
Iranian Journal of
Mathematical chemistry

IJMC

DOI: 10.22052/ijmc.2026.258327.2112
Vol. 17, No. 4, 2026, pp. 415-437

Research Paper

An Innovative Numerical Approach for Solving
Two-Dimensional Helmholtz Problem

Soheila Heidari 1 and Mahmoud Behroozifar 1?

1Department of Mathematics, Babol Noshirvani University of Technology, Babol, Iran

Keywords:

Helmholtz problem,
Homogenizing Gegenbauer
polynomials,
Generalized interpolation,
Spectral method,

Non-homogeneous boundary

conditions

AMS Subject Classification

(2020):

65N30; 65N35; 35J05; 33C45

Article History:

Received: 2 February 2026

Accepted: 14 July 2026

Abstract

This paper proposes a new spectral approach for the
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conditions. We construct a closed-form two-dimensional gen-
eralized interpolation function that exactly satisfies arbitrary
(non-homogeneous) boundary data, reducing the original
problem to an equivalent one with homogeneous boundary
conditions. To approximate the homogenized problem, we
introduce a two-variable family of homogenizing Gegenbauer
polynomials (HGPs) that vanish identically on the domain
boundary, and show that the resulting basis is semi-orthogonal
with a banded (pentadiagonal) Gram matrix, preserving the
computational efficiency of spectral methods. A Galerkin
discretization then reduces the problem to a system of al-
gebraic equations. We derive an explicit upper bound on
the approximation error and prove a spectral (exponential)
convergence rate for analytic solutions. Eight benchmark
problems - including Helmholtz and Poisson equations with
separable and non-separable exact solutions, constant and
variable coefficients, and a classical torsion-problem benchmark
- are used to assess accuracy, stability under boundary and
source-term perturbations, and CPU efficiency. The proposed
method achieves low RMSE values with low polynomial degree
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1 Introduction
The Helmholtz equation, named after Hermann von Helmholtz, is a fundamental partial dif-
ferential equation arising in both physics and applied mathematics. It plays a central role
in modeling a wide range of physical phenomena, including time-harmonic acoustic and elec-
tromagnetic fields [1–6], acoustic wave scattering [7–9], quantum mechanics [10], water wave
propagation, membrane vibrations [11, 12], radar scattering [13, 14], fluid dynamics [15], and
optics [16, 17]. Consequently, the development of efficient and accurate numerical methods
for solving the Helmholtz and related Poisson equations has attracted considerable research
attention.

In [18], time-harmonic scattering problems are addressed using a high-order Nyström dis-
cretization of boundary integral equations in both two and three dimensions. A key feature of
this approach is the incorporation of local corrections near kernel singularities. The study in [19]
investigates pollution effects and evaluates the performance of the discrete singular convolution
(DSC) method for high-wavenumber Helmholtz problems, with Fourier analysis employed to
assess dispersive errors. In [20], a compact high-order finite difference scheme is combined with
a multigrid V-cycle algorithm for solving the two-dimensional Poisson equation with Dirich-
let boundary conditions. A neural network-based framework for solving the two-dimensional
Helmholtz equation is presented in [21], where constrained optimization problems are reformu-
lated into unconstrained ones via Lagrange multiplier and trial function methods. Furthermore,
conditioning issues associated with Helmholtz discretizations are examined in [22], highlighting
that, although large wave numbers often lead to ill-conditioned systems, certain discretizations
exhibit improved conditioning behavior. According to [23], the Galerkin method can outper-
form classical finite element methods in terms of memory usage and computational efficiency
for solving the two-dimensional Helmholtz equation.

The present paper considers the following two-dimensional Helmholtz equation [24, 25]:

∇2u+ f(x, y)u = g(x, y), (x, y) ∈ [a, b]× [c, d], (1)

subject to the Dirichlet boundary conditions

u(a, y) = f1(y), u(b, y) = f2(y), c ≤ y ≤ d, (2)
u(x, c) = f3(x), u(x, d) = f4(x), a ≤ x ≤ b. (3)

Here, ∇2u = uxx + uyy denotes the two-dimensional Laplace operator, and u(x, y) is the un-
known function. Equation (1) reduces to the classical oscillatory Helmholtz equation when
f(x, y) = k = λ2 > 0, where λ is the wave number. If f(x, y) = 0, it becomes the Poisson
equation, whereas for f(x, y) = k < 0, it corresponds to the monotone Helmholtz equation. The
Helmholtz equation admits various fundamental solutions depending on the spatial domain and
physical context [26].

The two-dimensional Helmholtz equation also plays an important role in chemistry. In
particular, it arises in computational quantum chemistry through its connection with the time-
independent Schrödinger equation for confined systems such as quantum dots [27, 28]. It is
further used in modeling optical fields in spectroscopy, including evanescent wave sensors and
laser cavity modes [17]. Additional applications include diffusion–reaction systems, electro-
chemical processes, and spectroscopic techniques such as infrared and Raman spectroscopy,
where it describes resonance phenomena and energy localization [17].

The novelty of the present work is threefold.

• First, we derive a closed-form two-dimensional generalized interpolation function capable
of exactly matching arbitrary non-homogeneous boundary data on a rectangular domain,
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together with explicit compatibility conditions guaranteeing its existence. We construct
an interpolation function w(x, y) that exactly satisfies the prescribed boundary conditions,

w(a, y) = u(a, y), w(b, y) = u(b, y), c ≤ y ≤ d,
w(x, c) = u(x, c), w(x, d) = u(x, d), a ≤ x ≤ b,

thereby enabling a transformation of the original Helmholtz problem into an equivalent
problem with homogeneous boundary conditions.

• Second, we construct a new class of two-variable homogenizing Gegenbauer polynomials
that vanish identically on the domain boundary by design, and we prove that this basis is
semi-orthogonal with a pentadiagonal Gram matrix - a property that, to the best of our
knowledge, has not been established for boundary-vanishing Gegenbauer-type bases in
two dimensions. We further show that this sparsification preserves the spectral (exponen-
tial) convergence rate characteristic of fully orthogonal expansions, so boundary-condition
enforcement is achieved without sacrificing computational efficiency or approximation ac-
curacy.

• Third, we derive an explicit upper bound for the resulting approximation error and estab-
lish a rigorous convergence theory covering both finitely smooth and analytic solutions.
The combined framework is validated on a range of benchmark Helmholtz and Poisson
problems - including cases with variable coefficients and non-separable exact solutions -
and is shown to attain high accuracy at low polynomial degree and modest computa-
tional cost, compared favorably with existing finite element, finite difference, and spectral
element approaches reported in the literature.

