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1 Introduction

In the field of chemical graph theory, graph invariants are an excellent mathematical tool for
studying the structural properties of different chemical compounds (see, for example, [1-3]).
Among the most useful are the topological indices attached to an undirected simple graph
G = (V, E), defined by:

THG) = ). eldidy), (1)

ViV ck

where ¢ is an appropriately chosen function, and d; is the degree of a vertex v; € V. These are
referred to as vertez-degree-based (VDB) indices [4-6]. The matrix (usually referred to as the

*Corresponding author

E-mail addresses: almasa.odzak@pmf.unsa.ba (A. Odzak), lamija.sceta@efsa.unsa.ba (L. Séeta), med-
ina.zubaca@pmf.unsa.ba (M. Zubaga)

Academic Editor: Tomislav Doslic


https://orcid.org/0000-0001-6269-9759
https://orcid.org/0000-0002-0410-0311
https://orcid.org/0000-0001-9669-3312

308 A. Odzak et al. / Vertex-Degree-Based Energy for Selected Classes of....

VDB matrix) induced by the VDB topological index TI(G) is the square matrix of order |V,
whose element at position (i, j) is defined by:

(p(di, dj), if VU5 € E,
O7 if V; Uy ¢ E,
0, if = j.

This matrix structure was introduced as a natural extension of classical graph adjacency ma-
trices, embedding degree-based information directly into edge weights.

The energy of a graph corresponding to a matrix derived from a topological index is defined as
the sum of the absolute values of that matrix’s eigenvalues.

The recently conceived Sombor index [7], defined by selecting ¢(z,y) = /22 + y? has
attracted much attention. This VDB molecular structure descriptor is based on geometric
considerations [7-10]. Some of its several noteworthy applications are [11-18]. The results of
mathematical investigations into the Sombor index can be found in the review [19].

The Sombor matrix, the matrix associated with the Sombor index, was introduced in [7, 20],
and has since been investigated by numerous authors, see, e.g., [20-28].

To obtain more effective and discriminative molecular descriptors, the function underlying
the Sombor matrix, originally based on the Euclidean distance, has been further generalized
and refined. As a result, several modified forms of the Sombor matrix have been introduced and
analyzed, including the modified Sombor [3], the elliptic Sombor [29], Euler-Sombor [30], p-
Sombor [31], and the diminished Sombor matrices [32]. These variants aim to capture additional
structural nuances and enhance the sensitivity of Sombor-based indices to different molecular
configurations.

Beyond these Sombor-driven formulations, further notable instances arise from alternative
choices of the function ¢. Well-known representatives include AG, GA, Gourava, Randi¢,
Zagreb, and several related indices, whose original formulations and subsequent spectral in-
vestigations are concisely listed in Appendix A. Table 2 compiles the sources in which these
indices were introduced, as well as key references analysing the associated VDB matrices and
their energies, thereby offering a convenient overview of their presence and development in the
existing literature.

Some compounds can be represented by graphs that arise as products of simpler component
graphs [33]. Consequently, it is of interest to study how various graph invariants behave under
these product operations and how they relate to the corresponding invariants of the factor
graphs [34]. Therefore, analysing topological indices, the associated matrices and corresponding
graph energies for certain graph products provides a deeper understanding of how molecular
structure influences spectral and energetic properties.

Several studies have investigated topological indices for graph products, including [33, 35—
37]. In many of the resulting formulas, the contributions of the individual factor graphs, as
well as the interactions arising from the specific definition of the considered product, can be
clearly identified. By contrast, when examining the energy associated with a graph product, the
interdependence between the factors is deeply embedded in the structure of the corresponding
matrix. Consequently, computing the energy is often challenging, and there is no clear direct
analytical relationship between the energy of the product and the energies of its factors.

However, there are classes of graphs for which a direct relationship can be established
between the VDB matrix and the adjacency matrix. In such cases, known spectral results
describing the spectrum of the adjacency matrix of a product graph in terms of the spectra of
its factors can be utilized to derive results for the corresponding energy of the product. These
classes include regular and semiregular bipartite graphs. This makes it possible to compute the
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VDB energy for a wide range of graphs that are relevant in practice, such as cycles, complete
graphs, star graphs, complete bipartite graphs and various products derived from them.

Also, a broad and significant class of graphs exists for which such a direct connection does not
hold. Numerous examples of graphs belonging to these classes demonstrate that no straightfor-
ward relationship can be established between the spectrum of a product graph’s VDB matrix
and the spectra of its factors. Alternative analytical or computational methods must there-
fore be employed to determine the corresponding spectrum and the associated energy for such
products.

The present paper investigates a highly general form of VDB matrices for several selected
graph families and their corresponding energies. Specifically, we study VDB matrices induced
by functions ¢ of a highly general four-parameter form (defined by (3)), where appropriate
parameter choices recover not only the classical Sombor matrix and its known modifications,
but also numerous other matrices, as listed in Table 2.

This unified formulation enables the systematic introduction and analysis of new VDB indices,
their corresponding matrices, and the associated spectral energies. Furthermore, examining
continuous variations of one or more parameters within selected ranges allows us to analyse
the influence and emergence of individual terms within the defining function in more detail,
providing deeper insight into the structural and energetic behaviour of the resulting descriptors.

