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Abstract

The Kirchhoff index serves as a significant measure in char-
acterizing molecular topological structures. It quantifies atomic
connectivity within molecules and facilitates the correlation and
prediction of physicochemical properties and biological activities
of chemical compounds, thereby holding considerable practical
value. This paper derives recurrence relations for the expected
values of three variants of the Kirchhoff index, the multiplica-
tive degree-Kirchhoff index, and the additive degree-Kirchhoff
index in random cyclodecane chains using a recursive approach.
Based on these relations, the extremal values and average values
of these indices are obtained for a cyclodecane chain composed of
n regular decagons. Furthermore, it is shown that the expected
Kirchhoff indices of the random cyclodecane chain equal the av-
erage of the corresponding indices over five specific structural
configurations of the chain.

(© 2026 University of Kashan Press. All rights reserved.

1 Introduction

Graph theory provides various parameters with wide applications in physics, chemistry, biology,
and other disciplines. In practical applications, real-world entities are often represented as
nodes, and the relationships between them as edges, thereby transforming actual problems
into graph models for analysis. Distance serves as a fundamental measure for quantifying
relationships between objects. In electrical network theory, the voltage required to generate
a unit current between two nodes reflects their effective connectivity. Resistance distance,
introduced by Klein and Randié¢ [1], defines the effective resistance between pairs of vertices
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as a graph-theoretic distance and establishes summation rules for its computation in arbitrary
graphs. Lukovits et al. further considered the sum of resistance distances over all vertex
pairs as a graph invariant [2]. Chen and Zhang [3]| developed a complete set of local rules
that simplify and enhance the efficiency of calculating resistance distances in trees. Based on
resistance distance, the Wiener index was defined as the sum of shortest path lengths between
all vertex pairs [4], and the Gutman index was introduced by Ivan Gutman using vertex degrees
[5]; relevant studies on these indices can be found in [6-8]. The Kirchhoff index was defined
by Klein and co-authors based on resistance distances [9]. Subsequently, the multiplicative
degree-Kirchhoff index was introduced by Chen and co-workers as the sum over all vertex pairs
of the product of resistance distance and vertex degrees [10], and the additive degree-Kirchhoff
index was defined by Gutman et al. [11].

In recent years, increasing research attention has been devoted to the study of the Kirchhoff
index. Sajjad et al. investigated the resistance distance and Kirchhoff index of a class of claw-
free double-triangle graphs [12]. Sun et al. determined the extremal values of the Kirchhoff index
in linear triangle chains [13], while Chen et al. established the extreme values of the Gutman
index and the degree-Kirchhoff index in helical and biphenyl hexagonal chains [14]. Research on
the Kirchhoff index of three-dimensional graph structures has also been progressively developed.
Li et al. computed the resistance distance and Kirchhoff index of the cyclic triangular bipyramid
hexahedron [15], and Zhao et al. derived formulas for the Kirchhoff index and degree-Kirchhoff
index of linear tetrahedron chains [16]. The study of Kirchhoff indices in random polygon chains
constitutes another emerging research direction. Qin and Ma investigated the Kirchhoff index
of random hexagonal-quadrilateral chains and spiral connections [17], Li et al. obtained the
maximum expected values of the Kirchhoff index in random polyomino chains [18], Zhang et al.
established the expected values of the multiplicative and additive degree-Kirchhoff indices in
random polyphenylene chains [19], and Zhu and Geng derived expressions and extremal values
for the multiplicative and additive degree-Kirchhoff indices in random polygonal chains [20].
Hechao Liu et al. obtained closed-form expressions for three types of Kirchhoff indices in random
cyclooctane chains [21], and Wei et al. deduced explicit formulas for the expected values of the
Wiener index and Kirchhoff index in random pentagonal chains [22]. Recent studies provide a
comprehensive understanding of the Kirchhoff index and its applications [23-25].

On the basis of previous studies, this work extends the complexity and chain length of chem-
ical structures. The recursive method is employed to compute three types of Kirchhoff indices
for random cyclodecane chains. Section 2 introduces fundamental concepts of the Kirchhoff
index, multiplicative degree-Kirchhoff index, and additive degree-Kirchhoff index, along with a
detailed structural description of random cyclodecane chains. Section 3 presents the derivation
of expected values, extremal values, and average values of these indices for random cyclodecane
chains. Finally, Section 4 summarizes the obtained results and suggests directions for future
research.