The remainder of this paper is organized as follows. Subsection 2.1 introduces the proposed
interpolation technique. Subsection 2.2 reviews Gegenbauer polynomials and presents the con-
struction of homogenizing Gegenbauer polynomials. Subsection 2.3 investigates the inner prod-
uct properties of the shifted expansion functions. Subsection 2.4 describes the approximation
strategy. Section 3 is devoted to the derivation of the upper bound of the approximation error
and the analysis of the convergence properties of the proposed approximation. Section 4 details
the method for solving the Helmholtz problem. Numerical results are presented in Section 5,
and concluding remarks are given in the final section.

2 Preliminary topics

2.1 Interpolation function

In this subsection, we construct a function w(x, y) that satisfies the boundary conditions given
in Equations (2) and (3). Specifically, we seek a function w(x, y) such that

w(a, y) = f1(y), w(b, y) = f2(y), w(x, c) = f3(x), w(x, d) = f4(x). (4)

To ensure the existence of such a function, the following compatibility conditions must hold:

f1(c) = w(a, c) = f3(a), f2(d) = w(b, d) = f4(b),

f2(c) = w(b, c) = f3(b), f1(d) = w(a, d) = f4(a). (5)

If these conditions are not satisfied, the problem defined by (4) does not admit a solution.
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To construct w(x, y), we consider the following ansatz:

w(x, y) = A0(y) +A1(y)(x− a) +A2(x)(x− a)(x− b) +A3(x)(x− a)(x− b)(y − c), (6)

where the coefficient functionsA0(y), A1(y), A2(x), A3(x) are determined by enforcing the bound-
ary conditions:

w(a, y) = f1(y), w(b, y) = f2(y), w(x, c) = f3(x), w(x, d) = f4(x). (7)

Solving the system (7) yields

A0(y) = f1(y), A1(y) = −f2(y)− f1(y)

a− b
, (8)

A2(x) = −aA1(c)− xA1(c)−A0(c) + f3(x)

(a− x)(x− b)
,

A3(x) = −aA1(c)− aA1(d)− xA1(c)−A0(c) + xA1(d) +A0(d) + f3(x)− f4(x)

(a− x)(x− b)(c− d)
. (9)

By substituting (8) and (9) into (6), and using the compatibility conditions (5), we obtain:

w(x, y) =
1

(a− b)(c− d)

[
f4(a)(b− x)(c− y)− f4(b)(a− x)(c− y)− f3(a)(b− x)(d− y)

+ f3(b)(a− x)(d− y) + (a− x)(c− d)f2(y)

− (b− x)(c− d)f1(y) + acf4(x)− adf3(x) + ayf3(x)− ayf4(x)

− bcf4(x) + bdf3(x)− byf3(x) + byf4(x)
]
. (10)

The function defined in (10) is referred to as the two-dimensional generalized interpolating
function. It can be verified directly that, under the compatibility conditions (5), this function
satisfies all boundary conditions specified in (4).

2.2 Homogenizing Gegenbauer polynomials

Gegenbauer polynomials, also referred to as ultraspherical polynomials and denoted by C(λ)
n (r),

are the solutions of the Gegenbauer differential equation for non-negative integers n:

(1− r2)y′′ − (2λ+ 1)ry′ + n(n+ 2λ)y = 0.

These polynomials form an orthogonal system on the interval [−1, 1] with respect to the weight
function (1 − r2)λ−

1
2 [29–31]. For particular values of λ, they reduce to well-known families:

Legendre polynomials (λ = 1
2 ), Chebyshev polynomials of the first kind (λ = 0), and Chebyshev

polynomials of the second kind (λ = 1).
Gegenbauer polynomials are a special case of Jacobi polynomials J (α,β)

n (r), obtained by
setting α = β = λ− 1

2 :

C(λ)
n (r) =

Γ
(
λ+ 1

2

)
Γ(2λ)

Γ(n+ 2λ)

Γ
(
n+ λ+ 1

2

)J(λ− 1
2 ,λ−

1
2 )

n (r),

see [29, 32]. They satisfy the three-term recurrence relation

nC(λ)
n (r) = 2r(n+ λ− 1)C

(λ)
n−1(r)− (n+ 2λ− 2)C

(λ)
n−2(r),
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with initial conditions
C

(λ)
0 (r) = 1, C

(λ)
1 (r) = 2λr,

and admit the generating function

1

(1− 2rt+ t2)λ
=

∞∑
n=0

C(λ)
n (r)tn,

see [30, 31]. The first few Gegenbauer polynomials are given by:

C
(λ)
0 (r) = 1, C

(λ)
1 (r) = 2λr,

C
(λ)
2 (r) = −λ+ 2λ(1 + λ)r2,

C
(λ)
3 (r) = −2λ(1 + λ)r +

4

3
λ(1 + λ)(2 + λ)r3.

In this subsection, our objective is to construct homogenizing Gegenbauer polynomials that
vanish on the boundary of the rectangular domain [a, b] × [c, d]. Such basis functions are
particularly useful in spectral methods for incorporating homogeneous boundary conditions
[31, 32].

We first define the function

H1(k, x) = αC
(λ)
k+1

(
−a− b+ 2x

b− a

)
+ βC

(λ)
k

(
−a− b+ 2x

b− a

)
+ C

(λ)
k+2

(
−a− b+ 2x

b− a

)
, (11)

where C(λ)
k

(
−a−b+2x
b−a

)
denotes the shifted Gegenbauer polynomial on [a, b], and α, β are pa-

rameters to be determined. Imposing the boundary conditions

H1(k, a) = 0, H1(k, b) = 0,

leads to a linear system for α and β, yielding

α = −
C

(λ)
k+2(1)C

(λ)
k

(
a−b
b−a

)
− C(λ)

k (1)C
(λ)
k+2

(
a−b
b−a

)
C

(λ)
k+1(1)C

(λ)
k

(
a−b
b−a

)
− C(λ)

k (1)C
(λ)
k+1

(
a−b
b−a

) , (12)

β = −
C

(λ)
k+2(1)C

(λ)
k+1

(
a−b
b−a

)
− C(λ)

k+1(1)C
(λ)
k+2

(
a−b
b−a

)
C

(λ)
k (1)C

(λ)
k+1

(
a−b
b−a

)
− C(λ)

k+1(1)C
(λ)
k

(
a−b
b−a

) .
Substituting these expressions into (11), we obtain:

