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Abstract

For a > 0 we study a Randié¢-type functional on k-uniform
hypergraphs,

> (Pu@) 2+ Pule)™’?), Pule) =] du(v),

ecE(H) vEe

Oo(H) =

which extends Gao’s (R+RR) at « = 1. We prove that splitting
a (redundant) intersection strictly decreases ®,, for every a > 0,
and deduce a sharp maximum with fixed order n: among simple
connected k-uniform hypergraphs on n vertices, @, is uniquely
maximized by the complete hypergraph K,gk). We then study
minimizers on small k-uniform hypertrees, where m = |E(H)]
denotes the number of hyperedges. For m = 3 hyperedges,
there is a unique threshold ag ~ 6.1412175821 where the mini-
mizer switches from the linear hyperpath P;j to the sunflower
S(3,1,k) (with both extremal at oo = ap). For m = 4 no transi-
tion occurs: Py is the unique minimizer for all & > 0. Finally,
we show a barrier at o = 4: for @ > 4 branching can decrease
®,,, invalidating direct pendent-path merging.

(© 2026 University of Kashan Press. All rights reserved

1 Introduction

Degree-based topological indices are classical descriptors in mathematical chemistry (QSAR/QSPR);
see, e.g., [1]. Among them, the Randi¢ index was introduced by Randié¢ as a measure of molec-
ular branching [2] and has motivated an extensive literature, including sharp extremal bounds
and structural characterizations in broad graph classes; see, e.g., [3, 4]. A standard generaliza-
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tion introduces a real parameter and considers the generalized Randié¢ index

Ry(G)= > (da(w)da(v))®,

weE(G)

whose systematic study (extremal properties, variations, and the role of the parameter) is
surveyed, for instance, in [5]. This family also includes the reciprocal Randié index

which is related to irregularity measures and other degree-based variants [6]. Moreover, studying
jointly an index and its reciprocal, in particular via their sum, has been proposed as a systematic
research direction [7].

When relevant interactions are not strictly binary, it is natural to model them using hyper-
graphs [8-10]. In the k-uniform setting, a direct extension of Randi¢-type indices is to weight
each hyperedge e through the product

Py(e) == [[ du (o),

vee

which leads to multiplicative functionals analogous to those for graphs. This “hypergraph ap-
proach” to degree-products has been used explicitly to define and bound generalized Randié-type
indices in uniform hypergraphs; see [11]. Besides degree-product formulations, recent research
has also considered spectral extensions of Randié-type concepts for uniform hypergraphs. In
particular, Shirdel et al. [12] introduced the Randi¢ matrix of a uniform hypergraph and
studied the corresponding Randi¢ energy, establishing spectral properties and energy bounds.
More generally, degree-based indices for hypergraphs have received increasing attention in re-
cent years; see, for example, [13]. These developments indicate that Randié-type quantities in
hypergraphs can be studied from both combinatorial and spectral perspectives.

We also note that [11] discusses alternative modeling choices, including adjacency-based and
graph-inspired formulations, which are closely related to the spectral study of hypergraphs; see
also [14]. Recently, Gao [15] introduced for k-uniform hypergraphs the functional

(R+RR)(H) = ) <1+ PH(6)>,

e€E(H) Pr(e)

and solved extremal problems in natural classes, in particular in hypertrees (in the sense of
[16]), obtaining an optimal upper bound in the connected class with fixed order n.
In this paper, we study a parametric extension of that functional. For a@ > 0 we define

Ro(H)= > Pu(e)*? RRa(H)= > Pu(e)*? ®u(H):=(Ra+RRa)(H),
e€E(H) e€E(H)

which recovers [15] at @« = 1. From the chemical perspective, o should be understood as a
tuning parameter (rather than a universal physicochemical constant), with potential interest as
a family of degree-based descriptors.

Our contributions are: (i) we prove that splitting redundant intersections strictly decreases
®,, for all @ > 0 (Lemma 3.5), allowing us to extend the fixed-order upper bound and char-
acterize the complete hypergraph as the unique maximizer (Theorem 4.2); (ii) for hypertrees
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with m = 3 hyperedges, we show a threshold o where the minimizer switches from P} to
S(3,1,k) (Theorem 5.7); (iii) for m = 4, we show that the minimizer is always P, j for every
a > 0 (Theorem 7.6); and (iv) we exhibit a methodological barrier: for o > 4, there are local
configurations (already for graphs) where branching decreases ®@,,, preventing a direct extension
of the pendent-path merging technique (Proposition 6.1).

Relation with Gao’s work

The present paper is motivated by the recent work of Gao [15], who investigated the quantity
R(H)+ RR(H),

for uniform hypertrees and established extremal results for the case o = 1.

Several structural ideas used in the present paper originate from Gao’s approach. In partic-
ular, the comparison of local transformations on hypertrees and the analysis of degree-product
expressions are inspired by techniques already appearing in [15]. Consequently, some arguments
may be viewed as parameterized extensions of known methods.