2 Preliminaries

Let G = (V(G), E(GQ)) be a graph, where V(G) = {v1,va,...,v,} denotes the vertex set and
E(G) = {e1,ea,...,en} denotes the edge set of G. The number of edges incident to a vertex
u € V(G) is called its degree, denoted by dg(u). The length of the shortest path between
vertices v and v is denoted by dg(u,v). The sum of resistance distances from a vertex v; to all
other vertices in G is defined as

n
r(v; | G) :E r(vs, v5),
Jj=1
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where r(v;, v;) denotes the resistance distance between v; and v;, and by convention, r(v;, v;) =
0.
The important definitions that need to be used in the paper are given below:

Definition 2.1. ([1]). The resistance distance between vertices u and v in graph G, denoted by
ra(u,v), is defined as the effective resistance between them when G is regarded as an electrical
network.

Definition 2.2. ([4]). The Wiener index of a graph G is defined as

W(G) = Z de(u,v). (1)

{u,v}CV(G)

Definition 2.3. ([9]). The Kirchhoff index of a graph G is defined as

KfG) = > ra(uo). (2)

{uv}CV(G)
An equivalent formulation of the Kirchhoff index is given by:

Kf(G):Z r(vi, vj) ZZ r(vs, v5)

i<y i=1j=1
: ]n Jj= (3)
=3 Zr v | G).
=1
Definition 2.4. ([10]). The multiplicative degree-Kirchhoff index of a graph G is defined as

Kf(G)= > (do(w)-da())ra(u,v). (4)

{uv}CV(G)

Definition 2.5. ([11]). The additive degree-Kirchhoff index of a graph G is defined as

Kff(G = > (de(u)+dg))ra(u,v). (5)

{uv}CV(G)

Z3 Z4

Figure 1: The cyclodecane chain CDC,, consisting of n regular decagons.

Figure 1 illustrates a cyclodecane chain CDC,, comprising n regular decagons. This structure
can be recursively constructed by connecting a terminal regular decagon D,, to the preceding
chain CDC,,_; through a cut edge.
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Let CDC,, = D;Ds---D,, be a cyclodecane chain comprising n (where n > 2) regular
decagons, where each D; (for t = 2,3,...,n) denotes the t-th decagon attached to D;_; via
the cut edge us—1v;. Within each decagon D;, the vertices located at distances 1 through 5
from vertex v; are labeled as oy, my, s;, wy, and l;, respectively. For instance, as illustrated in
Figure 1, if v,, = 21, then 2o = 2190 = 0, 23 = 29 = My, 24 = 28 = Sp, 25 = 27 = Wy, and
6 = ln

In the cyclodecane chain CDC,, with n regular decagons, there exist several special types of
CDC,,. For example: for any 2 < t < n — 1, if u; = o4 holds true, then this cyclodecane chain
CDC,, is denoted as COy,; if u; = my, then it is denoted as CM,,; if u; = s, then it is denoted
as CS,,; if uy = wy, then it is denoted as CW,,; if u; = [l;, then it is denoted as CL.,.

When n > 3, the terminal decagon D,, 11 of CDC,,;1 can be connected to the o,,, My, Sy, Wy,
and [,, points of D, that is, there are five random connection modes. The five different result-
ing graphs obtained can be denoted as CDC,lHr17 CDC%_H, CDC%H, CDCiH, and CDC?HF17
respectively, as shown in Figure 2. A random cyclodecane chain with n regular decagons, de-
noted by CDC,,, is constructed through n — 2 steps following the connection method described
below. At each step ¢, the terminal decagon is attached according to one of the following five
stochastic cases:

1. The transition CDC;_; — CDC% occurs with probability py;
2. The transition CDC;_; — CDCt2 occurs with probability po;
3. The transition CDC;_; — CDC? occurs with probability ps;
4. The transition CDC;_; — CDC;l occurs with probability py;
5. The transition CDC;_; — CDC? occurs with probability 1 — p; — p2 — p3 — p4.