Let @ denote the family of functions ¢ of the form (3). The general form of the VDB matrix
corresponding to ¢ € ® will be called the ~VDB matrix, and the associated energy the &-VDB
energy. We calculate the -VDB energy for some graph families, including cycles of any order,
complete graphs, star graphs, and certain graph products containing factors from these families,
such as the closed fence graph, Hamming graphs, and their complements. Particular focus is
given to the products of star and wheel graphs with K5, as such structures are of notable
interest in chemistry.

To obtain closed-form expressions, certain trigonometric sums are evaluated. The resulting
formulas are particularly useful for numerical computations, as they enable fast and stable
evaluation across wide parameter ranges.

It should be noted that the definition of the VDB matrix itself and most of the associated
terms and results are largely independent of the traditional construction using vertex degrees. In
fact, the same computational framework can be applied when the considered function depends
on other vertex characteristics.

For example, in [38], a variant of the Sombor matrix was defined in which the vertex degree was
replaced by the number of geodesic paths passing through that vertex. This quantity is known
as the vertex stress. Similarly, multiplicative and additive variants of Szeged weights based on
vertex partitions are used for matrix construction and further research in [39] and [40]. This
extends the applicability of ®-VDB matrices beyond purely degree-based formulations.
Although these concepts were initially introduced within the framework of mathematical chem-
istry, their scope extends to numerous other disciplines. Investigating graph invariants is im-
portant for various network-theoretical applications in fields such as the social sciences, com-
munication networks, biological systems, and complex data structures [37].

2 Preliminaries

2.1 Some graphs and their spectra

Unless stated otherwise, the spectrum of a graph G refers to the spectrum of its adjacency matrix
A(G). The spectra of cycles, complete graphs, and complete bipartite graphs are described in
the following proposition.
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Proposition 2.1 ([41], Lemma 2.1; [42], pages 8-9). The spectrum of the adjacency matriz for
the cyclic graph C,,, complete graph K,,, and complete bipartite graph K, , are given by:

9
. {2COS<ﬂ-j>:j=0,...,n—1},
n

SAkg, = {n—-1,-1}, wherem(n —1)=1 and m(-1) =n—1,

SAk,, = {vpag,—/pq,0}, where m(\/pq) = m(—+/pq) =1 and
m(0) =p+q—2.

N
N

Q
I

Here, m()\) denotes the multiplicity of eigenvalue \.

2.2 Graph products and their spectra

Theoretically, it is possible to define many products of two given graphs. Three of them are
standard: these are the Cartesian product, the direct product, and the strong product of graphs.
Here, we summarize their definitions and information about their spectra (see, for example, [42]
or [43]).

Let G; = (V4, E1) and Gy = (Va, E3) be two simple finite graphs. In all cases, the vertex
sets are the same and defined as V =V x V5.

The Cartesian product of graphs GG; and Go, denoted by G100Gs, is a graph operation that
produces a new graph Go = (V, E¢) such that there is an edge between v = (v11,v21) and
vy = (v12,v22) if and only if one of the following holds vy1; = vi2 A (v21,v22) € E3 or vy =
vo2 A (v11,v12) € Ey.

The direct (Kronecker) product of graphs G; and G2, denoted by G ® G is a graph operation
that produces a new graph Gx = (V, Ex) such that there is an edge between v = (v11,v21)
and v = (’1}12,1}22) if and only if (’1}11,1}12) € F1 A (’021,’[}22) € bs.

The strong product of two graphs is a graph operation that combines elements of both the
Cartesian product and the direct product. The strong product of graphs G; and G5, denoted by
G1X Gy is a graph operation that produces a new graph Gg = (V, Eg) such that Es = EcUFEk.

The spectra of graphs created using the introduced products are completely determined by
the spectra of factors G; and Ga, as nicely summarized in [44, Table 4].

Also, by definition, it is easy to conclude that the regularity of graphs is preserved when
applying these graph products (see, for example, [42, 43]), i.e. the Cartesian, direct and strong
products of two regular graphs are also regular graphs. In Table 1, eigenvalues of the adja-
cency matrix for products under consideration are presented. Also, the degree of regularity is
presented in the case of a regular factor.

Graph Eigenvalues of adjacency matrix Regularity r
G1 Ai 1

Go o To

GiOG2 A+ 1+ 72

Gr® G2 Ay T1T2

GiXGy N+ pj+ iy Tire + 71+ 12

Table 1: Eigenvalues and regularity of graph products.
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2.3 Evaluation of some trigonometric sums

In order to derive different ®—VDB energies for selected graphs and their products, we will use
some trigonometric sums (determined by selecting specific values of parameters [ and m), given
in the following lemma. The proof of the lemma is given in Section 4.

n—1 .
Lemma 2.2. Let A,(I,m) =Y |lcos 2%3 +m|, then
§=0
n|mf, for |m| =1,

An(l,m) :{ m (4t +2 — n) + 2072 ))2%), for |m| <.

Sin(

|3 [pol=

3

where t = | 3= arccos (— 7).