H1(k, x) = C
(λ)
k+2

(
−a− b+ 2x

b− a

)
+

−
(
C

(λ)
k+2(1)C

(λ)
k+1

(
a−b
b−a

)
− C(λ)

k+1(1)C
(λ)
k+2

(
a−b
b−a

))
C

(λ)
k

(
−a−b+2x
b−a

)
C

(λ)
k (1)C

(λ)
k+1

(
a−b
b−a

)
− C(λ)

k+1(1)C
(λ)
k

(
a−b
b−a

) +

−
(
C

(λ)
k+2(1)C

(λ)
k

(
a−b
b−a

)
− C(λ)

k (1)C
(λ)
k+2

(
a−b
b−a

))
C

(λ)
k+1

(
−a−b+2x
b−a

)
C

(λ)
k+1(1)C

(λ)
k

(
a−b
b−a

)
− C(λ)

k (1)C
(λ)
k+1

(
a−b
b−a

) , (13)
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which defines the homogenizing Gegenbauer polynomials on [a, b] satisfying

H1(k, a) = 0, H1(k, b) = 0.

By an analogous construction, we define H2(k, y) on [c, d] such that

H2(k, c) = 0, H2(k, d) = 0,

leading to

H2(k, y) = C
(λ)
k+2

(
−c− d+ 2y

d− c

)
+

−
(
C

(λ)
k+2(1)C

(λ)
k+1

(
c−d
d−c

)
− C(λ)

k+1(1)C
(λ)
k+2

(
c−d
d−c

))
C

(λ)
k

(
−c−d+2y
d−c

)
C

(λ)
k (1)C

(λ)
k+1

(
c−d
d−c

)
− C(λ)

k+1(1)C
(λ)
k

(
c−d
d−c

) +

−
(
C

(λ)
k+2(1)C

(λ)
k

(
c−d
d−c

)
− C(λ)

k (1)C
(λ)
k+2

(
c−d
d−c

))
C

(λ)
k+1

(
−c−d+2y
d−c

)
C

(λ)
k+1(1)C

(λ)
k

(
c−d
d−c

)
− C(λ)

k (1)C
(λ)
k+1

(
c−d
d−c

) . (14)

These homogenizing Gegenbauer polynomials provide a convenient basis for constructing two-
dimensional approximation spaces that inherently satisfy homogeneous boundary conditions,
thereby simplifying the numerical treatment of boundary value problems. The constructed
functions H1(k, x) and H2(k, y) form boundary-vanishing basis functions, which can be directly
employed in spectral approximations of elliptic problems with homogeneous Dirichlet boundary
conditions.

2.3 Inner product properties of the shifted expansion functions
To facilitate the spectral discretization of the governing equations, we investigate the orthogo-
nality and inner product properties of the linear combination of Gegenbauer polynomials. Let
the expansion functions H1(k, x) be defined on the domain [0, L1] as:

H1(k, x) = Cλk+2(ξ(x)) + αCλk+1(ξ(x)) + βCλk (ξ(x)),

where ξ(x) = 2
L1
x− 1 maps the interval x ∈ [0, L1] onto the standard domain ξ ∈ [−1, 1]. The

associated shifted weight function is defined as:

wL1(x) =

[
1−

(
2

L1
x− 1

)2
]λ− 1

2

.

By utilizing the standard orthogonality relation of the classical Gegenbauer polynomials:∫ 1

−1
Cλn(ξ)Cλm(ξ)(1− ξ2)λ−

1
2 dξ = δnmh

λ
n,

where δnm denotes the Kronecker delta, and hλn represents the normalization factor given by:

hλn =
π21−2λΓ(n+ 2λ)

n!(n+ λ)[Γ(λ)]2
.

The inner product integrals Im =
∫ L1

0
H1(k, x)H1(k + m,x)wL1

(x) dx for m = 0, 1, 2 can be
evaluated analytically. Due to the orthogonality of terms with non-matching degrees, the cross-
multiplications vanish, leaving the following exact closed-form expressions:
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1. Diagonal terms (m = 0)∫ L1

0

[H1(k, x)]2wL1
(x) dx =

L1

2

(
hλk+2 + α2hλk+1 + β2hλk

)
.

2. First superdiagonal terms (m = 1)∫ L1

0

H1(k, x)H1(k + 1, x)wL1
(x) dx =

L1

2

(
αhλk+2 + αβhλk+1

)
.

3. Second superdiagonal terms (m = 2)∫ L1

0

H1(k, x)H1(k + 2, x)wL1
(x) dx =

L1

2

(
βhλk+2

)
.

For all higher shifts where m ≥ 3, the expansion functions share no overlapping polynomial
degrees, yielding: ∫ L1

0

H1(k, x)H1(k +m,x)wL1(x) dx = 0, ∀m ≥ 3.

Substituting the explicit representation of hλn into the equations above yields the final compu-
tational formulas:∫ L1

0

[H1(k, x)]2wL1(x) dx = Λ

[
Γ(k + 2λ+ 2)

(k + 2)!(k + λ+ 2)
+ α2 Γ(k + 2λ+ 1)

(k + 1)!(k + λ+ 1)
+ β2 Γ(k + 2λ)

k!(k + λ)

]
,

∫ L1

0

H1(k, x)H1(k + 1, x)wL1
(x) dx = Λ

[
α

Γ(k + 2λ+ 2)

(k + 2)!(k + λ+ 2)
+ αβ

Γ(k + 2λ+ 1)

(k + 1)!(k + λ+ 1)

]
,

∫ L1

0

H1(k, x)H1(k + 2, x)wL1
(x) dx = Λ

[
β

Γ(k + 2λ+ 2)

(k + 2)!(k + λ+ 2)

]
,

where, the common scaling factor Λ is defined as:

Λ =
L1π2−2λ

[Γ(λ)]2
.

The algebraic properties established above demonstrate that the sequence of functions {H1(k, x)}Nk=0

constitutes a semi-orthogonal basis with respect to the weighted inner product space L2
w([0, L1]).

The associated Gram matrix ∫ L1

0

φ1(x)φ1(x)T dx,

is banded, specifically, at most pentadiagonal, rather than fully populated, regardless of the
basis dimension.

While a strictly orthogonal basis yields a purely diagonal representation, such bases fre-
quently lack the capacity to satisfy prescribed boundary conditions implicitly. By defining
H1(k, x) as a compact linear combination of three consecutive Gegenbauer polynomials, the
basis functions can be constructed to satisfy the underlying physical boundary conditions of
the differential equation while strictly limiting the spread of non-zero inner products. Because
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〈H1(i, x), H1(j, x)〉w = 0 for all |i − j| > 2, the semi-orthogonality ensures that the resulting
system matrices retain a tightly bounded, pentadiagonal structure. This framework successfully
bridges the gap between boundary condition enforcement and optimal computational efficiency.