Here, p1, p2, p3, and p4 are constants independent of the step index ¢, satisfying
0<p1,p2,p3,p4a <1 and 0<pi+p2+ps+ps<1L

In particular, CDC,(1,0,0,0), CDC,(0, 1,0,0), CDC,(0,0, 1,0), CDC,(0,0,0, 1), and CDC,(0, 0,0, 0)
correspond to the chains CO,,, CM,,, CS,,, CW,, and CL,,, respectively.

3 Main conclusion

3.1 The Kirchhoff index of random cyclodecane chains

Let E[K f(CDC(n;p1,p2,p3,p4))] denote the mathematical expectation of the Kirchhoff index

of the random cyclodecane chain CDC(n; p1, p2, ps, p4), and define r(u|G) = > r(u,v).
veV(G)

Theorem 3.1. Let CDC,, be a cyclodecane chain with n (n > 1) reqular decagons. Then the
recursive formula for the Kirchhoff index of CDC(n;p1,p2, ps, pa) is given by:

KF(CDC,) = K f(CDCyp_1) + 10r(_1|CDCy_y) + 268(n — 1) + % (6)

Proof. For any vertex v € V(CDC,,_1), from Figure 1, the following relation is obtained

T(Zi,'U) = T(Zi,unfl) + T‘(Unflfl)),
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(e) CDC75PL+1

Figure 2: Five connection modes of cyclodecane chains.

and

1, i=1,
1+ =18 i=210,
1+ =2 i=39
r(zi,v) = r(Up_1,v) + 10100 T T 7
(s0) = rluna0) + 4 TR A T ™)
24 _ 34 _
1+ﬁ_ﬁ’ 2—577,
25 _ 35 o _
1+E—ﬁ7 7 = 0.

For any z, € V(D,,) (1 <k < 10), the following equality is obtained:

ioj( Jogx (& 16 2 24y 25 88
jzlm’“’zj_ 10717010 10) "0 2
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From the definition r(u|G) = > r(u,v) and formula (7), it can be derived that

veV(G)
10
r(z;|CDC,,) = Zr(zi, zj) + Z r(z;,0)
Jj=1 veV(CDCyp_1)

33
=3 +10(n — 1)r (2, up—1) + r(typ—1|CDC,—1).
Thus, the resistance distance sum is given by:

on+ 4, i=1,
19n — 3, i=2,10,
26n— 2, i=3,9,

3In— 2, i=4,8,

3n -2, i=5,7,

35n— 3, i=6.

r(z; | CDC,) =7 (up—1 | CDC,_1) +

The following relation is obtained:

10 10 10
Kf(CDC,) = K (CDC, 1)+ 37 (4]CDC,) — % A
=1

i=1 j=1

171
— Kf(CDCy_1) + 107 (tn_1|CDCyr_1) + 268 (n — 1) + %

Thus Equation (6) holds. The proof is complete. [ ]

Theorem 3.2. Let CDC(n;p1,p2, s, pa) be a random cyclodecane chain withn (n > 1) regular
decagons. Denoting U} = E [r(u,|CDC,)], the following expression is obtained:

35 9 1 9 1
Ul = (2 —8p1 — oP2 — 2p3 — 2p4) n? + (8171 + oP2 +2p3 + oPa— 1) n. 9)

Proof. Since u,, has five possible configurations, the analysis proceeds by considering the fol-
lowing five cases.

Case 1: CDC,, — CDC;H. In this case, u, = 2 or zjp, and the probability that
r(un|CDC,,) equals r(z2|CDC,,) is p;.

Case 2: CDC, — CDCELH. In this case, u, = z3 or zg, and the probability that
r(un|CDC,,) equals r(z3|CDC,,) is pa.

Case 3: CDC,, — CDCf’LH. In this case, uy,
r(un|CDC,,) equals r(z4|CDC,,) is ps.

Case 4: CDC, — CDC?LH. In this case, u, = z5 or z7, and the probability that
r(un|CDC,,) equals r(z5|CDC,,) is ps.

