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Inverse sum indeg index, Let G be a simple graph with degree sequence {d,}. The
ISI energy, ' inverse sum indeg (ISI) matrix S is defined by s,, = dd“d“ if
Elzgizzz_based topological w € E(G) and 0 otherwise. The ISI energy of G is defined as
Spectral graph theory, 5]5’] (G) = Zizl |7'7,|, where Tly...,Tp are the Clgcnvalucs of S.

In this paper, we establish new upper and lower bounds
for the ISI index and ISI energy in terms of classical degree-
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relations between ISI energy and structural molecular descrip-
tors.
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1 Introduction

Let G be a simple undirected graph with vertex set V(G) and edge set E(G). For a vertex
v € V(@G), the neighborhood of v, denoted by N (v), is the set of all vertices adjacent to v, and
the degree of v is d(v) = |N(v)|. Spectral graph theory plays a central role in mathematical
chemistry, particularly through graph energy, introduced by Gutman in [1] as the sum of the
absolute values of the eigenvalues of the adjacency matrix. This notion provides a spectral
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analogue of total m-electron energy in molecular systems, where vertices represent atoms and
edges represent chemical bonds.

Motivated by this framework, numerous degree-based topological indices have been intro-
duced to describe structural properties of molecular graphs. Among them, the inverse sum
indeg index (ISI), introduced by VukiGevi¢ and Gasperov [2], is defined as:

dyd,

weE(G)

This index has been widely studied in the context of QSAR and QSPR analysis due to its ability
to capture molecular surface-related properties. Unlike classical degree-based invariants, the
ISI index incorporates a nonlinear interaction between endpoint degrees, combining harmonic-
type averaging with multiplicative behavior. This makes it naturally comparable with several
classical indices such as the Zagreb, harmonic, geometric-arithmetic, and Sombor indices.

A considerable amount of research has been devoted to extremal properties and applications
of the ISI index. Sedlar et al. [3] obtained extremal results for several graph classes including
trees and chemical graphs, while Falahati-Nezhad et al. [4, 5| derived sharp bounds and ex-
plicit computations for special molecular structures such as nanotubes. Further developments
introduced a spectral perspective on ISI. In particular, Zangi et al. [6] defined the IST matriz
S of a graph G by

dudy
I I e wv € E(G),
v 0, otherwise,

and introduced the corresponding IST energy

E151(G) =>_ |7,
i=1

where 7y > 19 > --- > 7, are the eigenvalues of S. This spectral invariant has been further
investigated in [7—10], revealing connections with chemical properties of molecular systems and
drug design.

A key structural quantity associated with the IST matrix is

duydy, \*
B= Z (“ v ) )
weE(G) du + do

In [11] Jamal et al. proved that the sum of the squares of the eigenvalues of the ISI matrix can
be expressed using B as:

n 2
;Tf:—Z Z T, =2 Z (d +d) =2B.

1<i<j<n wveE(G)

Moreover, they proved the following relation between the ISI energy of graphs and the invariant
B.

Lemma 1.1. ([11]). Let G be a graph with n vertices. Then Ers1(G) < v2nB.

Despite significant progress, relatively few results establish sharp relationships between ISI
energy and classical graph invariants such as Zagreb-type indices, Sombor index, Randi¢ index,
and other molecular descriptors. In particular, refined spectral inequalities that incorporate
structural parameters of graphs remain limited in the literature.
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1.1 Main contributions

In this paper, we develop new upper and lower bounds for the ISI index and ISI energy in terms
of classical topological indices and spectral parameters. The main contributions are summarized
as follows:

e We establish new inequalities relating the ISI index to classical molecular descriptors,
including the second Zagreb index, the Sombor index, and the geometric-arithmetic index.

o We refine the classical bound

E151(G) < V2nB,

by incorporating additional spectral and structural parameters of the ISI matrix, leading
to improved estimates.

e We derive new upper bounds for the ISI energy in terms of degree-based indices, including
the forgotten index, and investigate refinements based on eigenvalue variance.

e We obtain new estimates for extremal eigenvalues of the ISI matrix in terms of ISI energy
and structural graph invariants.

e We further establish connections between ISI energy and classical molecular descriptors,
highlighting the interplay between spectral properties and degree-based structure.

The determinant-based bounds in Propositions 3.5 and 4.2 are recalled from Hafeez and Farooq
[9]. The remainder of the paper is organized as follows. Section 2 presents new relationships
between the IST index and classical topological invariants. Section 3 establishes the improved
upper bounds for ISI energy, while Section 4 provides lower bounds and extremal spectral
estimates.