3 Results

3.1 ®—VDB matrix and its energy

Motivated by the existence of multiple variants of VDB matrices in the literature, especially the
Sombor matrix and its modifications, we introduce a ®—VDB matrix defined by a parametric
function of vertex degrees. Specifically, for real parameters a, 3,7, d let 79 be a function
given by:

U0 (2, y) = (2% + y* + day)’(x + y)7. (3)

Denote by ® a family of such functions. Then a ®—VDB matrix A*#7°(G) is such that its
(i, )-entry is given by:

(pa,ﬂ,’y,é(di7dj)7 if ViU € E,

0, if VU5 ¢ E, (4)

0, if i=j.
This formulation provides a unified framework that generalizes several known VDB matrices.
For example, by choosing suitable values for «, 3,7, and 4, one recovers the classical Sombor
matrix, the modified Sombor matrix, the elliptic Sombor matrix, as well as many other VDB
matrices induced by classical topological indices, as listed in Table 2.

Similarly, we define the ®—VDB energy corresponding to the matrix A*?7%(G) as the sum

of the absolute values of its eigenvalues

E*P(G) =) Inyl, ()
j=1

where 7; are the eigenvalues of AP ’7’5(G). Note that, for an undirected simple graph G, the
matrix A®?7%(G) is symmetric real, so all its eigenvalues are real.

3.2 ®—VDB energy for bipartite complete graphs

The simplest bipartite complete graph is the star graph S, = K, ;1. All edges in S, are
between the central vertex of degree n — 1 and the vertices of degree 1. Thus, all non-zero
entries of the ®—VDB matrix are equal to n”((n — 1)® + 1+ 6(n — 1))? and consequently,

ASPI(S,) =0 ((n = 1) + 1+8(n— 1))’ A(S,).
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The obtained property, combined with the known spectra of the adjacency matrix A(S,) for
the star graph given in Proposition 2.1 (since S, = K,,_1,1), implies the following proposition.

Proposition 3.1. The spectrum of the ®— VDB matriz for the star graph S, is given by
Ss, = {sv/n—1,—svn—1,0}, where s = n?((n — 1)* + 14+ 6(n — 1))? and m(sy/n—1) =
m(—syvn—1) =1 and m(0) = n — 2, while its — VDB energy is equal to

FSP7% — 95 /m—1.

Analogous results can be derived for any bipartite complete graph K, 4, since all the edges are
between ¢ and p degree vertices. Thus,

Aaﬂﬂ’&(Kp,q) = k(p, ) A(Kp,q), (6)
where k(p, q) = (p® + ¢~ + 0pq)? (p + q)7, and the following proposition holds true.
Proposition 3.2. The spectrum of the ®— VDB matriz for the complete bipartite graph K, 4

is given by Sk, , = {k(p, 9)/Ps, —k(p,q)\/Pq, 0} , where m(k(p, q)/pq) = m(—k(p,q)\/pq) = 1

and m(0) = p + q — 2, while its — VDB energy is equal to

EP00 = 2k(p, q)/p-

Note that the relation between the ®-VDB matrix and the adjacency matrix observed for
complete bipartite graphs remains valid for all semiregular bipartite graphs. These are graphs
such that each vertex in the same partition has the same degree. Namely, for bipartite graph
Gry ry, = (V1 UV, E), such that each vertex in V4 has degree r; and each vertex in V3 has degree
79, all non-zero entries of the ®—VDB matrix are equal to (r{ + r$ + dr17r2)? (11 + 7r2)7 and

consequently,
Aaﬂ,’y,&(GTl,m) = k(rl’TQ)A(GleTz)' (7)

This implies that the spectrum of the ®—VDB matrix and the corresponding energy can be
determined from its adjacency spectrum.

Similarly, the obtained relation remains valid for all regular graphs. The next subsection
summarizes the results for some important regular graphs.

3.3 ®—-VDB energy for some regular graphs

For r-regular graph G, the relation between its adjacency matrix A(G) and the ®—VDB matrix
Ao"ﬁ"y"s(G) is given by
A*P(@) = a(r)A(G), (8)
where,
a(r) = k(r,r) = (2r* + 6r2)%(2r)7. (9)
Due to this property, the eigenvalues of A“#7%(G) and A(G) are also related, i.e. n; =
a(r)\j, where 7; are the eigenvalues of A*#7°(@), and \; are the eigenvalues of A(G).

In the special case of some important regular graphs, Proposition 2.1 implies the following
result.

Proposition 3.3. The spectrum of the ®— VDB matriz AP for the cyclic graph C,, and
the complete graph K, are given by:

9
Sc, = {chos(m>:j—0,...,nl},
n
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Sk, = {(n —1)¢,—c}, where m(cn —c) =1 and m(—c) =n — 1,

where b = a(2) : 47 (291 1 46)P and c = a(n — 1) = (2n — 2)7(2(n — 1)® + §(n — 1)2)5.

Using the obtained eigenvalues, it is possible to deduce expressions for the corresponding
energies. In the proofs, we will use the following lemma, which directly follows from Lemma 2.2,
for I/ =1 and m = 0.