However, the main contributions of the present work are genuinely new. First, we replace
the fixed exponent 1 by a continuous parameter o > 0, leading to the family of functionals

(DQ(H) = Roz(H) + RRQ(H)

This introduces a new analytic component that is absent from the framework of [15].

Second, for hypertrees with three hyperedges, we prove the existence of a critical threshold
o ~ 6.1412175821, at which the extremal structure changes from the path Ps j to the hyperstar
S§, .- No analogous threshold phenomenon appears in the case o = 1.

Third, we identify a structural barrier at @ = 4, showing that the pendent-path merging
principle underlying Gao’s method cannot be extended uniformly to all values of a.. This reveals
a qualitative change in the behavior of ®, and explains why new techniques are required beyond
the classical setting.

Finally, the complete classification of extremal k-uniform hypertrees with three and four
hyperedges for arbitrary a > 0 appears to be new.

Organization. Section 2 contains notation. Section 3 establishes analytic lemmas and the
splitting operation. Section 4 proves upper bounds with fixed order n. Section 5 treats m = 3
and the threshold «g. Section 6 discusses the barrier at @ = 4. Section 7 treats m = 4. We
close with conclusions.

2 Preliminaries and notation

Definition 2.1 (Hyperedge contribution). Let H be a k-uniform hypergraph and let e € E(H).
Define
Py(e) =] du(v),  ®a(H;e):= Pu(e)** + Py(e) /.
vee
Then
o(H)= > ®o(Hse).

e€E(H)

Definition 2.2 (Hypertree [16]). Let H = (V, E) be a simple hypergraph. For e € E write
H—e:= (V,E\{e}) and let ¢(-) denote the number of connected components (including isolated
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vertices). We say that H is a hypertree if H is connected and, for every hyperedge e € E, one
has
c(H—e€)=c(H)+|e| — 1.

Remark 1. If H is connected and k-uniform, then ¢(H) = 1 and the condition in Definition 2.2
is equivalent to ¢(H — e) = k for every e € E(H).

Lemma 2.3 (Intersections in k-uniform hypertrees). Let T' be a k-uniform hypertree. Then for
any two distinct hyperedges e # f of T, we have:

len fl <1.

Proof. Since T is k-uniform and connected, Remark 1 gives ¢(T — e) = k for every hyperedge e.

Assume for a contradiction that there exist e # f with |eN f| > 2, and choose z # y in eN f.
In the hypergraph T' — e the hyperedge f remains, so z and y still lie in the same connected
component of T — e. In particular, after removing e, it is impossible for the k vertices of e
to be distributed among k distinct components, so necessarily ¢(T — e) < k — 1, contradicting
(T —e)=k. ]

Definition 2.4 (Intersection graph). Let H = (V, E) be a hypergraph. The intersection graph
L(H) is the graph whose vertices are the hyperedges of H, where two distinct hyperedges
e, f € E are adjacent if and only if eN f # @.

Definition 2.5 (Linear hyperpath and sunflower). A linear k-uniform hyperpath is a hyperpath
in which any two hyperedges have at most one vertex in common. We denote by Py, ; the linear
k-uniform hyperpath with m hyperedges.

Let m >0 and 0 < h < k. A sunflower S(m,h,k) is the k-uniform hypergraph defined by
a core set A of h vertices and pairwise disjoint sets By, ..., By, of size k — h, whose hyperedges
are AUB; for 1 <i<m.

In particular, S(3,1, k) is a sunflower with a one-vertex core; we call it the hyperstar and
(

is
denote it by 53, := S 1, k).

3 Analytic lemmas and a splitting operation

Lemma 3.1 (Basic monotonicity). Let a > 0 and fo(x) = 2* + 2~ for x > 0. Then f, is
strictly increasing on [1,00).

Proof. For xz > 0,

fi(z) =az*t —az™ ! = arT H(2?™ - 1).

If > 1 then 2%* — 1 > 0, hence f/(x) > 0. ]

The following operation is the direct analogue (for ®,) of the key idea in Lemma 2.4 of [15]:
splitting an intersection decreases the functional.

Definition 3.2 (Splitting an intersection). Let H be a hypergraph and suppose two distinct
hyperedges ej, ez share a vertex u € ey Neg. Let u' be a new vertex (not in V' (H)) and define
H’ by replacing v with v’ in es, that is,

E(H') = (E(H) \ {e2}) U{(e2 \ {u}) U{u'}},

keeping all other hyperedges and vertices unchanged.
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Definition 3.3 (Redundant intersection vertex). Let e; # ea be two hyperedges with e; Ney #
@. We say that u € e; N ey is redundant (for the pair eq,es) if

(exNez) \ {u} # 2,
that is, if e; and e share at least one more vertex besides u.