Case 5: CDC,, — CDC? ;. In this case, u,, = 2, and the probability that r(u,|CDC,,)

z4 or zg, and the probability that
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equals 7(z6|CDC,,) is 1 — p1 — p2 — p3 — pa.
Ul = pir (22|CDC,,) + par (23]CDC,,) + par (24| CDC,) + par (25/CDC,,)
+ (1 —=p1 —p2 — p3 — pa)r (26|CDC,,)

5
=p1 |7 (un—1|CDC(n — 1;p1,p2, p3,p4)) + 190 — 3

) Lo
+p2 |7 (un—1|CDC(n — 1;p1, p2, p3, pa)) + 260 — >
- 00"
+p3 |7 (un—1|CDC(n — 15 p1, p2, p3,p4)) + 31n — >
- 35]
+pa |7 (Up—1|CDC(n — 1;p1, p2, p3,pa)) + 34n — 5

37
+ (1 —p1 —p2—ps — pa) {r (un_1|CDC(n — 1; p1,p2, p3, pa)) + 350 — 2] .

Given that E(U}) = U}, the following recurrence relation is obtained:

5 19 29
Ul =p |:U711—1 +19n — 2] + p2 {U}L_l + 26n — 2] + 3 [U;_l + 31n — 2}

35 37
+ P4 {Ui_l + 34n — 2} + (1 —p1 —p2—p3—Dpa) {U}Lq +35n — 2] (10)

37
= Ué—l + (35 — 16p1 — 9po — 4p3 — p4)n + <16p1 + 9po + 4ps + pg — 2) .

From the initial value

Ull = E[’l" (U]|CDC(17plvp27p37p4))] = <

Fo+ =+ T

9 16 21 24 ><2_~_25_33
10 10 10 10

and substituting into Equation (10), Equaion (9) is obtained by recursion. The proof is com-
pleted. [ |

The expected value of the Kirchhoff index of the random cyclodecane chain can be derived from
Theorem 3.1 and Theorem 3.2.

Theorem 3.3. Let CDC,, be a random cyclodecane chain with n (n > 1) regular decagons.
Then the expected value of CDC,, is given by:

(175 — 80p; — 45py — 20p3 — 5pg) n®

W =

E K f (CDC(n; p1,p2,p3,p4))] =

+ (46 + 80p1 + 45pa + 20ps + 5pg)n> (11)
1 /113

~3 (2 + 160p1 + 90p2 + 40ps + 10p4> n.

Proof. Taking the expected value on both sides of Equation (6), and using Equation (9), the
following relation is obtained:

E K f(CDC(n;p1,p2, p3,p4))] = E[K f (CDC(n — 1;p1, pa2, p3,p4))]
+ 10E (r(uy—1|CDC,—1)) + 268n — 365

2
365
= FE[Kf(CDC(n — 1;p1,p2,p3,p4))] + 10U,1171 + 268n — <5
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Thus,
E[Kf(CDC(n + 1;p1,p2, p3,pa))] = E[K f (CDC(n;p1, p2,ps, pa))]
+ (175 — 80py — 45pa — 20p3 — 5pg)n? (12)
171
+ (267 + 80p1 + 45p2 + 20p3 + Spa)n + -
Substituting the initial value E[K f(CDC(1;p1,p2,p3,p4))] 1% into Equation (12), Equa-
tion (11) is obtained recursively. The proof is completed. |
Since

CDC(n;1,0,0,0), CDC(n;0,1,0,0), CDC(n;0,0,1,0), CDC(n;0,0,0,1), CDC(n;0,0,0,0)

correspond to the chains CO,,, CM,,, CS,,, CW,, and CL,, respectively, the following corollary
is obtained by substituting the respective parameter values

(1,0,0,0), for CO,,
0,1,0,0), for CM,,
(p1,p2,p3,p1) = { (0,0,1,0), for CS,,,
0,0,0,1), for CW,,
0,0,0,0), for CL,.

(
(
(
(

into Equation (11).

Corollary 3.4. The Kirchhoff indices of the five special cyclodecane chains CO,,, CM,,, CS,,
CW,, and CL,, are given by:

, 4
Kf«X%):E§n3+1ﬂm?f 33
1 2
Kf(CM%):A§9n3+9h¥47é?n,
155 193
Kf(C&J::7;n3+6&f——7;n,
17 1
Kf«ﬂwmzzign?+&n?—{?n7
175 113

The extremal graphs where the Kirchhoff index of cyclodecane chains attains its upper and
lower bounds are characterized as follows:

Theorem 3.5. Among all cyclodecane chains CDC(n;p1,p2,ps,ps) with n (n > 3) regular
decagons, CL,, is the unique chain attaining the mazximum Kirchhoff index, while CM,, is the
unique chain attaining the minimum Kirchhoff indez.