Lemma 3.4. Let A, = A,(1,0 Z |cos 222

2cot T, n=0 (mod4),
A, =4 cscg-, n=1 (mod?2), (10)
2csc T, n=2 (mod 4).
Theorem 3.5. The ®— VDB energy for the cyclic graph C,, and the complete graph K,, is given
by
BP0 = 2bA,,
Bl = 2e(n 1),
where b = 47(2°T1 +46)% and ¢ = (2n — 2)7(2(n — 1)® 4+ 6(n — 1)?)5.

Proof. The proof easily follows from the definition (5), using spectra given in Proposition 3.3
and expression given in Lemma 3.4. |

Energies that correspond to the indices tabulated in Table 2 are special cases of energy
defined by (5), and their precise values for selected graphs are tabulated in Table 3. We give
results for cyclic C,, and complete K, graphs for n > 3, star graph S,, n > 2 and complete
bipartite graph K, 4, for p > 1 and ¢ > 1.

3.4 ®—-VDB energy for some graph operations of regular graphs

In order to derive closed formulas for ®—VDB energy for some graph products, we will use the
following lemmas, that directly follows from Lemma 2.2.

Lemma 3.6. Let B, = A,(2,—1) = |2cos - 1| forn > 2, then
§=0
%+2\/§cot%, n= (mod 6),
% + 4 sin (n;f)ﬂ cscr, n=1 (mod6),
n—2 (n—2)7 T —
Bo={ '3 + 4 cos T csct, n=2 (mod6), (11)
2 4+2v3csc T, n=3 (mod 6),
242 4 4 cos (”gj)ﬂ csc, n=4 (mod 6),
"THJFZLsin%CSC%, n=5 (mod 6)
Lemma 3.7. Let D,, = B, + A,(2,1) = i (’2005 1’ + ‘2005 2y 1]), forn > 1, then
7=0
20 4 4V/3cot I, n=0 (mod 6),
M+4smw C2n’ n=1 (mod 6),
2(n 2) (n=2)m us =
D, = + 8 cos == csc T, n=2 (mod 6), (12)
2n _|_ 24/3 (csc +cot X ) n=3 (mod 6),
2(n3+2) + 8cos ("é‘j)” cse 27 n=4 (mOd 6),
2(7L+1) + 4sin (27"671)77 CSC — 2n’ n=>5s (mOd 6)
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3.4.1 The Cartesian product G,00G,

®—VDB energy for some Cartesian products of regular graphs is calculated in the following
propositions.

Proposition 3.8. For Hamming graph G = H(2;p, q) = K,0K,, forp > 2 and ¢ > 2,
BRI @) =22 (p+ ¢ =22+ ¢ -2 +5(p+q—-2)")°(p—1)(g - 1).

Proof. The spectrum of the complete graph K, consists of the value p — 1 with multiplicity 1
and the value —1 with multiplicity p — 1. Similarly holds true for K,. Using the property of
eigenvalues of the Cartesian product follows that the spectrum of G contains the value p+q—2
(with multiplicity 1), the value p — 2 with multiplicity ¢ — 1, ¢ — 2 with multiplicity p — 1, and
the value —2 with multiplicity (p —1)(¢ —1). Thus, the sum of absolute values of eigenvalues of
G is given by 4(p — 1)(¢ — 1). Since K, is (p — 1)—regular, and K, iz (¢ — 1)—regular, it follows
that G is (p + ¢ — 2)—regular, thus

E“P0(G) = da(p+q—2)(p - 1)(g - 1),
where a(p + ¢ — 2) is defined by (9), which implies the result. |
Proposition 3.9. Let G = K;UOC,, for n > 3, then
EP9(GQ) =67 (23 4 96)° D,

Proof. The spectrum of the complete graph K5 consists of the eigenvalues —1 and 1, each with
multiplicity 1, while the spectrum of the cycle graph C,, consists of eigenvalues 2cos 223 for
j =0,...,n— 1. Therefore, the spectrum of the Cartesian product G = K>[C,, consists of
elgenvalues 1+2cos 2” and —1 + 2 cos 27” ,for j =0,...,n—1. The sum of absolute values of
these eigenvalues is the sum D,, from Lemma 3.7. Since Ky is 1—regular and C,, is 2—regular,
it follows that G is 3—regular. Thus

E“B79(GQ) = a(3)D,,
which gives the desired result. |
Proposition 3.10. Let G = K,00C,, forp > 3 and n > 3, then
E*PI0(G) = (p— 1) (2(p + 1)) (2 + 1) + 30 +1)°)” (n + By).

Proof. The spectrum of the complete graph K, and the spectrum of the cycle graph C,, implies
that the spectrum of the Cartesian product G consists of values p—1+2 cos 27” with multiplicity
1 and —1 4 2cos 27” with multiplicity p — 1, for j = 0,...,n — 1. Thus, the sum of absolute
values of the elgenvalues is given by:

n—1 . n—1
2

E p1+2cosm‘+(p1)§

=0 " =0

For p > 3, the term p — 1 + 2(308 2’” is non-negative for all j, and therefore the first sum

o
1+2cosm‘.
n

simplifies to n(p — 1), since Z cos 2’” = 0. Since K, is (p — 1)—regular and C,, is 2—regular,
7=0
if follows that G is (p + 1)—regular. Hence,

E*P7(G) = (p—Dalp+ 1)(n+ By),

where a(p + 1) is given by (9) and B, is defined in Lemma 3.6. This completes the proof. W
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3.4.2 The direct product G; ® G»

The following propositions can be proved using the procedure described in the proofs of the
previous subsection. There, we combine the properties of the directed product given in Table 1,
i.e., the form of its eigenvalues and the corresponding degree of regularity.