Lemma 3.4 (Redundant splitting preserves connectedness). Let H be a connected hypergraph
and let e # es be hyperedges that share a redundant vertex u € e; Ney (in the sense of
Definition 3.3). Let H' be obtained by splitting u in es as in Definition 3.2. Then H' is
connected.

Proof. Let e, = (ex \ {u}) U {v'}. By redundancy there exists w € (e; Nez2) \ {u}, hence
w € e; Ne,. Thus, any walk in H using es can be replaced by a walk in H' using €5, and
essential intersections are not lost. Moreover, the new vertex u’ belongs to e} and is therefore
connected to the rest via e}, and w. Hence, H' is connected. ]

Lemma 3.5 (Splitting decreases ®, (an a-extension of Lemma 2.4 in [15])). Let H be a k-
uniform hypergraph and let H' be obtained by the operation in Definition 3.2. Then for every
a >0,

O, (H') < ®,(H).

Proof. Let s = dg(u) > 2 and write e}, := (e2\{u})U{u'}, so that E(H') = (E(H)\{e2})U{e}}.
In H’ the vertex u decreases its degree from s to s — 1, while the new vertex u’ has degree 1.
Thus, the only hyperedges whose degree-product may change are:

e all hyperedges e € E(H) with u € e (since dg(u) changes), and
e the hyperedge eq, which is replaced by é5.

Let e € E(H) with u € e and e # ez. Then all degrees in e remain the same except at u,
hence
s—1
Pri(e) = Pr(e)  ——,

S0, PH/(B) < PH(e)
For the replaced hyperedge,

P (e ) I duw)=s [ duw

veez\{u} UEez\{u}
whereas in H’,
PH/(62 = dH/ H dH/ ) =1 H dH = - PH(GQ)
vees\{u} veez\{u}

Thus, Py (e5) < P(ea).

If f € E(H) satisfies u ¢ f and f # eq, then degrees on f do not change and ®,(H'; f) =
Do (H: f).

Finally, since every vertex degree is at least 1, we have Py (f) > 1 for all f € E(H) and
also Py/(f) > 1 for all f € E(H'). Therefore, we are in the interval [1, 00) where the function
x— x%/% 4 /2 is strictly increasing (Lemma 3.1). Hence, from Pp/(e) < Py(e) we obtain

P, (H';e) < ®o(H;e) for every affected e € E(H).

In particular, the contribution of ey decreases strictly, and no other contribution increases, so
O, (H) < P, (H). |
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Remark 2. Lemma 3.5 formalizes the heuristic that decreasing degree-products in hyperedges
decreases @, which drives several extremal arguments in [15].

4 Upper bounds with fixed order n

Definition 4.1. The complete k-uniform hypergraph on n vertices, denoted by Ky(lk), is the
k-uniform hypergraph whose hyperedges are all k-subsets of its vertex set V' (with [V| = n).

Theorem 4.2 (Maximum with fixed order n (an a-extension of Theorem 5.1 in [15])). Let H
be a simple connected k-uniform hypergraph on n vertices, where 2 < k <n andn > 3. Then

for every a > 0,
n n—1 ak/2 n—1 —ak/2
d,(H) < .
= ()G 60

Equality holds if and only if H = K,(lk).

Proof. Since H is k-uniform, for each vertex v € V(H) the number of hyperedges that may
contain v is at most the number of (k — 1)-subsets of V(H) \ {v}, namely

aut) < (171):

Therefore, for each hyperedge e € E(H),
n—1\"
Pale) = UH@‘ZH(”) : (/c - 1) '

Consider the function
go(z) = 2% 4 2=/2 (x >1).

It is strictly increasing on [1, 00), since

gh(z) = %:co‘mfl - %x*a/%l = %m*“/%l(xa -1)>0 forz>1.

As Py (e) > 1, monotonicity yields for every e € E(H),

n—1 ak/2 n—1 —ak/2
Pa(Hie) = Pu(e)"* + Pule)™*" < (k - 1) i (k - 1) '

Finally, a k-uniform hypergraph on n vertices has at most (2) hyperedges, hence

o(H)= > ®u(Hse)

e€E(H)

)| (Z_ DM ; (Z_ 1)“/2]
(WG ~Go) )

For equality, we must have simultaneously:

IN
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e |[E(H)| = (Z), and

e Py(e) = (Zj) * for every e € E(H), forcing d(v) = (Z:}) for all v € VI(H).
The first condition implies that F(H) contains all k-subsets of V(H), i.e. H & K%, Conversely,
if H=~ K™, then |E(H)| = (}) and every vertex satisfies dp (v) = (Z:i), so equality holds. W

Corollary 4.3 (A separate upper bound for RR,). Let H be a simple connected k-uniform
hypergraph on n vertices, where 2 < k <mn and n > 3. Then, for every a > 0,

a/2 n n — 1 Otk?/2
= < .
RRo(H)= > ([Jdatv) < (k) (k _ 1)
e€EE(H) veEe
Equality holds if and only if H = Kf,k).
Proof. As observed in the proof of Theorem 4.2, every vertex of H satisfies
n—1
d < .
1(v) < (k - 1)