Proof. Define the function f(p1, p2, ps,p4) = E [K f (CDC(n; p1, p2, p3,p4))]. From Theorem 3.3,
it follows that:

80 160
F(p1,p2,p3,pa) = <_.7ﬁ-+80n2-3n);n-+(—15n3—+45n2-—30n)p2

3
2 4 . 1
+ (;nS + 20n? — 3071) p3 + <Zn3’ +5n? — 3()n> D4
175 113
—n.

+——§fn34—46n2——
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For n > 3, the following inequalities hold:

af 80 4 5 160
— =—— 80n* — —n <0,
o, 3n + 80n 3 n
Qi:—wﬁ+%ﬁ—mm<a
Op2
af 20 4 5 40
— = 20n° — —n <0,
Ops 3n + 20n 3n
of 9 3 5 10
— == m” — —n < 0.
Opa 3n + on 3n

Given that 0 < p1,p2,p3,p4 < 1 and 0 < p; + p2 + p3 + ps < 1, it follows that:

175 113
f(plap2ap35p4) < ?n3 + 467’l2 — —nN.

Equality holds if and only if p; = ps = p3 = ps = 0, which implies that CL,, is the unique
cyclodecane chain attaining the maximum Kirchhoff index.

80 160 35 70
f(p1,p2,p3,p4) = (—3n3 + 80n? — Sn) (p1 +p2) + <3n3 —35n2 + 3n> s

20 . 4 1
+ (;n3 + 20n% — ;n) p3 + <§n3 + 5n? — ;n) D4

175 113
—n

+f—§fn34k46n2——

20 40 55 110
> (—3n3 +20n* — 3n) (p2 +p3) + <3n3 — 55n* + 3n> P2

5 10 95 433
+ (—3713 + 5n? — 3n> Pa + gn?’ +126n% — ——

5 10
> (—3n3 +5n? — 3n> (p2 + pa) + (20n® — 60n* + 40n) po

75 513

+ gns + 146”2 - —
70 533
23(20n3——6On24—40n)p2+—?;n?—%151n2——4—7

It is evident that

70 533
f(p1,p2,p3,p4) > (20713 —60n? + 40n) P2 + gn?’ +151n% — - " (13)

Equality in Equation (13) holds if and only if p1 +pa =1, po + p3 =1, p2 + p4 = 1, and
0<pr+p2+ps+ps <1,

which implies
(plap23p3ap4) = (O; 17 07 0)

Substituting ps = 1 into Equation (13) yields

130 293
f(plap23p3ap4) > 7713 + 91712 — ?Tl

Equality holds if and only if (p1, ps2, ps,ps) = (0,1,0,0), which corresponds to CM,, being the
unique cyclodecane chain attaining the minimum Kirchhoff index. This completes the proof. W
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3.2 The multiplicative degree-Kirchhoff index of random cyclodecane
chains

In a cyclodecane chain CDC,, with n (n > 2) regular decagons, the first and the n-th regular
decagons each contain exactly one vertex of degree 3, while the remaining 9 vertices are of
degree 2. Among the other n — 2 regular decagons, there are 2 vertices of degree 3, with the
remaining vertices having degree 2. In D,,, d(z1) = 3 and d(z;) = 2 for 2 < ¢ < 10, which gives

> depe,(v) =2x8(n—1)+3x2(n—1)—1=22n—23.
vEV(CDCr_1)

For D,
10 10
Zd(Zj)r(Zj,Zi) =2x ZT(ZJwZi) +7(21,2i)
Jj=1 j=1
33, 1=1,

3345 =28 i=210,
B+ o =30 i=39,

= 0’ 14
B+ =% =48, 19
B+ =3, i=57T,

25 _ 71 L
33 + 10~ 2 i = 6.
The explicit expression for the expectation of K f*(CDC(n;p1,p2,ps,ps)) is derived below:

Theorem 3.6. Let CDC(n; p1,p2, p3,p4a) be a random cyclodecane chain withn (n > 1) reqular
decagons. Denote V =V (CDC,,), V1 = V(CDC,_1), Vo = V(CDC,,_1) \ {tn-1}, then