2 Connections between the ISI index and classical topolog-
ical invariants

The inverse sum indeg (IST) index is closely related to several classical degree-based topological
indices that arise in mathematical chemistry and chemical graph theory. In this section, we
establish bounds for the ISI index in terms of well-known invariants, including the second Zagreb
index, geometric-arithmetic index, harmonic index, and Sombor index. These results highlight
the interplay between harmonic-type averaging and multiplicative degree structure.

For a simple graph G, we recall the following standard degree-based indices:

My(G)= > dudy,

weE(G)
2/dyd, B 2
CAO = 2 Gra, MO XoGT@
weE(G) weE(G)

SOG) = Y i+l
uwveE(G)

We begin with a lower bound for the ISI index in terms of the second Zagreb index.
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Proposition 2.1. Let G be a triangle-free graph on n vertices with at least one edge. Then
1
ISI(G) > —M>(G).
n

Equality holds if and only if G is a complete bipartite graph.

Proof. Since G is triangle-free, for every edge uv € E(G), the neighborhoods N(u) and N(v)
are disjoint. Hence,

Therefore,

dydy 1 1
ISIG) = > >— Y dudy, = = Mp(G).
du + dv n n
weEE(Q) weEE(Q)

Equality holds if and only if d,, + d, = n for every edge uv € E(G).
Suppose that equality holds and fix an edge uv. Since N(u) N N(v) = & and d,, + d, = n, we
have

V(G) = N(u) U N(v).

Set A = N(v) and B = N(u). Since G is triangle-free, both A and B are independent sets.
For every x € A, the edge xv and the equality condition give

dm+dv:n:du+dv7

and hence d, = d,, = |B|. Since z has no neighbors in A, it follows that x is adjacent to every
vertex of B. Thus, G is complete bipartite.

Conversely, if G = K, 4 with p + ¢ = n, then every edge joins vertices of degrees ¢ and p,
respectively, so d,, + d,, = n for every edge. Hence, equality holds. |

Next we derive an upper bound for the ISI index in terms of the second Zagreb index.

Proposition 2.2. Let G be a simple graph with m edges. Then,
1
ISI(G) < 3 m My (G).

Equality holds if and only if all nonisolated vertices of G have the same degree.

Proof. We write

ISIG) = > /dud,- Vdudy

weEE(Q) du + dy
Applying the Cauchy—Schwarz inequality yields
1s1e?< | Y did 3> _udy
>~ u Wy (du +dv)2
wEE(G) wEE(Q)
Since (d, + d,)? > 4d,d,, we obtain:

Z dudv < E
R .
wveE(G) (du + dv) 4
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Combining the inequalities gives the desired result. Equality holds if and only if equality occurs
in both the Cauchy-Schwarz inequality and (d, + d,)? > 4d,d,. The latter requires d,, = d,
for every edge uv € E(G). Equality in the Cauchy—Schwarz inequality further requires d,, + d,,
to be constant over all edges. Hence, there exists » > 1 such that d, = d, = r for every edge
wv € E(G). Equivalently, all nonisolated vertices of G have the same degree. Conversely, this
condition clearly yields equality in both inequalities above. |

We now establish a lower bound involving the geometric-arithmetic and harmonic indices,
showing that the ISI index is controlled by the ratio of two classical mixed-degree measures.

Proposition 2.3. For any simple graph G with at least one edge,

GA%(G)
ISI(G) > SHG)

Equality holds if and only if dyd, is constant over all edges uv € E(G).

Proof. Applying the Cauchy—Schwarz inequality, we obtain:

2

Vad, dud, !
2 oara) S\ 2 avall 2 ata

weE(G) weE(G) weE(G)
Since
Vdyd, GA(G) 1 H(G)
b xd - 2 and PR R S
uwweE(G) " v weE(G) “ v
it follows that 2
H
CALG) < 1510y,
4 2
and therefore,
GA?(G)
IS1 > 7
SHE) 2 S

Equality in the Cauchy—Schwarz inequality holds if and only if there exists a constant ¢ > 0
such that v/d,d, = ¢ for every wv € E(G), which is equivalent to d,d, being constant over all
edges of G. ]

Proposition 2.4. Let G be a simple graph. Then,

1
ISI(G) < 5 2550(G).

Equality holds if and only if d,, = d, for every edge wv € E(G), or equivalently, every nontrivial
connected component of G is regular.