Proposition 3.11. Let G = K, ® K, forp > 2 and q¢ > 2, then
E19(G) = 2792 ((p - 1)~ D) (20— Dla - 1) +5)
Proposition 3.12. Let G = K, ® Cy, forp > 2 and n > 3, then
EPT(G) = 2272 (p — 1)L (294 (p — 1) +48(p — 1)) A,

Results obtained in Propositions 3.8 and 3.11 do not contain any trigonometric sum, thus
explicit expressions for selected ®—VDB energies associated to indices listed in Table 2 are
quite simple, and they are tabulated in Table 4.

3.4.3 The strong product G; X G,

The analogous procedure, as in previous subsections, may yield the expression for the —VDB
energy for K, XM K,. However, since, by definition, K, ¥ K, = K, the result directly follows
from Theorem 3.5

Ea,B,—y,é(KP X Kq) — o+l (pq _ 1)74-1 (2 (pq _ 1)a + (S(pq — 1)2)5 .

Proposition 3.13. Let G = Ko X C,, forn > 3, then

2 +1
E*PT Ky R Cy,) =107(2 - 5% + 256)° <4t + 2 + 8sin < i

where t = |2 (1 — Larccos 1)].

Proof. Each vertex in G has degree 5, and Proposition 2.1 and the results given in Table 1
imply that its spectra consists of values 1 + 4 cos 2%, j=0,...,n—1, with multiplicity 1, and
the value —1 with multiplicity n. Thus

n—1 .
P
E*P (K R Cy) = a(5) [ n+ Y [1+4cos Zj‘ = 107(2- 5% + 256)% (n + An(4,1)),
j=0
and, since
(241
An(4,1) = 4t—n+2+881n.(7”7r)

sin (%) ’

where ¢t = [ 2 (1 — £ arccos 1), the proof is completed. |
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3.5 ®—VDB energy for some graph operations of non-regular graphs

The ®—VDB energy expressions for several graph products, derived in the previous subsection,
are established based on the relationship between adjacency and ®—VDB matrices implied by
the regularity of the factor graphs, together with the spectral properties summarized in Table 1.
In contrast, for non-regular graphs, the vertex-degree metric is inherently incorporated into the
definition of the ®—VDB matrix, and consequently, straightforward eigenvalue relations no
longer apply. In the sequel, we establish several formulas for the ®—VDB energy derived from
block decompositions of the ®—VDB matrix induced by appropriate vertex enumerations.

Theorem 3.14. Let B,, = K>S, for n > 3 be a n-book graph, then
E*PY(K,08,) = 2(n—2)B
+ ‘B+C+ VB O+ 4(n— 1)A2‘

+ |[Bro- VB v -DA

)

where A = *P79(2 n), B = ¢¥F79(2,2), and C = *P79(n,n), with *P70 defined by

3)-

Proof. For simplicity, instead of the standard pair representation of vertices, we use a labeling
that separates the vertices into two partitions, each associated with one copy of the star graph
in the product. Denote by vi,vs...,v, vertices in the first copy of the star graph, with vy
as the central point, and by v},v},...,v), corresponding vertices in the second copy. Thus,
the adjacency, and consequently, the ®—VDB matrix can be written as a block matrix, where
blocks correspond to the described vertex partition. It follows that

ABI(y08,) = (A B) :

B A
where,
0 A A A c 0 0 --- 0
A 0 0 0 0o B 0 --- 0
A=|4 0 0 0 and B=|0 0 B 0
A 0 0 - 0 o o o0 --
nxn nxn

Here, we use the fact that the star central vertices in the graph B,, are of degree n, while all
other vertices are of degree 2. The structure of the obtained block matrix enables us to conclude
that it is similar to diag(A + B, A — B), i.e.

PTA*P70(K,08,)P = diag(A + B, A — B),

1 (11
V2 \I -I
A +Band A-B.
The characteristic polynomial for A 4+ B can be easily obtained from the following property of
the determinant of a block matrix consisting of four matrices A;, j =1,2,3,4

where P = > . Thus, the spectrum of the ®—VDB matrix consists of the spectra of

Ay A _
det ((A; Aj)) = det (A1 — AsA7"A3) det(Ay). (13)
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Taking single value matrix for A;, we deduce that

C -\ A A A
A B— A\ 0 0
Pai(\) = det(A+B-2L,)=| 4 0 B-A - 0
A 0 0 o B—\
B B _(n—l)A2 B

= (M —(B+O)A+BC—(n—1)A*)(B - "2

Thus, the spectrum of A + B consists of the value B with multiplicity n — 2, and values
(B+C=£+/(B—C)2+4(n — 1)A2)/2, with multiplicity 1.
An analogous procedure can be used to determine the spectrum of A — B. Since

Pa_s(\) = det(A—-B-)\L,)
(M 4+ (B+C)A\+ BC — (n—1)A*) (=B — \)"2,

its spectrum consists of values (—B —C £ /(B — C)2 + 4(n — 1) A2) /2, with multiplicity 1 and
the value —B with multiplicity n — 2.
All the given facts, combined with a suitable pairing of elements in spectra, yield the result. W

To demonstrate the applicability of our general result, we now present its explicit special-
ization to the case of the Sombor energy.