Consequently, for every hyperedge e € E(H),

Pt =TLanw = (3 1)

Since o > 0, it follows that

ak/2
Summing over all hyperedges yields RR,(H) < |E(H )|( ) . Since a simple k-uniform

k—1
hypergraph on n vertices has at most (Z) hyperedges, we obtain

RR, (H) < (Z) <Z B D "

Suppose now that equality holds. Then equality must occur in both inequalities above. In
particular, |E(H)| = (Z) Since H is a simple k-uniform hypergraph on n vertices, this implies

that every k-subset of V(H) is a hyperedge. Hence H = K,gk). Conversely, if H & K,(Ik), then

\B(H)| = (Z) and  dp(v) = (Z:i)

n—1
k-1
bound is attained with equality. |

k
for every vertex v € V(H). Therefore, Py (e) = ( > for every hyperedge e, and the above

Corollary 4.4 (Recovery of Theorem 5.1 in [15]). Under the hypotheses of Theorem 4.2, taking

a =1 yields o\ 2 _ 1\ k2
(R +RR)(H) < (Z) [(ZJ * (Z1> ]

with equality if and only if H = K,(lk).

Proof. Substituting o = 1 into Theorem 4.2 gives the stated bound, and the equality charac-
terization is unchanged. u
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5 The case m = 3: structural classification of minimizers

In this section, we fix k > 2 and consider k-uniform hypertrees with exactly m = 3 hyperedges.

5.1 Two canonical candidates

Lemma 5.1 (Closed forms (an a-version of Lemmas 3.1-3.2 in [15], case m = 3)). Let o > 0.
Then
Da(Pr) =2(202 +27012) 4 (20 4 279),

and
By (S5,) = 3(36“/2 + 3—“/2).

Proof. In the linear hyperpath Ps ., the two pendent hyperedges each contain exactly one vertex
of degree 2 and k — 1 pendent vertices, so their degree-product equals 2. The central hyperedge
contains two vertices of degree 2 and k — 2 pendent vertices, so its product is 4. Summing the
three contributions gives the stated formula for @, (Ps ).

In the sunflower S5, =S (3,1, k) there is a core vertex of degree 3, and each hyperedge has
degree-product 3. Summing the three contributions gives the stated expression. |

5.2 Reduction to the linear form when A(T) <2

Lemma 5.2 (Minimization under A(T) < 2). Let T be a k-uniform hypertree with |E(T)| = 3
and A(T) := max,cy () dr(v) < 2. Then for every o >0,

(I)a(T) Z CDQ(PSJC)»
with equality if and only if T = Py .

Proof. By Lemma 2.3, any two hyperedges of T intersect in at most one vertex. Since |E(T)| = 3
and T is connected, the intersection graph L(T') (Definition 2.4) is a connected graph on three
vertices, hence L(T) = P or L(T) = Cs.

We claim that L(T') cannot be a triangle under A(T) < 2. Indeed, if L(T) = C3, then every
pair of hyperedges intersects. Since no vertex belongs to three hyperedges (because A(T) < 2),
the three intersections e; Neg, e2 Nes, ez N e; must be distinct vertices. Let u € e; Ney and
v € exNes. InT — ey the hyperedges e; and es remain and intersect, hence u and v lie in the
same connected component of T' — es. Thus two vertices of es lie in one component of T' — es,
so ¢(T — e2) < k — 1, contradicting that 7' is a k-uniform hypertree (Remark 1).

Therefore L(T') = Ps, i.e. there are hyperedges eq, €2, €3 with e; Nes # &, ea Nes # &, and
e1Nes = &. By Lemma 2.3, |e; Nes| = |ea Nes| = 1. This determines (up to isomorphism)
exactly the linear hyperpath Ps j: there are two vertices of degree 2 (one in e; Ney and one in
ez Neg), and all other vertices are pendent. Hence T' = Ps ;, and the claim follows. [ |

5.3 Reduction to the sunflower when a degree-3 vertex exists

Lemma 5.3 (Minimization under existence of degree 3). Let T' be a k-uniform hypertree with
|E(T)| = 3 such that there exists w € V(T') with dr(u) = 3. Then for every a > 0,

(I)a (T) 2 (I)oc (Sg,k)a

with equality if and only if T = S5 ..
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Proof. If there exists u € V(T) with dr(u) = 3 and |E(T)| = 3, then u belongs to all three
hyperedges of T. By Lemma 2.3, any two hyperedges intersect in at most one vertex, and since
they already share u, their intersection is exactly {u}. Thus the three hyperedges meet only in
the core vertex u, so T'= S(3,1,k) = S5, and the statement follows. |

5.4 Comparison and threshold in «

By Lemmas 5.2 and 5.3, any global minimizer (among k-uniform hypertrees with m = 3 hyper-
edges) must be isomorphic to Psj or S§7 x- Thus, the problem reduces to comparing the two
expressions in Lemma 5.1.