Proof. For every edge uv € E(G), the arithmetic—geometric mean inequality gives d,, + d, >
2v/dyd,, while d? + d? > 2d,d,,. Therefore,

dyud, Vdyd, 1
< < v/ d2 +d2.
dy+d, = 2 T 2y/27 " i

Summing over all edges yields

1
ISI(G) < 5 —=S0(G).
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Equality holds in both inequalities above if and only if d,, = d,. Hence, equality in the stated
bound holds if and only if d, = d, for every edge uwv € E(G), which is equivalent to every
nontrivial connected component of G being regular. |

Table 1 illustrates the obtained bounds for several standard graph families and, in particular,
shows that equality is attained in several of the above inequalities.

Table 1: Comparison of the ISI index and the bounds obtained in Section 2. The bound
M5 (G)/n applies only to triangle-free graphs.

Graph G ISI(G) My(G) GA’(G) S50(G)

n 2H(G) 2v2
Py 2.333 2.000 2.271 2.581
Py 3.333 2.400 3.235 3.581
Py 4.333 2.667 4.212 4.581
K3 2.250 2.250 2.250 3.354
K4 3.200 3.200 3.200 5.831
Kis 4.167 4.167 4.167 9.014
Cy 4.000 4.000 4.000 4.000
Cs 6.000 4.000 6.000 6.000
Cy 8.000 4.000 8.000 8.000
K 20.000 — 20.000  20.000

3 Upper bounds for the ISI energy

In this section, we derive several upper bounds for the ISI energy £r57(G). Our main objective
is to refine the classical estimate

&rs1(G) < V2nB,

dudy \?
B= ), <du+dv)'

weE(G)

where

We first obtain bounds involving structural graph invariants, and then derive sharper spectral
refinements based on the determinant and variance of the eigenvalues of the ISI matrix.

Lemma 3.1. Let f(z,y) = m'iyy for x,y > 0. Then f is increasing in both variables x and y.

Proof. Tt suffices to show that the result holds for x and is symmetric for y. Calculating the
partial derivative with respect to the variable x, we get:

o 0 wy y?
_— = — = > .
6a:f(x’y) drz+y (v+uy)? =0

Proposition 3.2. Let G be a simple graph without isolated vertices. Then,

5151(G) <4B.



Iranian Journal of Mathematical Chemistry 17 (4) (2026) 401 — 414 407

Proof. Since G has no isolated vertices, d,, > 1 for every v € V(G). By Lemma 3.1, for every

edge wv € E(Q),

dydy 1-1 1
> ===

S
<
+
S
<
—_
-+
—
N}

Consequently,

SE

dudy \*
B= Y >
(du+dv> N

@)

uvEE(

Moreover, since the minimum degree § satisfies § > 1, we have 2m = ZvGV(G) dy > nd > n.
Thus, 8B > 2m > n. Using Lemma 1.1, we obtain:

Ers1(G) < V2nB < /(8B)(2B) = 4B.
]

Proposition 3.3. Let G be a graph with n vertices, and let F(G) be the forgotten index of the
graph. Then,

Ers1(G) <

() = () =il ) 0

Now, applying the quadratic-harmonic mean inequality, we obtain the following:

n- F(G).

N

Proof. Observe that

1 2 N2 _1ldi+d; dl+d;
. T,

Combining (1) and (2) we derive the following upper bound for B:

dud, \° _1 | s F(G)

B= 2 (du+dv) S5 2 ad)=g 3, di=—g"
uwveE(G) uwveE(G) ueV(G)
By Lemma 1.1, we have that
F(G 1
5[51(G) S 2nB S 2n - % == 5 n- F(G)
[ |

For the next result, we employ the following inequality:

Lemma 3.4. (/12]). Let ay,...,a, be non-negative numbers. Then,

n(iiai— (f[lai)i) <n§ai— (g:l\/af

Proposition 3.5. (/9]). Let G be a simple graph on n vertices and let 1,72, ..., T, be the
etgenvalues of the ISI matrix S. Then,

5]5’[(0) < \/2B(n — 1) +nA

det(9)|2.
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We include a proof for completeness.

Proof. Setting a; = 77 in Lemma 3.4, we obtain:

1

() (£

o223 (([T1m)*)") <n-28- €1 =
=1

Eis1(G) < —2B Jr?”L(|o'let(S)|2)R +n-2B <

E151(G) < \/2B(n — 1) + n Y/[det(S) .

Remark 1. From the inequality between arithmetic and geometric mean for the nonnegative
numbers 72,73, ..., 72, we get:
2B 2+ Tri4 .+ T2
n o n

Hence, 2B > n {/| det(S)|?. From Proposition 3.5, we obtain:

> {frEeT2

E151(G) < \/2B(n — 1) + n {/[det(S)]2 < VInB.

We conclude that the bound in the above proposition refines the well-known bound Ers;(G) <
2nB.
In the following result, we improve the upper bound ;57 (G) < v2nB by using the obtained
refinement of the inequality between the quadratic and arithmetic means published in [13].

