , T, and T, in Transformation B

Transformation B. Suppose G; and G, are two trivial graphs with vertices w; and w;,
respectively. In addition, we assume that P : v, v, ... v,_,V} IS a path of length k (k > 5).
Let T, be the graph obtained from G;, G, and P by attaching edges w;v;, w,v;, and
T, = Ty, — {wyv;, wov;} + {w,v,, wov,_1}, such that at least one of the two i£2,j # k —
listrueandl < i < j < k. Such graphs have been illustrated in Figure 2.

Lemma 2.2. Let T, and T, be two graphs as shown in Figure 2. Then we have
W, (Ty) < W,(T).

Proof. Let S = {vy,v;, .., v, vipq, wipand R = {vj_q,Vj, ..., Vk_1, Vk, W2 }. Then from
definition T;[S] = T,[S] and T1[R] T,[R]. Therefore we have
j=2
W, (T,) — W,(T,) Z de W1V, Vpvp41|Ty) + Z d (Wzvp vhvh+1|T1)
h=i+1
+d (lel,wz |T1)
j—2
Z de (W13, VpVp11T2) "‘Zd (Wavk—1, VpVR411T2)
h=i+1
+d (lez,wzvk 1UT)]
j=2
Z de(W1v;, Vp V41 [T1) "‘Z d (Wzv]!vhvh-l‘l'Tl)

h=i+1
+de(wlvl, W, U; |T1)

k-1
- [ Z (deWyv;, v vpeq|Ty) +i — 2)

h i+1

Z(d (W, v |T2) + k= = 1)
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+ (d, (lel,wz i|T) +k+i—j—3)]

j—2
(i-2)+ ) k—-j-1)+(k+i—j—3)|
| S0
Now, suppose thati = 2 . So,
j=2
W, (1)) = W,(T5) = - 20 2)+Z(k j=D*(k+i=j=3)
hl+1 ]2
< - B-2)+ ) [k—-(k-1)-1)+1|<0O.
PEED)
Ifj;tk—l,thenwehave
j—2
AORAGES 2(1 2)+2[(k =D+ Ceri—j-3)]

h=i+1

< —[EFiaC - 2)+2’ k= (e=2) =) +(k+2—(k-2) - 3)] <0,
which completes the proof. O

Let the vertices of the path P,_; be numbered consecutively by 1,2, ..., n — 1.
Construct the graph P,_;(j) by attaching a pendent vertex at position j of the (n —
1) —vertex path. For positive integers xq, ..., X,,, and yy, ..., ¥, let T(y;*1, ...,y *m) be
the class of trees with x; vertices of degree y;, i = 1,...,m. For some values of x4, ..., x,,,
and yy, ..., ym, the class T (y;*1, ..., y*™) may be empty.

Lemma 2.3. Let P,_,(2), P,_1(3), P,_1(4), T;, T, and T; be six trees with n(= 10)
vertices as shown in Figure 3. Then we have
W, (P,) > VVe(Pn—1(2)) = VVe(Pn—1(3)) > W,(T,) > maX{W'e(Pn—1(4))a W, (T,), VVe(T3)}-

Proof. By Lemma 2.1, we have W, (B,) > W,(P,_1(2)) > W, (P,_,(3)). Now, it is easy
tO see, P,_1(3)[{1.2,...n=2}] =P, (D{12,...,n—2}] = T,[{vy,v2,...,vs_2}], and
2 d((n—1)(n—2), ()i +1)|P_1(3) = X7 d . ((n— 1)(n —2), (i) (i + 1)]

P,_ 1(4)) = 3" *de(Vp—1Vn_3, ViVi+1IT1). Then for n > 10, we have
n—4 n—4

W, (Po_1(3)) — W,(T,) :1+2+n—3+Zi—[1+1+n—4+Zi]>0
i=1 i=1
and
n—4

W, (T)) = W,(P,_1(4)) =1+1+n-— 4+Zl+ [1+2+n 3+Z]

i=1
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Figure 3. The trees in Lemma 2.3 (T, € T(3%,2"°%1%), T, e T(3},2"* 13), T; €
T(41,2"7>,1%)).

In addition, T;[{vy, vy, ..., Vn_p}] = Tol{uy, U, oo Up 23] 2R de(VyVa, Viviga I Ty) =
Y178 de(UnUn1, UiUi1 | T5) + de(UaUy_q, Up_1Us|T,) and Y75 de (Vo1 Vi3, ViVied [ Th)
= Z 3d,(U,_1U3, U;Ui1|T,). Then we have

W,(T,) —W,(T,) =1+1+n—-4+n—-4—-(2+3+1+2)>0asn = 10.

Finally,
T1[{V1aV2a o Vnoo}] = T3[{X1,X2, o Xn—2}],
Y d. (v VzaVV1+1|T1) =yrrd (Xn 1X2, XiXi+11T3),
Yrtd (Vn 1Vn-3,ViVit1 1) = X155 de (Xn X2, XiXip11T3).
Then we have,
W,(T,) —W,(T3) =n—-4—-(Q+1+1)>0asn = 10.
which completes the proof. O

Theorem 2.4. Let P,_,(2), P,_1(3) and T; be trees with n vertices as shown in Figure 3.
Ifn > 10and T € t(n)\{P,, P-1(2), P,,_1(3), T, }, then
We(Py) > W, (Pro1(2)) > W, (Pr-1(3)) > We(T) > W,(T).
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Proof. From Lemma 23, W,(B,) > W,(P,_1(2)) > W,(P,_1(3)) > W,(T,). Now,
suppose that A(T) = 3 and n5(T) = 1. Inthis case, if T € {Pn_l(i):i =45, .., E]} then
by Lemma 2.1 and Lemma 2.3, W,(T;) > W,(P,_1(4) ) = W,(T). Otherwise, by Lemma
2.1 and Lemma 2.3, W,(T,) > W,(T,) = W,(T). For the case of A(T) = 3 and ns(T) =
2, by Lemma 2.1 and Lemma 2.2, W,(T,) > W,(T). If A(T) = 4, then by Lemma 2.1
and Lemma 2.3, W,(T,) > W,(T5;) = W,(T). Otherwise, T € {B,, P,-1(2), P,_1(3), T }.
This proves our theorem. O

Corollary 2.5. Among all trees with n(> 10) vertices, B,, P,_1(2), P,_1(3) and T; have
the maximum values of first through fourth Wiener index, respectively.

Proof. Equation (1) and Theorem 2.4 give us the result. O
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