Corollary 3.15. Let G = K>S, for n > 3, then Sombor energy for graph G is given by:

4(n — 2)V2 4 21/4n3 — 2n2 + 8n — 8.

Proof. The result easily follows from Theorem 3.14. Namely, by definition of Sombor matrix
A=+/n2+4, B=2y2and C =nv/2, and Sombor energy is given by:

An = 2)VZ+|(n+2V2+ ViAnd = 2n7 80— 5

)

+‘(n+2)\/§—\/4n3—2n2+8n—8

and since n > 3 it reduces to the expression in the corollary formulation. Thus, the proof is
completed. ]

Theorem 3.16. Let G = K;OW,, for n > 3, then

E“PY(Ko,O0W,,) = BD,,_, — 4B

N 3B+C+/(3B—C)2+4(n—1)A2
2

N 3B+ C —/(3B—C)2+4(n—1)A2
2

B-C+./(B+C)2+4(n—-1)A2
2

B—C—/(B+C)?+4(n—1)A2

* 2

+

)

where A = @*P79(4.n), B = p*P79(4,4), and C = ¢*P70(n,n), with o7 defined by
(3) and D,,_1 is given in Lemma 3.7.
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Proof. The wheel graph W,, can be obtained from the star graph S,, by connecting the leaf
vertices to create a cycle of length n—1, therefore, we will use graph vertex labeling as described
in the proof of Theorem 3.14.

Since the wheel’s central vertices in G are of degree n, and all other vertices are of degree
4, using the notation introduced in the formulation of the proposition, the ®—VDB matrix can
be written as:

AYPN(K,OW,) = <A B) :

B A
where
0 A A A --- A A c o0 0 --- 0
A 0 B 0 --- 0 B o B 0 --- 0
A=-|4 B 0 B --- 0 0 and B=|0 0 B -~ 0
A B 0 0 --- B 0 o o o --- B
nxXn nxn

So, its spectrum can be determined using spectra of A + B and A — B. From (13) we have

Pasg(\) = det(A+B-)lL,)
C-x A A A - A A
A B-\ B 0 --- 0 B
_ | 4 B B-\ B 0 0
A B 0 0 B B-2\
g2 11 11
1 B-X B 0 0 B
42| 1 B B-\ B 0 0
1 B 0 0 B B-2\
C—A _
— A2< YE -J'R 1J> det(R),

where J is a column vector of length n — 1 consisting of values 1, and R is a circulant matrix
of order n — 1 with first row elements B — X, B,0,...,0, B. Thus, det(R) is the characteristic

polynomial of a circulant matrix of order n — 1 with first row elements B, B,0,...,0, B, and
its spectrum is fully described. It consists of values B + 2B cos %, j=0,1,...,n—2, see, for

example, [45] or [46]. Moreover, J is the eigenvector of the circulant matrix that corresponds
to the eigenvalue that is equal to the sum of the raw elements. So, in the case of matrix R, J is
the eigenvector that correspond to the eigenvalue 3B — A, i.e. RJ = (3B — \)J, which implies

R 'J= BB%)\J. Now, we may write
C - 1
_ 2 _ T
Parg(A) = A (A2 3B7)\J J) det(R)
C - n—1 (C=NBB—-X)—(n—1)A2
= A2 _— = .
( A2 3B A) det(R) 3B — A det(R)

Follows that the spectrum of A 4+ B consists of value B + 2B cos %, j=1,....,n—2, and

values (33 +C+/BBE-CF +4(n— 1)A2) /2, with multiplicity 1.
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Analogously,
Pa_g(A\) = det(A—-B-)lL,)
—-C—-X n-— (—=C = XN)(B—=))—(n—1)A2
. h2
= 4 ( 2 B A>d t(Q) = B det(Q),
where Q is circulant matrix of order n — 1 with first row elements —B — \, B,0,...,0, B. So,

det(Q) is the characteristic polynomial of circulant matrix of order n —1 with first row elements
—B,B,0,...,0,B, and its spectrum consists of values —B + 2B cos 27” , 7 =0,1,....n—2.

Conesequently, the spectrum of A — B consists of values —B + 2B cos 2”3 ,j=1,...,n—2and
values (B —C£/(B+0)2+4(n— 1)A2) /2, with multiplicity 1
All the given facts, combined with Lemma 3.7, yield the result. |

Explicit specialization of the given result to the case of the Sombor energy is given in the
following Corollary.

Corollary 3.17. Let G = KoLOW,, for n > 4, then Sombor energy for graph G is given by

V2 (4Dn_1 164+ V213 —n2 1 8n + 112+ /203 — n? + 400 — 16) .