Because a banded matrix of this type is sparse rather than dense, additional preconditioning
or stabilization is unnecessary to maintain numerical stability. Furthermore, transitioning from
a purely orthogonal to a semi-orthogonal basis does not alter the underlying approximation
space; it merely changes the coordinate system within it. Consequently, for smooth solutions,
the expansion coefficients continue to exhibit exponential (or sub-exponential) decay, thereby
preserving the classical spectral accuracy of the method.

2.4 Function approximation
Let G = L2[a0, b0] be a Hilbert space and let {x0(t), x1(t), . . . , xm(t)} ⊂ G be a linearly inde-
pendent set. Define the finite-dimensional subspace

Y = Span{x0(t), x1(t), . . . , xm(t)}.

For an arbitrary element f∗ ∈ G, there exists a unique best approximation y0 ∈ Y such that
[33]

‖f∗ − y0‖2 ≤ ‖f∗ − y‖2, ∀y ∈ Y,

where ‖f‖2 =
√
〈f, f〉 and 〈f, g〉 =

∫ b0
a0
f(t)g(t) dt denotes the inner product in G.

Hence, f∗ admits the representation

f∗(t) ≈ y0(t) =

m∑
i=0

cixi(t) = cTφ(t), (15)

where, φ(t)T = [x0(t), x1(t), . . . , xm(t)]. The coefficient vector c is obtained from

cT =

(∫ b0

a0

f∗(t)φ(t)T dt

)
Q−1, Q =

∫ b0

a0

φ(t)φ(t)T dt. (16)

Theorem 2.1. ([33]). Let Y be a finite-dimensional closed subspace of a Hilbert space G with
basis {y1, . . . , yn}. If z ∈ G and y0 ∈ Y is its best approximation, then

‖z − y0‖22 =
Γ(z, y1, . . . , yn)

Γ(y1, . . . , yn)
,

where, Γ(·) is the Gram determinant

Γ(z, y1, y2, · · · , yn) =

∣∣∣∣∣∣∣∣∣
〈z, z〉 〈z, y1〉 · · · 〈z, yn〉
〈y1, z〉 〈y1, y1〉 · · · 〈y1, yn〉

...
... · · ·

...
〈yn, z〉 〈yn, y1〉 · · · 〈yn, yn〉

∣∣∣∣∣∣∣∣∣ .
Using Theorem 2.1, the approximation error can be expressed explicitly.

Since {H1(0, x), H1(1, x), . . . ,H1(M,x)} is linearly independent, any function f̂(x) ∈ L2[a, b]
admits the approximation

f̂(x) ≈
M∑
i=0

eiH1(i, x) = ETψ1(x), (17)
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where, ψ1(x)T = [H1(0, x), . . . ,H1(M,x)]. The coefficient vector is given by:

ET =

(∫ b

a

f̂(x)ψ1(x)Tw1(x)dx

)
Q−1x , Qx =

∫ b

a

ψ1(x)ψ1(x)Tw1(x)dx, (18)

where, w1(x) denotes an appropriate weighting function.
Similarly, a two-variable function g(x, y) on [a, b]× [c, d] can be approximated as

g(x, y) ≈ ψT1 (x)Gψ2(y), (19)

where, ψ2(y)T = [H2(0, y), . . . ,H2(M,y)] and

G = Q−1x

(∫ b

a

∫ d

c

g(x, y)ψ1(x)ψ2(y)Tw1(x)w2(y) dx dy

)
Q−1y , (20)

with Qy =
∫ d
c
ψ2(y)ψ2(y)Tw2(y)dy.

3 Error analysis
In this subsection, we analyze the approximation error associated with the proposed scheme.

Let Πn,m denote the space of bivariate polynomials

Πn,m =

p(x, y) =

n∑
i=0

m∑
j=0

aijx
iyj : aij ∈ R

 .

Let F = {(xi, yj) : 0 ≤ i ≤ n, 0 ≤ j ≤ m} be a set of distinct nodes with

a = x0 < · · · < xn = b, c = y0 < · · · < ym = d.

A polynomial P ∗(x, y) is called the two-dimensional interpolating polynomial of f(x, y) if

P ∗(xi, yj) = f(xi, yj), ∀(xi, yj) ∈ F.

The upper bound of the two-dimensional interpolation error depends on the interpolation
method and the smoothness of the target function f(x, y). The following theorem is applicable
to interpolation polynomials derived from Newton’s divided difference formulas or Lagrange
functions.

Theorem 3.1. ([34]). Let (xi, yj) ∈ F and consider the function f(x, y) has continuous partial
derivatives of orders m + 1 and n + 1 with respect to x and y, respectively, and the relevant
mixed derivative of order m + n + 2 exists, then for all (x, y) ∈ [x0, xn] × [y0, ym] there exist
ξ, ξ′ ∈ (x0, xn), η, η′ ∈ (y0, ym) such that

f(x, y)− P ∗(x, y) =
1

(n+ 1)!

∂n+1f(ξ, y)

∂xn+1

n∏
i=0

(x− xi)

+
1

(m+ 1)!

∂m+1f(x, η)

∂ym+1

m∏
j=0

(y − yj)−
1

(n+ 1)!(m+ 1)!

∂n+m+2f(ξ′, η′)

∂xn+1∂ym+1

n∏
i=0

(x− xi)
m∏
j=0

(y − yj),

which the polynomial P ∗(x, y) is the two-dimensional interpolating polynomial of function f(x, y)
with respect to points set F .
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Theorem 3.2. ([34, 35]). Let f ∈ CM+1([a, b] × [c, d]) and let P ∗(x, y) be the interpolating
polynomial of degree M . Then,

|f(x, y)− P ∗(x, y)| ≤ HM+1

((M + 1)!)2

M∏
i=0

|x− xi|
M∏
j=0

|y − yj |,

where,

HM+1 = max
0≤k≤M+1

∥∥∥∥ ∂M+1f

∂xk∂yM+1−k

∥∥∥∥
∞
.

Lemma 3.3. Let f(x, y) ∈ CM+1([a, b]× [c, d]) satisfy homogeneous boundary conditions

f(a, y) = f(b, y) = f(x, c) = f(x, d) = 0.