Define the difference function

F(a) = @ (Ps ) — ®a(S5,) = 2(2“/2 + 2—“/2) + (2“ + 2—“) - 3(36*/2 + 3-‘”2).
Note that F'(0) = 0 (interpreting the limit as « | 0) and F(a) = F(—a).
Lemma 5.4 (Convexity from « = 4). The function F' is strictly convex on [4,00); in particular,
F'"(a) >0  forall a > 4.
Proof. Let t = a/2 > 2. Then,
Fla)=2(2"+27") + (4" +47") = 3(3" +377).

A direct differentiation gives

log 2)? 1 2
Fr(a) = 10827 °g2 (2t 427 + (log2)2(at 44y — 0B g0 | 5oy
Define ) )
log 2 3(log 3
Dty = 182" = Z ot 1 274) 4 (log)p(at 4 4ty — 30083 = 3130,
Thus,
F'(a) = D(a/2).
Differentiating with respect to ¢, we obtain
1 1 3
D'(1) = (log2)? <2(4t —4 42 - 2t)) _ 3 Of 3" (3t _ g1y
For t > 2,
2
4t _ 4—t — 4t(1 _4—2t) Z §4t7
256
and 3¢ — 37! < 3%, Also,
2t —27t > 0.
Therefore,
255 ; 3 )
D'(t) > 2=—(log2)* 4" — = (log 3)* 3".
(1) > 25 (10g2)* 4' — (log3)* 3

Since t > 2, we have
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Hence,
255 16 3
D'(t) > (25— —(log2)* — ~(log 3)* ) 3".
(0> (2525 (ox2)* ~ J(1og3)

Using the well-known estimateslog 2 > 0.69, and log3 < 1.1, we obtain

255 16 3 255 16 3

2-— —(log2)® — = (log3)® > 2-——(0.69)® — ~(1.1)*> > 0.

256 o 1082)" = 708 3)" > 2526 (0.69)" = 2(1.1)7 > 0

Consequently,
D'(t)>0  forallt>2.

Thus, D is strictly increasing on [2, 00).
It remains to check that D(2) > 0. We have

(17 257 5 3 1 9
D(2)—<8 + 16>(log2) 4<9+9>(log3) .
Using again

69 11
log2> 22 log3 < =
R [ R RN Tk

17 257\ /69\*> 3 1\ /11\?
D(2 a2 (22) -2 ~) (= .
()><8+16)<100> 4<9+9>(10> >0

Therefore, D(t) > 0 for all ¢ > 2. Since

we get

F'(a) = D(a/2),

we conclude that
F'(a) >0  forall a>4.

Hence, F is strictly convex on [4, 00). [ ]

Lemma 5.5. For every 0 < a < 4, one has F(a) <0.

Proof. Put t = %. Then 0 < ¢t < 2, and F(a) = G(t), where

Git)=2(2"+27") + (4" +47%) - 3(3" +371).

log 3
Let s=tlog2, r = %. Then, 0 < s < 2log2 = log4, and
0g

G(t) = 4cosh s + 2 cosh(2s) — 6 cosh(rs).
Thus G(t) < 0 is equivalent to
D(s) := 3 cosh(rs) — 2cosh s — cosh(2s) > 0.
We shall prove that D(s) > 0 for 0 < s < log4. Since

. log3 19
~log2 T 127
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and since cosh x is increasing for x > 0, we have

19
cosh(rs) > cosh(us) .

Therefore,

1
D(s) > 3cosh(1zs> — 2cosh s — cosh(2s).

For 0 < s <log4, Taylor’s formula with remainder gives

costi (125 > 14 L (19) L (T L (19"
12°) = T3\ 12° 24 \ 12° 720 \12°)

while , ) ua : . |
s s cosh(log4) 4  cosh(log4) 4
< — -
coshs <1+ 3 +24+ 20 s+ 10320 s°,
and ( )2 ( )4 ( )6 h( 1 4)
2s 2s 2s cosh(2log s
h(2s) <1 25)°.
cosh(2s) < 14+ 21 T 720 20320 %)
Since . yor
cosh(log4) = 3 cosh(2log4) = 35

we obtain D(s) > P(s), where

73, 5905 ,  AITT051 2747

P _ _ .
(5)=96° * Tomsss® ~ 1a3327232°  53760°

Writing z = s2, this becomes

Pls) = E+ 5905 L 4177051 2 2747 .3
B 96 165888 143327232 53760 '

Because 0 < s <log4, we have 0 < z < 2. Hence,

3 n 5905 L 4177051 2 2747 B> 73 4177051 o _ 2747
96 165888 143327232 93760 T 96 143327232 53760
1248444367

= 2508226560

Therefore P(s) > 0, and consequently
D(s) > 0, for 0 < s <log4.