Lemma 3.6. ([13]). Let ay,...,a, be n nonnegative real numbers such that a3+ ...+ a2 # 0.
It holds
a?+...4a2 _ aj4...4a, 1 <=nma?—(a®+...+a?))?
rd RIS U S EOVRETY)
n n 4n n2a; + (a7 +...+a2)

2

Let 02 be the variance of the squared eigenvalues 72,77,...,72. The above lemma yields
the following result.
Proposition 3.7. Let G be a connected graph on n > 2 vertices and let 71, 7T2,...,T, be the
eigenvalues of the ISI matriz S such that |11| > |me| > -+ > |1,|. If 0% is the variance of
T2,72,...,72, then
-
Ers1(G) < V2nB — %na? (3)

8]

Proof. Setting a; = |7;| in Lemma 3.6, we get:
[2B _ /712+"'+T’2L>€ISI(G)+M.§:(TZ'2_%)2 @
n n - n 4n 4 1T4+(2B)2'

. 4 2B)2 4 ; ; o X, (r2-2E)
Since ;' + (T) < 27y for all i, and given that ¢° = ==1——"~-
inequality. ]
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Remark 2. The correction term
‘Tnl 2
—no
87 ’

is nonnegative. Hence, Proposition 3.7 always refines the classical bound
5151((;) <V2nB.

The refinement is strict whenever |7,,| > 0 and 02 > 0. Moreover, for fixed extremal eigenvalues,
the correction term increases with the variance of the squared eigenvalues.
The next result provides a parametric variation of the well-known bound €157 (G) < v2nB.

Proposition 3.8. Let G be a simple connected graph on n > 2 vertices. If p > q > 0 are two
positive real numbers, then
n

£150(G) < (4B)H - (1)

Proof. By Lemma 1.1, we get £7¢;(G) < 2nB, that is, 25% < 61;1152(?)' By Proposition 3.2, we

have ~—=EB_- > 1. Hence, if > 1 is a real number, then the following inequalities hold:
Ers1(G)

4B z 4B 2~5131(G) - o4l
2 > -(4B)* > 2-
(5151(G)> ~ &rs1(G) T n ©n-(4B)" =2 2- &g (G)

& Ers1(G) < (g)#l - (4B)#T.

To conclude the proof, we let z = % to obtain the following.

SIS

H

1 q
ptq

)@ (4B) @ < &151(G) < (g)m (4B)ﬁ,

£15:1(G) < (5
u

The next result provides an estimate for the spectral radius of the ISI matrix in terms of
the ISI energy and the invariant B.

Proposition 3.9. Let G be a simple graph onn > 2 vertices and let Ty, . .., T, be the eigenvalues
of the ISI matriz of G, such that Ty > 179 > -+ > 7. It holds

5151(G) +n—1 2nB—51251(G)

71 <
n n n—1

()

Proof. Since the ISI matrix S is a symmetric nonnegative matrix, its largest eigenvalue 7 is
nonnegative. Moreover,

Ers1(G) —m1 = Z |73l
i—2

By the Cauchy—Schwarz inequality,

n

(Ers1(G) =) < (n=1) ) 77, (6)

=2
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Using >, 77 = 2B, inequality (6) gives
(Ers1(G) =m)* < (n—1)(2B — 7).
Expanding and rearranging, we obtain

nti — 2Er51(G)1 + E3;(G) —2B(n — 1) <0. (7)

Solving the quadratic inequality (7) with respect to 7y yields

"< E151(G) ++/(n—1) 2nB — EIQSI(G)).

Finally, rewriting (8), we obtain:

- S EISI(G) + n—1 2nB — EIQSI(G),
n n \/ n—1

which proves the result. |

To illustrate the effectiveness of the determinant-based refinement, we compare it numeri-
cally with the classical bound £;57(G) < v2nB for several standard graphs. The results are
presented in Table 2.

Table 2: Comparison of the ISI energy with the classical bound v2nB and the determinant-
based refinement.

CGraph G &rs1(G)  V2nB  \/2B(n — 1) + n|det(S)|2/n

Py 3.333 3.887 3.621
Ps 4.460 5.375 4.807
Ps 5.870 6.831 6.510
K3 2.598 3.674 3.182
Kig 3.200 5.060 4.525
Kis 3.727 6.455 5.893
Cy 4.000 5.657 4.899
Cs 8.000 8.485 8.338
Cs 9.657 11.314 10.583
Ks 16.000  20.000 18.837

4 Lower bounds for the ISI energy

In this section, we establish several lower bounds for the inverse sum indeg energy Ers;(G) in
terms of structural and spectral parameters of graphs. While upper bounds for £;5;(G) are
typically obtained via the second moment quantity B, the derivation of lower bounds requires
more delicate analysis of the extremal behavior of the eigenvalues of the ISI matrix.