Let Y = Span{H1(0, x), . . . ,H1(M,x), H2(0, y), . . . ,H2(M,y)} and let y∗(x, y) be the best ap-
proximation of f from Y . Then,

‖f − y∗‖2 ≤
HM+1(b− a)

2M+3
2 (d− c) 2M+3

2

((M + 1)!)2
.

Proof. Let P ∗(x, y) denote the interpolating polynomial of f(x, y) at grid points {(xi, yj)}.
Since P ∗(x, y) ∈ Y and y∗ is the best approximation, we have:

‖f − y∗‖2 ≤ ‖f − P ∗‖2 ≤
√

(b− a)(d− c)‖f − P ∗‖∞.

Applying Theorem 3.2 yields the result. �

From Lemma 3.3, the approximation error decreases as M increases, implying convergence of
the proposed method.

3.1 Convergence analysis

In this subsection, we establish the convergence behavior of the proposed approximation scheme
and discuss its convergence rate.

Theorem 3.4 (Spectral convergence rate). Assume f is analytic on the closed domain [a, b]×
[c, d] (i.e., f extends analytically to an open neighborhood in C2) and that the orthonormal bases
{φi}, {ψj} consist of orthogonal polynomials (e.g., Legendre, Chebyshev, or Gegenbauer). Then
there exist constants C > 0 and ρ > 1, independent of M , such that

‖f − y∗M‖2 ≤ Cρ−M .

Proof. For analytic functions on [−1, 1], the expansion coefficients in orthogonal polynomials
decay exponentially. More precisely (see [31, 32]), there exists ρ > 1 such that

|f̂i| ≤ C1ρ
−i, where f(x) =

∞∑
i=0

f̂iPi(x),

with Pi the Legendre polynomials normalized in L2. The constant ρ depends on the largest
ellipse of analyticity in the complex plane.
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For a bivariate analytic function f(x, y) on [−1, 1]2, its expansion

f(x, y) =

∞∑
i=0

∞∑
j=0

f̂ijφi(x)ψj(y),

has coefficients satisfying
|f̂ij | ≤ C2ρ

−iσ−j ,

with ρ, σ > 1. If the bases are of the same type and the domain symmetric, we take ρ = σ.
The truncated series

fM (x, y) =

M∑
i=0

M∑
j=0

f̂ijφi(x)ψj(y),

lies in YM . Its error is bounded by

‖f − fM‖22 ≤
∞∑

i=M+1

∞∑
j=0

|f̂ij |2 +

M∑
i=0

∞∑
j=M+1

|f̂ij |2.

Using the exponential bound on |f̂ij |, each term is O(ρ−2(M+1)). Hence

‖f − fM‖2 ≤ C3ρ
−(M+1).

Since y∗M is the best approximation,

‖f − y∗M‖2 ≤ ‖f − fM‖2 ≤ Cρ−M ,

by redefining constants. �

If f satisfies homogeneous Dirichlet boundary conditions (f = 0 on the boundary of the rectan-
gle), the bases {φi} and {ψj} should be chosen to satisfy the same boundary conditions (e.g.,
φi(a) = φi(b) = 0). In that case, the above results hold unchanged because the completeness of
such bases in the Sobolev space H1

0 implies completeness in L2. The exponential convergence
rate remains valid if f is analytic and vanishes on the boundary.

Therefore, increasingM leads to a rapid (exponential) reduction of the approximation error,
which explains the high accuracy observed in the numerical experiments.

Preservation of spectral convergence

A crucial theoretical consideration is whether the transition from a strictly orthogonal Gegen-
bauer basis to the semi-orthogonal basis {H1(k, x)} compromises the spectral convergence rate
characteristic of global projection methods. We establish here that the spectral convergence
behavior remains entirely intact.

Let u(x) be a sufficiently smooth function defined on [0, L1]. In a standard Gegenbauer
pseudospectral or Galerkin expansion, the approximation error eN = ‖u− uN‖ is governed by
the regularity of u(x). If u(x) ∈ C∞([0, L1]), the expansion coefficients decay exponentially,
i.e., |ûk| ≤Me−σk for positive constants M and σ.

Because each semi-orthogonal basis function H1(k, x) is constructed as a finite, localized
linear combination of exactly three consecutive Gegenbauer polynomials:

H1(k, x) = Cλk+2(ξ) + αCλk+1(ξ) + βCλk (ξ), (21)
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the transformation matrix T mapping the standard Gegenbauer coefficient vector û to the semi-
orthogonal coefficient vector c (such that û = Tc) is a banded upper-triangular matrix with a
bounded condition number. Consequently, the coefficients ck inherit the exact same asymptotic
decay rate as the orthogonal coefficients:

|ck| ∼ O
(
e−σk

)
, as k →∞. (22)

Thus, the semi-orthogonal expansion retains the capability to capture the solution with expo-
nential accuracy ("spectral accuracy"), ensuring that the geometric reduction in computational
complexity (O(N) matrix operations) does not incur any mathematical penalty regarding con-
vergence velocity.

4 Methodology
To homogenize the boundary conditions of the main problem (1), we introduce the decomposi-
tion

u(x, y) = v(x, y) + w(x, y),

where w(x, y) is the interpolation function constructed in Subsection 2.1. Substituting this de-
composition into Equation (1) yields the following equivalent homogenized Helmholtz equation:

∇2v + f(x, y)v(x, y) = g1(x, y), (23)

where,
g1(x, y) = g(x, y)−

(
∇2w(x, y) + f(x, y)w(x, y)

)
.

The corresponding homogeneous Dirichlet boundary conditions become

v(a, y) = 0, v(b, y) = 0, c < y < d, (24)

and

v(x, c) = 0, v(x, d) = 0, a < x < b. (25)

Based on the approximation framework developed in Subsection 2.4, the unknown function
v(x, y) is approximated as

v(x, y) = ψT1 (x)C ψ2(y),

where C ∈ R(M+1)×(M+1) is the matrix of unknown coefficients, and it is determined such that
the approximation satisfies Equation (23) together with the boundary conditions (24)–(25).

Due to the construction of the homogenizing Gegenbauer basis functions H1(k, x) and
H2(k, y) in Equations (13) and (14), the boundary conditions are automatically satisfied by
the approximation space.

Next, we define the residual function as:

R(x, y) =∇2v + f(x, y)v(x, y)− g1(x, y)

=ψ′′1 (x)TCψ2(y) + ψ1(x)TCψ′′2 (y) + f(x, y)v(x, y)− g1(x, y),

where, ψ′′1 and ψ′′2 denote second derivatives with respect to x and y, respectively.
To determine the coefficient matrix C, the Galerkin method is employed. This leads to the

following system of algebraic equations:∫ b

a

∫ d

c

R(x, y)H1(i, x)H2(j, y)w1(x)w2(y) dx dy = 0, i, j = 0, 1, . . . ,M.
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The resulting nonlinear algebraic system is solved using symbolic or numerical computation
software (e.g., Mathematica). The proposed scheme is straightforward in implementation
while exhibiting high numerical accuracy and stability, as demonstrated in the subsequent
section.