4 Proof of Lemma 2.2

When m > [ directly follows that |l cos 2” + m! =l cos 27” + m and

§=0 §=0
Since
n—1 n—1
2 2
cos RUF— Z Re (exp mg)
7=0 7=0
U 2mij 1 — exp(2mi)
= R =Re| —————=| =0, 14
€ Zexp n e<1_exp27m> ( )
7=0
we get A, (I,m) = mn for m > [. Similarly, A, (I, m) = —mn when m < —I.

It is left to evaluate the sum A, (I, m) when |m| < 1. Let J = {j € {0,1,...,n— 1} lcos 221+
m > 0}. Basic properties of the cosine imply that J = {0,1,...,t — 1,¢t} U {n —t,...,n— 1},
for t = |- arccos (—-1)]. Then,

A, (l,m) = Zlcos?—i—m‘—l— Z ZCOS2Z]+’ITL’
jeJ j€{0,1,....n—1}\J
2mj 2mj
= Z(lcosn+m>— Z (lcosn—l—m)
jeJ §e{0,1,....n—11\J

2mj 2mj
=1 — 2t+1) -1 —_— = —2t—-1
Zcos - +m(2t+1) Z cos — m(n ),

jeJ F€{0,1,...,n—1}\J
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where in the last step we use the fact that the number of elements in J is equal to 2t + 1 and
in its complement to {0,1,...,n — 1} it is n — 2t — 1. In addition, from (14) follows that

Z COS%:ZCOS%—ZCOS%Z—ZCOS?,

7€{0,1,....n—1}\J j=0 jeJ JjeJ
and
o
A, (l,m) = (4t+2—n)m+212cosﬂ. (15)
jeJ
From the definition of the set J and the periodicity of the cosine follows that
oM o7 ‘ o]
4 COST:ZCOST:1+QZCOST. (16)
JjeJ j=—t j=1

Right-hand side expression (16) is the Dirichlet kernel Dy (), evaluated at = 2%, thus

2§ sin((t—|— %) x)

= n sin (%)

This, combined with (15), completes the proof when |m| < . Thus, the lemma is proved.

5 Concluding remarks

This study highlights the inherent complexity of matrix-based molecular descriptors and their
associated spectral energies. While refined constructions, such as those underlying the Sombor
matrix, aim to enhance discriminative power, analysing energies related to graph products
remains challenging due to the strong interdependence encoded in the corresponding matrices.
The unified formulation considered here allows the systematic investigation of the underlying
matrices and their spectra while enabling continuous parameter variation, which may reveal
the influence of individual terms. Furthermore, the framework employed is not restricted to
degree-based constructions and can naturally be extended to matrices defined via other vertex
characteristics, thereby enhancing its applicability.

Conflicts of Interest. The authors declare that they have no conflicts of interest regarding
the publication of this article.
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Appendix A: Topological indices

Name The corresponding  Parameters Index Energy-related
symmetric function («, 8,7,0) from (3) defined in  studies
AG (arithmetic-geometric)  (d; +d;)/(2\/did;) (—1,%,%,0) [47] [48, 49]
Euler-Sombor \/ 47 + &2 + did, (2,2,0,1) [30] [30]
Forgotten di + &2 (2,1,0,0) [50, 51] [52]
GA (geometric-arithmetic) 2./d;d;/(d; + d;) (-1,-%1,-1,0) [53] [54-56]
Gourava (first) (d; + d; + did;) (1,1,0,1) [57] [58]
Gourava (second) (di + dj)did; (-1,-1,2,0) [57] [58]
Harmonic 2/(d; + d) (0,1, -1,0) [59] [52, 55, 56|
Inverse degree d7? +d;? (—=2,1,0,0) [59, 60]
Inverse sum d;d;/(d; +dj) (-1,-1,0,0) [61] [56, 62]
Nirmala d; +d; (1,0,%,0) [63] [56, 64]
Randi¢ 1//did; (-1,3,-3,0) [65] [66-71]
Randié (second) 1/(d;dj) (-1,1,-1,0) [65, 72] [56, 73]
Randié¢, generalized (did;)?, peR (-=1,-p,p,0) [72] [56, 73]
Randié¢, reciprocal Vdid; (-1,-1,3,0) [72, 74] [56, 73]
Sombor (dF +d3) (2,%,0,0) [7] [26]
Sombor, diminished A (2,1,-1,0) [32] [32]
Sombor, elliptic (di + dj)\/d} + d2 (2,%,1,0) [29] [29]
Sombor, modified \/ﬁ (2,—1,0,0) 3] 3]
p-Sombor (& +dB)V/® <p7 %7 0, 0) [31] [31]
Sum-connectivity 1/y/d; +d; (1,0,—3,0) [75] [56]
Zagreb (first) d; +d; (1,0,1,0) [51] [76, 77]
Zagreb (second) d;d; (-1,-1,1,0) [78] [76]
hyper-Zagreb (first) (d; + d;)? (1,0,2,0) [79]

Table 2: Topological indices, the corresponding function, the values of parameters, and some
related references.