We first present bounds that depend on the extreme eigenvalues of the IST matrix and on
classical spectral invariants such as the determinant. Subsequently, we relate the ISI energy
to well-known degree-based indices, including the second Zagreb index and the Randi¢ index.
These results illustrate how the distribution of vertex degrees influences the lower spectral
energy of the ISI matrix.
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Proposition 4.1. Let G be a simple graph with at least one edge, and let Ty,...,T, be the
eigenvalues of its ISI matriz, ordered so that

|71] > |72 > -+ > |70l

Then,
n|mm,| + 2B
Er51(G) > ————,
51(©) 2 T ]
Proof. For every i = 1,...,n, we have |1,| < |r;| < |71], and hence
(171l = ) (7] — Ir2) < 0. )

Expanding (9), we obtain:
7170l = (I7a] + |7l |7l + 77 < 0.

Summing over i = 1,...,n gives

n n
nlnma| = (ml+m) Y Inl + )77 <0,
i=1 =1

Using
Z|Ti|:gISI(G) and 271»2:2B7
=1 i=1
we obtain:
n|m17m| — (|71] + |7 ) Ers1(G) + 2B < 0.
Therefore,
2B
£151(G) > Tl +28
‘Tl| + |Tn‘
as required. |

Remark 3. Equality holds if and only if
(7l € {Imal; [7al},
for every i =1,...,n.

Proposition 4.2. ([9]). Let G be a simple graph onn > 2 vertices, and let S be its ISI matriz.
Then,

E151(G) > /2B + n(n — 1)| det S[2/".
We include a proof for completeness.

Proof. We have

n

2 n
EIQSI(G) = (Z Tz|> = ZTE +2 Z |7575].
i=1

i=1 1<i<j<n

Since Y"1, 72 = 2B, it remains to estimate the second term.
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By the arithmetic-geometric mean inequality applied to the (Z) nonnegative numbers |7;7;],
1 <i < j < n, we obtain:

2
nn—1)

> \Tﬂjlzw I Imm

1<i<j<n 1<i<j<n

Each || occurs exactly n — 1 times in the above product, so

n n—1
H ITiTi| = <H|TL|> = |det S|" .
i=1

1<i<j<n
Therefore,
-1
S jmml > %| det |2/

1<i<j<n
Hence,

E25;(G) > 2B + n(n — 1)| det S|*/™,
which gives the desired bound. |

The proof of the next result follows the same argument as that of Proposition 2 in [14], and
is therefore omitted.

Proposition 4.3. Let G be a simple graph on n vertices with at least one edge. Let S be its
ISI matriz. If 71 is the largest eigenvalue of S, then

(n —1)?| det S|?/™

> .
Ers1(G) > + n—2[det S T

(10)

In the next result, we use the Randi¢ index R(G), defined by
RG) = Y \/%.
weE(G) ur
Since dyd, > 1 for every edge uv € E(G), we have R(G) < m.
Proposition 4.4. Let G be a connected graph on n vertices with minimum degree §. Then,

Ers1(G) > %R(G)

dydy

Proof. By Lemma 3.1, for every edge uwv € E(G), > g. Summing over all edges, we

du+dy
obtain: 5
ISI(G) > % (11)
On the other hand, the known bound [11]
4
Ers1(G) > ELS’I(G)7 (12)
together with (11) yields
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Finally, since R(G) < m, we obtain:

which completes the proof. |

We conclude this section with a lower bound for the ISI energy of triangle-free graphs in
terms of the second Zagreb index. Combining Proposition 2.1 with

4
Ers1(G) > —ISI(G),
n
we immediately obtain the following result.
Proposition 4.5. Let G be a connected triangle-free graph on n vertices. Then,
4
5]5](G) > EMQ(G)

To illustrate the lower bounds obtained above, we compare them with the exact ISI energy
for several standard graphs. The results are presented in the following table.

Table 3: Comparison of lower bounds for the ISI energy. The bound 4M»(G)/n? applies only
to triangle-free graphs.

Graph G &sr(G) 2O 2p(q)

2
2 3333 2.000  0.957
P 4460  1.920  0.966
P, 5870 1778 0.971
Kis 9508 2250 0.366
Kia 3200 2560  0.800
Kis 3727 2778 0.745
C, 1000 4000  2.000
Cs 8000 2667  2.000
o 90.657  2.000  2.000
e 16.000 1.000
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