Thus,
G(t) <0, for 0 <t <2.

Equivalently,
F(a) <0, for 0 < a < 4.

Lemma 5.6 (Existence and uniqueness of the threshold «y). There exists a unique real number
ap > 4 such that F (o) = 0. Moreover, F(a) <0 for 0 < a < o, and F(a) >0 for a > .



374 N. B. Huamani / Extremal a-Sum of the Randi¢ Index and its....

Proof. By Lemma 5.5,
F(a) <0 for every 0 < o < 4.

In particular, F(4) < 0. On the other hand,
lim F(a) = o0,

a—r 00

since the dominant term of F(a) is 2%, which grows faster than 3%/2,
Therefore, by continuity, F' has at least one zero in the interval (4, c0).

Now, by Lemma 5.4, the function F is strictly convex on [4,00). Consequently, F” is strictly
increasing on [4, c0).
Since F(4) < 0 and F(«) — +00 as @ — 00, strict convexity implies that F' can intersect the
horizontal axis at most once on (4,00). Hence there exists a unique number ag € (4,0), such
that F(O[()) = 0.

Finally, since F'(a)) < 0 on (0,4], and «ag is the unique zero of F in (4, 00), it follows that

F(a) <0 for 0 < a < ap.
Moreover, because F' is continuous and has no further zeros for o > «g, we obtain
F(a)>0 for a > ap.

Therefore, aq is the unique threshold satisfying the stated sign change, and in particular ay >
4. |

Remark 3. [Numerical value] The equation F'(«) = 0 is equivalent to
2(204/2 + 2—04/2) + (20( + 2—04) — 3(3&/2 + 3—04/2>.
Its unique positive solution is o ~ 6.1412175821.

Theorem 5.7 (Threshold in « for the minimizer when m = 3). Let k > 2 and let T be a
k-uniform hypertree with |E(T)| = 3. Let ag be the threshold from Lemma 5.6. Then:

o if 0 < a< g, then ©o(T) > ©o(Ps ) with equality if and only if T = Ps j;
o if a> g, then @o(T) > P (S5 ;) with equality if and only if T = S5 . ;
e if a = oy, then both attain the same value and are exactly the two minimizers.

Proof. By Lemmas 5.2 and 5.3, any global minimizer must be isomorphic to P; j or S5 k- The
comparison is governed by the sign of F(a) = ®o(Ps k) — ®a(S3 ;). By Lemma 5.6, F(a) < 0
iff 0 < a < ap, and F(a) > 0 iff @ > . The statement follows. |

6 A methodological threshold at o = 4 for pendent-path
merging

In [15], the minimum for m > 3 is enforced by transformations that essentially compare attach-
ing two pendent paths versus attaching a single longer one (Lemmas 2.5-2.7 in [15]). In this
section, we show that this principle cannot, in general, be extended to ®, when o > 4.

To simplify and capture the phenomenon, it suffices to consider the case k = 2 (graphs).
Let G be a connected graph and let v € V(G) with degs(u) = p > 1. Let G,(1,1) be the
graph obtained from G by attaching two new leaves to u, and let G,,(2) be the graph obtained
by attaching a path of length 2 to u (a new vertex x adjacent to u and a leaf adjacent to x).
This is the same type of local operation underlying Lemma 2.5 in [15].
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Proposition 6.1 (Failure of pendent merging for « > 4). For every o > 4 there exist p > 1
and a connected graph G with a vertex u of degree p such that

D, (Gu(1,1)) < Do (Gru(2)).

In particular, the pendent-path merging argument used for « = 1 does not extend directly to the
whole range oo > 0.

Proof. Let t = %. Since o > 4, we have ¢t > 2. Recall that for graphs,

?,(G) = Z ((degx degy)’ + (degx degy)*t).
zy€E(G)

Take G = Ki p, with center u. In G,(1,1), the center has degree p + 2, and every edge has
degree-product p + 2. Hence,

D (Gu(1,1)=(+2)((p+2)"+(»+2)7").

In G,(2), the original p edges have degree-product p + 1, the new edge incident with u has
degree-product 2(p 4+ 1), and the terminal edge has degree-product 2. Therefore

Ta(Gu2) =p((+ 1"+ (@+1)7) + Qe +1)) +2p+1)7" +2°+27"
Then,
Ap) = +2)((P+2)" +(+2)") —p(p+ )"+ (p+1)7")
—@2rp+1) - C2rE+1)" -2 27"
We now estimate A;(p) as p — oo. Since ¢ is fixed, Taylor’s formula gives

2 t+1
(p+2)+! = it (1 * p> — (4 1)+ O,

and .
pp+1)" =p! (1 + ;) =p T+t + 0.
Similarly, .
(2(p +1))" =2"p' (1 + ]13) =2'p" +0(p'™).
The remaining negative-power terms satisfy
(P+2)' =00, P+ =00"),  2rE+1)7" =00,
and the constant term 2! + 27¢ is also o(p?). Consequently,
Ay(p) = (t +2— 2t)pt +o(ph).
Since t > 2, we have 2! > t + 2. Indeed, the function h(t) = 2t — t — 2 satisfies h(2) = 0 and
B'(t) =2'1og2 — 1 >4log2 — 1 > 0, (t > 2).
Thus, t + 2 — 2! < 0. It follows that A(p) < 0 for all sufficiently large p. Hence, for such p,
D0 (Gu(1,1)) < Pa(Gu(2)).