5 Numerical results
In this section, several benchmark problems are presented to evaluate the performance of the
proposed method. The numerical experiments are designed to assess accuracy, convergence
behavior, stability under perturbations, and computational efficiency. To assess the method’s
performance, the Root Mean Square Error (RMSE) is calculated

RMSE =

√
1

(d− c)(b− a)

∫ d

c

∫ b

a

(
uM (x, y)− u∗(x, y)

)2
w1(x)w2(y) dxdy, (26)

where uM (x, y) and u∗(x, y) refer to the approximate solution calculated using a polynomial of
orderM and the exact solution, respectively. RMSE quantifies the average deviation of uM (x, y)
from u∗(x, y) over the entire domain in an L2−sense. The RMSE values for each example are
displayed in Table 1. The computational efficiency of the proposed scheme is demonstrated
by presenting the whole CPU time required to compute the approximate solution in Table 1.
As expected from the fast convergence rate, the error decays fast with respect to the degrees
of freedom. This favorable behavior demonstrates that high accuracy can be achieved with
relatively low CPU times compared to low-order methods. In the subsequent calculations, the
value of λ = 1

2 is taken into account.

Table 1: Numerical results including RMSE and CPU time (seconds) for different examples.

Ex. 5.1 Ex. 5.2 Ex. 5.3 Ex. 5.4 Ex. 5.5 Ex. 5.6 Ex. 5.6
(M = 3) (M = 4) (M = 3) (M = 2) (M = 3) (M = 3, a=1) (M = 3, a=2)

RMSE 8.50× 10−5 6.23× 10−6 6.21× 10−4 0 2.10× 10−4 1.43× 10−6 4.69×10−6

CPU (s) 4.51 4.90 4.26 3.00 4.71 4.26 4.31

Example 5.1. Consider the Helmholtz equation in the Cartesian coordinate system [25]:

∇2u(x, y) + λ20u(x, y) = − sin(x) sin
(y

2

)
,

u(0, y) = u(π, y) = u(x, 0) = 0, u(x, π) = sin(x),
(27)

where, the exact solution is u∗(x, y) = sin(x) sin(λ0y) with λ0 = 1/2 on the domain Ω =
[0, π]× [0, π]. Applying Equation (10) to the boundary conditions in (27) yields

w(x, y) =
y sin(x)

π
.

By executing the numerical method detailed in Section 4, the solution is decomposed as
u(x, y) = v(x, y) + w(x, y).

The error function, defined as uM (x, y)−u∗(x, y), is illustrated in the left panel of Figure 1,
demonstrating the satisfactory accuracy of the proposed method. The right panel displays the
corresponding contour plot, highlighting the spatial distribution of the approximation error.
Furthermore, the RMSE values presented in Table 1 support these observations.
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To evaluate the stability of the method, we analyze the following system for perturbation
parameters ε = 10−2 and 10−4:

∇2u(x, y) + λ20u(x, y) = − sin(x) sin
(y

2

)
,

u(0, y) = u(π, y) = u(x, 0) = 0, u(x, π) = (1− ε) sin(x).
(28)

Applying Equation (10) to the perturbed conditions in (28) results in w(x, y) = y(1−ε) sin(x)
π .

This modification facilitates an investigation into how minor perturbations in the boundary
conditions influence the approximate solution. The RMSE values summarized in Table 2 in-
dicate that small variations in the boundary lead to negligible changes in the approximation,
serving as a robust indicator of the stability of the outlined numerical scheme.

Table 2: RMSE values for the perturbed equation in Example 5.1.

ε 10−2 10−4

RMSE 0.00276449 0.000498579

Figure 1: (Left) Error function and (right) contour plot of the error function for Example 5.1.

Example 5.2. We consider the Helmholtz equation [25]

∇2u(x, y) + λ20u(x, y) =

(
1

4
− 2π2

)
sin(πx) sin(πy), (x, y) ∈ [0, 1]× [0, 1],

u(0, y) = u(1, y) = u(x, 0) = u(x, 1) = 0, (29)

where, λ0 = 1
2 . The exact solution is u∗(x, y) = sin(πx) sin(πy).

Implementing the boundary conditions Equation (10) to Equation (29) gives w(x, y) = 0.
Therefore, following the framework described in Section 4, the function u(x, y) simplifies to
v(x, y). The RMSE results presented in Table 1 confirm that the method attains high accu-
racy. The numerical results reported in Table 1 demonstrate that the proposed approximation
scheme achieves high precision for the Helmholtz problem. This behavior is consistent with the
theoretical convergence results established in Theorem 3.4.
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Unlike the finite-difference framework, where boundary conditions are enforced pointwise
on a discrete grid and high accuracy is achieved through iterative refinement (block-AGE itera-
tion) combined with a sixth-order compact stencil, the present approach embeds the boundary
data analytically into a single closed-form interpolation function, after which the homogenized
problem is solved by a global spectral expansion with no grid refinement required.

Example 5.3. Suppose the Poisson equation [25]

∇2u(x, y) + λ20u(x, y) = (4− π2) exp(2x) sin(πy), (x, y) ∈ [0, 1]× [0, 1],

u(0, y) = sin(πy), u(1, y) = exp(2) sin(πy), u(x, 0) = 0, u(x, 1) = 0. (30)

Let λ0 = 0. In this case, the exact solution is given by u∗(x, y) = exp(2x) sin(πy). By applying
Equation (10) under the boundary conditions specified in (30), the corresponding interpolation
function is obtained as:

w(x, y) = x
(

exp(2) sin(πy)− sin(πy)
)

+ sin(πy).

Following the methodology outlined in Section 4, the solution is represented in the form
u(x, y) = v(x, y) + w(x, y).

The resulting RMSE values, reported in Table 1, indicate a high level of agreement between
the numerical and exact solutions. Notably, this level of accuracy is achieved with a relatively
low polynomial order (M = 3), highlighting the efficiency and strong approximation capability
of the method in comparison with the method presented in [25].