To obtain equality, the function with the given parameters has to be multiplied by 1/2.
To obtain equality, the function with the given parameters has to be multiplied by 2.
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Appendix B: &~ VDB energies for selected graphs

Name Cyclic graph  Complete graph  Star graph Complete bipartite
Chn K, Sn graph K, ,

AG (arithmetic—geometric) 2A4, 2(n—1) n p+aq

Euler-Sombor 434, 2v/3(n —1)? 2y/(n=1)((n—1)2+n)  2/pg®> +pqg+ ¢

Forgotten 164, 4n—1)° 2((n—1)2+1)yn—-1 2,/p4(p* + ¢%)

GA (geometric—arithmetic) 24, 2(n—1) 4-4 %

Gourava (first) 16A4,, 2(n—1)(n?-1) 2y/n—-12n-1) 2/pq(pg+p+q)

Gourava (second) 324, 4(n —1)4 2(n —1)3/n 2(pq)®/*(p + q)

Harmonic A, 2 @ ?ﬁ?

Inverse degree A, 2 2 <1 + ﬁ) Vn—1 255;;?2)

Inverse sum 24, (n—1)2 M %

Nirmala 44, 2v/2(n —1)3/2 2¢/(n—1)n 24/pq(p+q)

Randi¢ A, 2 2 2

Randi¢ (second) % 2 n2_ - \/%

Randié, generalized 22p 14, 2(n — 1)2p+! 2(n — 1)Pt+2 2(pq)PTz

Randié¢, reciprocal 44, 2(n—1)2 2(n—1) 2pq

Sombor 424, 2v/2(n —1)? 2y/(n=12+1)(n—-1)  2v/pg(? + ¢?)

Sombor, diminished V24, \/5(71 -1) Q—W 27#";(}::*‘12)

Sombor, elliptic 16v/24,, 4v/2(n —1)3 2ny/(n =12+ 1)(n—1) 2(p +
9)/pa(p® + ¢*)

Sombor, modified A—\/’% V2 2, /% ﬁ

p-Sombor 22t5 A, olts (n—1)2 2((n— 1P+ 1)Y2/n =1  2,/pq (p° + ¢P)*/P

Sum-connectivity A, Vovn—1 24/t 2 ﬁ

Zagreb (first) 84, 4(n—1)2 2vn—1n 2,/pq(p + q)

Zagreb (second) 84, 2(n—1)3 2(n —1)3/2 2(pq)/?

hyper-Zagreb (first) 324, 8(n—1)3 2v/n — In? 2/pq(p + q)?

Table 3: ®—VDB energies of cyclic, complete, star and complete bipartite graphs.
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Appendix C: ®—VDB energies for selected graph products

Name K,O0K, K,® K,

AG (arithmetic—  4(p — 1)(g — 1) dp—1)(g—1)
geometric)

Euler-Sombor 4/3(p—-1)(g—1D(p+q—2) 4v3(p — 1)%(¢ — 1)?
Forgotten 8(p—1)(g—1p+q-2)? 8(p—1)*(¢ — 1)°
GA (geometric-  4(p—1)(g — 1) 4p-1)(g—1)
arithmetic)

Gourava (first)
Gourava (second)

Harmonic

Inverse degree
Inverse sum
Nirmala

Randi¢

Randi¢ (second)
Randi¢, generalized
Randi¢, reciprocal
Sombor

Sombor, diminished
Sombor, elliptic
Sombor, modified
p-Sombor

Sum-connectivity
Zagreb (first)
Zagreb (second)
hyper-Zagreb (first)

dp-D(g-Dp+q-2)(p+q)

8(p—1)(g—1)(p+q—2)
4(p—1)(g—-1)
—2
s} (1)
(p+9—2)2
2p-1)(¢—1)(p+q—2)

42(p—-1)(q—1)Vp+q—2

4(p—1)(g—-1)

pTq—2
A1) (g—1)

(p+q—2)2 )
4p—-1)(g—1)(p+q—2)*
dp-1)(¢g—1)(p+q—2)

42(p-1)(g—1)(p+q-2)
2v2(p—1)(q—1)
8v2(p—1)(¢—1)(p+q—2)?
2v2(p—1)(q—1)

pta—2

2 e (p-1)(g-Dp+q—2)
2v2(p—1)(q—1)

Va2
8p—1)(g—-p+q—2)
( Dg—1)(p+q—2)*
16(p—1)(¢g—1)(p+q—2)?

4p—1)%(plg—1) —q+3)(¢—1)°

8(p—1)*(¢—1)*

4

(pfl)s(qfl)

2(p—1)%(¢ — 1)
4V2((p - 1)(g — 1))3/?
4

(p—1)(q¢—1)

4((1) 1)(g— 1))+t
)%(q — 1)

f(p 1)?(g—1)?

2v2(p—1)(q—1)

8v2(p — 1)3(q — 1)

2V/2

225 (p— 1)%(g - 1)2
2v2¢/(p—1)(g—1)
8(p—1)%(¢g—1)?
4p—-1)°*(q—1)°
16(p —1)%(g — 1)°

Table 4: $—VDB energies of Cartesian product K,[1K, and direct product K, ® K.
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