This proves the claim.
|

Remark 4. The critical value t = 2 (i.e. & = 4) appears structurally via the equation ¢+ 2 = 2?
governing the sign of the leading term. This identifies & = 4 as a methodological threshold for
pendent-merging arguments when studying ®.,.
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7 The case m = 4: no threshold and the minimizer is always
Py,

In this section, we fix k > 2 and consider k-uniform hypertrees with exactly m = 4 hyperedges.
As before, write fi(z) = 2' + 2z~ with t = a/2 > 0.

7.1 Three canonical candidates and a branched linear variant

We define three canonical shapes (all k-uniform):
o the linear hyperpath Py ;;
e the sunflower S(4,1,k) (core a single vertex of degree 4), denoted 57 ;;

o the broom By y: three hyperedges share a vertex u (of degree 3), and a fourth hyperedge
is attached to one of those three via a vertex v (of degree 2), with v # u, and no further
intersections.

Moreover, within the subclass A(T') < 2 there is a branched realization:

o the linear edge-star E,j: one central hyperedge is adjacent to the other three via three
distinct vertices (each of degree 2), and the three leaves are pairwise disjoint.

Lemma 7.1 (Closed forms for the four models). Let o > 0 and t = «/2. Then:
Do (Pur) = 2/:(2) +2fi(4),  Pa(Sik) =4fi(4),

Do (Ear) =3f1(2) + f1(8),  Pa(Bak) = fi(2) +2f1(3) + f1(6).

Proof. Compute the degree-product Pr(e) = [],c. dr(v) for each hyperedge and sum contri-
butions. In Py j there are two hyperedges with product 2 (the ends) and two with product 4
(the internal ones). In S}, each hyperedge contains the core vertex of degree 4, so the product
is 4 for all four hyperedgés. In Fy4 ) the three leaf hyperedges have product 2, while the central
hyperedge contains three vertices of degree 2 and thus has product 8. In By : two of the cen-
tral three hyperedges have product 3, the central hyperedge that also contains v has product
3.2 =6, and the final leaf hyperedge has product 2. |

7.2 Structural classification for m =4

Lemma 7.2 (Structural classification for m = 4). Let T be a k-uniform hypertree with |E(T)| =
4. Then T' is isomorphic to one of the four models Py, Eyk, Bak, or S .

Proof. By Lemma 2.3, any two distinct hyperedges of T intersect in at most one vertex.

We distinguish according to the maximum degree A(T).

Case 1: A(T) = 4.

There exists a vertex u contained in all four hyperedges. Since any two hyperedges already
intersect in u, Lemma 2.3 implies that they cannot share any additional vertex. Hence, every
pair of hyperedges intersects exactly in {u}, and therefore T'= Sj .

Case 2: A(T) = 3.
There exists a vertex u contained in exactly three hyperedges, say eq,es, e3. Again by

Lemma 2.3,
eiNe;={u}, (1<i<j<3).
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Since T is connected, the fourth hyperedge e, must intersect at least one of ey, eo, e3. More-
over, e4 cannot contain u, for otherwise v would belong to all four hyperedges and we would
have A(T) = 4. Thus ey, meets one of ey, €3, e3 in a unique vertex v # u.

Since no pair of hyperedges can intersect in more than one vertex, this configuration is
uniquely determined up to isomorphism and yields the broom By j.

Case 3: A(T) < 2.

No vertex belongs to three hyperedges. Consider the intersection graph L(T). Since T is
connected, L(T") is connected and has four vertices.

We claim that L(T") contains no cycle. Suppose otherwise that L(T) contains a cycle

€1€2 - €req.
For each i, choose a vertex
T; € e MNeir,

where indices are taken modulo r. By Lemma 2.3, these intersection vertices are distinct.
Now remove the hyperedge e;. The vertices z, and z1, both belonging to e;, remain
connected through the chain
€ryCr—1y...,€2.

Hence, the deletion of e; does not disconnect all vertices of e1, contradicting the acyclic character
of a hypertree. Therefore, L(T') is acyclic.
Since L(T') is connected and acyclic on four vertices, it is a tree. Consequently,

L(T) = P4, or L(T) = K173.

If L(T) = Py, then the four hyperedges form a linear chain, and therefore T' = Py .

If L(T) = K, 3, then one hyperedge intersects each of the other three, while those three are
pairwise disjoint. Since A(T") < 2, the three intersections occur at distinct vertices of the central
hyperedge. This is precisely the configuration Ey .