Example 5.4. Consider the Poisson equation [24]

uxx + uyy = xey, (x, y) ∈ [0, 2]× [0, 1],

u(0, y) = 0, u(2, y) = 2ey, u(x, 0) = x, u(x, 1) = xe. (31)

This problem arises in various physical applications, such as steady-state heat conduction and
electrostatic potential modeling, where the source term exhibits an exponential spatial variation.
The exact solution is given by u∗(x, y) = xey, which allows for a direct and reliable assessment
of numerical accuracy.

Substituting the boundary conditions (31) into Equation (10) yields the interpolation func-
tion w(x, y) = xey. According to the methodology presented in Section 4, the solution can be
expressed as u(x, y) = v(x, y) + w(x, y).

The accuracy of the proposed method is evaluated through the error function uM (x, y) −
u∗(x, y). As reported in Table 1, the RMSE value is zero (within machine precision), indicating
that the numerical solution coincides with the exact solution. This result demonstrates the
capability of the method to recover the exact solution when it belongs to the approximation
space, highlighting its high-order accuracy and fast convergence behavior.

To further examine the stability and robustness of the method, a perturbed version of the
problem is considered:

uxx + uyy = (1− ε)xey, (x, y) ∈ [0, 2]× [0, 1],

u(0, y) = 0, u(2, y) = 2ey, u(x, 0) = x, u(x, 1) = xe,

for ε = 10−2, 10−4, 10−6.
This perturbation enables the investigation of how small variations in the source term affect

the numerical solution. Using the same interpolation function w(x, y) = xey, the main equation
is transformed into the homogenized form

vxx + vyy + ε xey = 0, v(0, y) = v(2, y) = v(x, 0) = v(x, 1) = 0.
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The RMSE values for the perturbed problem, presented in Table 3, indicate that the numer-
ical error decreases proportionally with ε. This behavior confirms that the proposed method is
stable with respect to perturbations in the source term and exhibits a well-conditioned numer-
ical structure.

Table 3: RMSE values for the perturbed equation in Example 5.4 under varying ε.

ε 10−2 10−4 10−6

RMSE 6.1536× 10−3 6.1536× 10−5 6.1536× 10−7

Overall, this example demonstrates not only the high accuracy of the proposed method but
also its strong stability properties and its ability to handle problems with exponentially varying
source terms effectively.

Example 5.5. Consider the Helmholtz equation [24, 36]

∇2u(x, y) + 5u(x, y) = 0, (x, y) ∈ [0, 1]× [0, 1],

u(0, y) = 0, u(1, y) = sin(3) sinh(2y), u(x, 0) = 0, u(x, 1) = sin(3x) sinh(2), (32)

with the exact solution given by u∗(x, y) = sin(3x) sinh(2y).
Application of Equation (10) under the boundary conditions (32) yields the interpolation

function
w(x, y) = y

(
− x sin(3) sinh(2) + sin(3x) sinh(2)

)
+ x sin(3) sinh(2y),

thus u(x, y) = v(x, y) + w(x, y).
The accuracy of the proposed method is assessed using the RMSE metric reported in Table 1.
Table 1 demonstrates that the proposed scheme yields accurate numerical results with minimal
deviation from the exact solution, thereby confirming the effectiveness and reliability of the
method for this class of Helmholtz problems.

Example 5.6. Consider the Helmholtz equation [24, 37]

∇2u(x, y) + a2u(x, y) = (a2 − 5) sin(x) sin(2y), (x, y) ∈ [0, 1]× [0, 1],

u(0, y) = 0, u(1, y) = sin(1) sin(2y), u(x, 0) = 0, u(x, 1) = sin(x) sin(2), (33)

whose exact solution is given by u∗(x, y) = sin(x) sin(2y) for a = 1, 2 on the domain [0, 1]×[0, 1].
By incorporating the boundary conditions (33) into Equation (10), the interpolation function

is obtained as:

w(x, y) = y
(
− x sin(1) sin(2) + sin(2) sin(x)

)
+ x sin(1) sin(2y).

Accordingly, the solution is represented in the form u(x, y) = v(x, y) + w(x, y), as described in
Section 4.

The performance of the proposed method is illustrated in Figures 2 and 3. The left plot
depicts the error distribution uM (x, y) − u∗(x, y), while the right plot illustrates the spatial
dispersion of the error through its contour representation. The results demonstrate that the
error remains uniformly small across the computational domain. This observation is further
supported by the low RMSE value reported in Table 1, confirming the high accuracy of the
method.

Example 5.7. In the preceding examples, the exact solutions were separable and the coeffi-
cient function f(x, y) was constant. However, many practical problems involve non-separable
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Figure 2: (Left) Error function and (right) contour plot of the error function with a = 1 for
Example 5.6.

Figure 3: (Left) Error function and (right) contour plot of the error function with a = 2 for
Example 5.6.

solutions and variable coefficients. To demonstrate the robustness and general applicability of
the proposed method, we consider the following Helmholtz equation with an inseparable exact
solution:

∇2u(x, y) + (x− 1)u(x, y) = 2x2 + 6y + 2y2 + (−1 + x)(2 + 6x+ x2y2 + y3),

u(0, y) = y3 + 2, u(2, y) = 4y2 + y3 + 14, (34)
u(x, 0) = 6x+ 2, u(x, 2) = 4x2 + 6x+ 10, (35)

whose exact solution is given by u∗(x, y) = x2y2 + 6x+ y3 + 2 on the domain [0, 2]× [0, 2]. It is
evident that this solution is non-separable, providing a more challenging test for the numerical
scheme.

Applying Equation (10) together with the boundary conditions (34) and (35) yields the
interpolation function

w(x, y) =
1

2
(4x2 − 8x)y +

1

2
x(4y2 + 12) + y3 + 2.
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Following the methodology outlined in Section 4, the solution is represented as u(x, y) =
v(x, y) + w(x, y).

The numerical performance of the method is illustrated in Figure 4, which depicts the error
distribution uM (x, y)−u∗(x, y). The results show that the error remains negligibly small across
the entire domain. For M = 3, the RMSE is 7.77026 × 10−16, indicating that the numerical
solution is essentially indistinguishable from the exact solution within machine precision.

These findings highlight the capability of the proposed method to accurately approximate so-
lutions of Helmholtz problems with variable coefficients and inseparable exact solutions, demon-
strating both its flexibility and high computational efficiency.

Figure 4: (Left) Error function and (right) contour plot of the error function for Example 5.7.

Example 5.8. Consider the well-known two-dimensional Poisson equation [38–42]:

∇2u = 1, (x, y) ∈ (0, 1)× (0, 1),

subject to the homogeneous Dirichlet boundary conditions

u = 0 on ∂Ω.