Thus T is isomorphic to one of Py, E4j, Bay, S;k,. |

7.3 Final comparisons: P,; beats all others
Lemma 7.3 (Comparison Py vs. Sj ). For every a >0, one has ®o(Pyk) < ®a(S] )
Proof. By Lemma 7.1,
D0 (S5 5) = PalPur) = 4fe(4) — (2:(2) + 2f1(4)) = 2(fi(4) — f1(2)) >0,
since f; is strictly increasing on [1,00) (Lemma 3.1) and 4 > 2. [ |

Lemma 7.4 (Comparison Py j vs. Eq ). For every a > 0, one has ®o(Pag) < Po(Eyk).

Proof. By Lemma 7.1,

Do (Ba) — Pa(Pag) = (f:(8) + f:(2)) — 2f:(4).

Writing fi(z) = 2cosh(tlnx), the function z — fi(e®) = 2cosh(tz) is strictly convex on R.
Since In4 is the midpoint of In2 and In 8, strict convexity gives 2f:(4) < f1(2) + f+(8), hence
the difference is positive. |

Lemma 7.5 (Comparison Py j vs. Byy). For every a >0, one has ®4(Py ) < Po(Bak)-
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Proof. Let t = a/2 >0 and set X =2, Y = 3!, From Lemma 7.1 and f;(z) = ' + 7%,

Dy (Bag) = PalPar) = (= fi(2) + 2£:(3) + [:(6) — 2f1(4)).

In terms of X,Y this equals

(X + X H 42V + Y H+ (XY +(XY)H —2(X2 + X72).

A direct factorization yields

(I)oz(B4,k) - (I)oz(P4,k) - —

(X?Y - 1) (X(2X +1) =Y (X +2))

X?Y
Since X2Y > 1 for t > 0, it suffices to prove
3\t 2X +1
XEX+1)-Y(X+2)<0 = (5) > X—:—Q .
As X = 2%, the right-hand side simplifies to
2741, 3
2t 42 2t +2°

Define

2t 4+ 27

0= () m() - S0

By AM-GM, (2! +2)% > 8- 2¢, hence

Then ¢(0) = 0 and

< 3.2t n2 3In2
(2t4+2)2 — 8

Therefore,

3) _ 3In2 >0,

¢ >In(3) -

50 ¢ is strictly increasing and ¢(t) > 0 for all ¢ > 0. This implies @ (B i) — Po(Pak) >

0. |

Theorem 7.6 (Global minimizer for m = 4). Let k > 2 and o > 0. Among all k-uniform
hypertrees with |E(T)| = 4, the functional ®,(T) is minimized uniquely by the linear hyperpath

P4,k.

Proof. Let T be a k-uniform hypertree with |F(T")| = 4. By Lemma 7.2, T is isomorphic to one

of Py, Euap, Bay, or Sjik. By Lemmas 7.3 to 7.5, for every a > 0 we have

¢Q<P47k) <P, (X) forall X € {E4,k,B4,k752,k}'

Hence ®,(T") > ®4(Pyx), with equality if and only if T = Py .
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8 Conclusions

We considered the parametric family ®, = R, + RR, on k-uniform hypergraphs (recovering
the case a = 1) and showed that the parameter o can change the extremal structure even for
small hypertrees. For m = 3 hyperedges a threshold occurs: there exists a unique ag > 0 such
that Psj is the minimizer for 0 < oo < o, whereas S(3,1, k) is the minimizer for o« > o (and
both coincide at o = ag). In contrast, for m = 4 there is no transition: the global minimizer is
always Py j for every a > 0.

One of the most significant phenomena revealed by our analysis is the appearance of a
structural barrier at « = 4. Proposition 6.1 shows that the pendent-path merging principle,
which is one of the key ingredients in Gao’s approach [15], ceases to be valid once o > 4.
Consequently, arguments based on repeated merging transformations cannot be expected to
provide a uniform extremal theory for the entire family ®,,.

From a methodological perspective, this observation is important because it identifies a
genuine obstruction rather than a technical limitation of the proof. The value a = 4 emerges
as a critical threshold for the pendent-path merging technique. Proposition 6.1 shows that this
transformation, which is effective in the classical setting, ceases to be universally valid when
a > 4. Beyond this point, the term

(deg u degv)®/?,
dominates the reciprocal contribution, causing local transformations that decrease ®,, for small
values of a to become ineffective.

This suggests that the study of extremal problems for ®, naturally splits into different
parameter regimes and that new structural methods may be required for the range o > 4.
Understanding these regimes for larger classes of uniform hypertrees appears to be an interesting
direction for future research.

On the structural side, splitting redundant intersections strictly decreases ®,, for all a > 0,
which extends the fixed-order upper bound and characterizes the complete hypergraph as the
unique maximizer in the connected class.
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