The analytical solution is given by the double Fourier sine series:

u(x, y) = −16

π4

∞∑
m=1

∞∑
n=1

sin
(
(2m− 1)πx

)
sin
(
(2n− 1)πy

)
(2m− 1)(2n− 1) [(2m− 1)2 + (2n− 1)2]

.

Due to the constant source term (g(x, y) = 1) and the unit square domain with homogeneous
Dirichlet boundary conditions, this serves as a classic benchmark problem often referred to as
the torsion problem (or a uniform load on a square plate).

The proposed method is applied here with M = 3 and M = 4, and the corresponding
numerical results are presented in Figure 5. As the figure shows, the method yields a continuous
solution with high accuracy together with a fast convergence rate.

As shown in Table 4, the approaches by Mebrate and Koya [41]-namely the finite difference
and finite element methods for the Poisson equation- are restricted to evaluating approximate
solutions at discrete grid points. In contrast, Figure 5 establishes a highly accurate approx-
imation over the entire rectangular domain, yielding an error magnitude bounded by 10−5.
While our scheme delivers the approximate solution within only a single iteration, the method
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referenced in Table 4 demands iterative refinement (frequently up to 15 iterations) to enhance
precision. This significant difference in computational cost is corroborated by the findings
reported in their paper.

Also, this problem was previously investigated by Kahlaf et al. [39] using three distinct
approaches: the five-point finite difference method, the nine-point finite difference method, and
the finite element method for the Helmholtz equation. The corresponding numerical results are
summarized in Table 5. As shown in Table 5, the accuracy of the three existing methods is
limited to 10−2. In contrast, Figure 5 highlights that our method achieves a significantly higher
accuracy, dropping below 10−4. Compared to the five-point finite difference, nine-point finite
difference, and finite element methods presented in [39], our proposed approach offers a remark-
ably straightforward implementation. Furthermore, while the methods in [39] yield solutions
exclusively at discrete nodal points, our method provides a smooth approximate solution over
the entire domain ∀(x, y) ∈ [0, 1]× [0, 1]. This comparative data validates the enhanced compu-
tational efficiency of the proposed method when evaluated under identical problem constraints.

Figure 5: The error function obtained with M = 3 (left) and M = 4 (right) for Example 5.8.

Table 4: Comparison of numerical solutions u(x, y) at specific nodal points for Example 5.8.

Nodes (x, y) FDM [41] FEM [41] Proposed Method
v7 = (0.25, 0.25) -0.0430 -0.0391 -0.0452937
v8 = (0.25, 0.50) -0.0547 -0.0573 -0.0573296
v9 = (0.25, 0.75) -0.0430 -0.0391 -0.0452937
v12 = (0.50, 0.25) -0.0547 -0.0573 -0.0573296
v13 = (0.50, 0.50) -0.0703 -0.0677 -0.0736717
v14 = (0.50, 0.75) -0.0547 -0.0573 -0.0573296
v17 = (0.75, 0.25) -0.0430 -0.0391 -0.0452937
v18 = (0.75, 0.50) -0.0547 -0.0573 -0.0573296
v19 = (0.75, 0.75) -0.0430 -0.0391 -0.0452937

6 Conclusion

This research focused on developing an innovative approach for solving the two-dimensional
Helmholtz problem, based on a generalized two-dimensional interpolation function and a new
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Table 5: Numerical results obtained using the three baseline methods from [39] for Example 5.8.

Nodes (x, y)

Finite Difference
Method (FDM) Finite Element

Method (FEM)Five-Point Nine-Point
v7 = (0.25, 0.25) -0.0422 -0.0454 -0.0391
v8 = (0.25, 0.50) -0.0539 -0.0574 -0.0573
v9 = (0.25, 0.75) -0.0426 -0.0454 -0.0391
v12 = (0.50, 0.25) -0.0539 -0.0574 -0.0573
v13 = (0.50, 0.50) -0.0695 -0.0737 -0.0677
v14 = (0.50, 0.75) -0.0543 -0.0574 -0.0573
v17 = (0.75, 0.25) -0.0426 -0.0454 -0.0391
v18 = (0.75, 0.50) -0.0543 -0.0574 -0.0573
v19 = (0.75, 0.75) -0.0428 -0.0454 -0.0391

class of homogenizing Gegenbauer polynomials (HGPs). The essential conditions required for
the formulation of the proposed interpolation framework were systematically derived and dis-
cussed, and it was shown that the resulting HGP basis is semi-orthogonal, with a Gram matrix
that remains banded (at most pentadiagonal) regardless of the approximation order, thereby
preserving the computational efficiency characteristic of spectral methods while enforcing homo-
geneous boundary conditions exactly. Using this basis, the original nonhomogeneous Helmholtz
problem was transformed into an equivalent homogeneous one and solved via a Galerkin pro-
jection, reducing the problem to a system of algebraic equations. It was further shown that,
although the interpolation problem does not generally admit a unique representation, the pro-
posed construction is capable of recovering the exact solution within the admissible functional
space. To analyze the convergence behavior of the approximation scheme, an explicit upper
bound for the function approximation error was established, together with a spectral (expo-
nential) convergence rate for analytic solutions; this provides a theoretical justification for
the numerical performance observed. The numerical experiments, spanning eight benchmark
Helmholtz and Poisson problems with separable and non-separable exact solutions, confirm that
the proposed method achieves RMSE values as low as machine precision (e.g., 7.77× 10−16 in
Example 7) at low polynomial degree, with CPU times under 5 seconds for all reported cases.
The method was also shown to remain stable under small perturbations of the boundary data
and source term. Despite its relatively simple structure, the method exhibits precision and
robustness that compare favorably with existing finite difference, finite element, and spectral
element approaches reported in the literature.

Future research directions: Several promising extensions of the present work can be
considered.

• Higher-dimensional problems. A natural continuation is the generalization of the
proposed framework to three-dimensional Helmholtz and Poisson-type equations, where
the construction of homogenizing interpolation functions and the corresponding tensor-
product HGP bases becomes considerably more intricate.

• Fractional partial differential equations. Extending the method to fractional PDEs
is an important direction. Developing homogenizing interpolation and spectral represen-
tations for fractional derivatives (e.g., Caputo or Riesz-type operators) would broaden the
applicability of the approach to anomalous diffusion, viscoelasticity, and other nonlocal
phenomena.
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• Nonlinear and time-dependent problems. Adapting the method to evolutionary
Helmholtz-type models and nonlinear reaction–diffusion systems is another valuable di-
rection, where stability and convergence properties would require further investigation.
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