. 11
E [K f*(CDC(n; p1,p2, 03, pa))] =15 (385 — 176p; — 99ps — 4dp; — 11pa)n®
11
+ 3(45 + 176p1 + 99y + 44ps + 11py)n? (15)

1
+ 7 (=755 — 3872p; — 2178p; — 968p; — 242pa)n

— 22.
Proof. Let K f*(CDC,,) = A1 + By + C4, where

A = Z d(uw)d(v)r(u,v),

{u,v}CVy

B = Z Z d(v)d(z;)r(zi,v),

veVL z, €V (Dy,)

Cy = S d(z)d(z)r(zi, %)

{2:,2;3CV(Dn)
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From Equations (7) and (14), the following relations are obtained:

Ar= Y dwd()r(u,v) + Y depe, (un-1)d@)r(un-1,v)

{u,v}CVa vEVa

=Kf* (CDCp_1) + > d0)r(un_1,v),

veV;

Bi=Y d) {3 (r(up_1,v) +1) + 4 (r(unl,v) 13) +4< (Un_1,v) + i?))

veVy

4 <r(un1,v) + ‘jé) + (r(unl, v) + ?3) +2 < (Un_1,v) + ;ﬂ

=21 ) d(v)r(un-1,v) + 54(22n — 23),
veVy

10
= %Zd(zl Zd (zj)r(zj,2:) | = 363.
i=1

The multiplicative degree-Kirchhoff index thus satisfies the recurrence relation:

Kf*(CDC,) = K f*(CDCp1) +22 Y d(v)r(un—1,v) + 1188n — 879. (16)
veV;

Let U? = E {Zvev(CDC(n;phm p5.pa)) d(v)r(un,v)}. Following the derivation approach for U},
the expectation expands as

Up=p1 Y d)r(z,v)+p2 Y dw)r(zs,v) +ps y_ dw)r(za,v) +ps »_ d(v)r(zs,v

veV veV veV veV
+(1—p1—p2—p3—pa Zd (26, 0)
veV
209 49 286 126
1 [Z d(v)r(up—1,v )—i—?n—— + po Zd r(Uun—1,v) + 5n—5]
veV; veV
341 181 374 214
Z d(U)T(unfly )"‘777/— — Z d Unfl,v)-i-in— —
5 5 5
veVy veVy
+ (1 =p1—p2—p3—pa) Z d(v)r(up—1,v) + 77n — 45]
veVy

1
=U> | +- (385 — 176py — 99pz — 44ps — Lpa)n + = (176py + 99y + 44ps + 11ps — 225).

The initial value is given by U7 = > vev(cpe,) d()r(ui,v) = 33. Solving the recurrence
relation yields:

1
U2 = (385 176p1 — 99p; — 4dps — 11pg)n? + 35 (176p1 +99p2 +44p3 + 11ps — 65)n+ 1. (17)
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The recurrence relation for the multiplicative degree-Kirchhoff index is therefore given by:

E[Kf* (CDC(n + 1;p1,p2, p3, pa))]
= E[K f* (CDC(n; p1, p2, p3,pa))]

11

+ - (385 — 176p; — 99p — 44py — 11py) n? (18)
11

+ - (475 + 176py + 99ps + 44ps + 11py) n + 331.

Substituting the initial value E [K f* (CDC(1;p1,p2,ps,p4))] = 309 into Equation (18), Equa-
tion (15) is established by mathematical induction. |

Substituting the parameter sets (p1,p2,ps3,p4) = (1,0,0,0), (0,1,0,0), (0,0,1,0), (0,0,0,1),
and (0,0,0,0) into Equation (15) yields the following corollary.

Corollary 3.7. The multiplicative degree-Kirchhoff indices of the five cyclodecane chains CO,,
CM,,, CS,,, CW,,, and CL,, are given by

2299 5 2431 , 4627
= n n’ — n

EIKf(COn)] = ¢ 5 5 " 2%
14 1584 2
E[Kf*(CM,)] = 3156n3 558 n? — ??371 —22,
3751 979 1723
4114 616 997
E[Kf*(CW,)] = 5 n3 Tn2 - 22,
4235 151
E[Kf*(CL,)] = 175”3 +99n? — ——n —22.

Theorem 3.8. Among all cyclodecane chains with n (n > 3) reqular decagons, CL,, is the
unique chain attaining the mazimum multiplicative degree-Kirchhoff index, while CM,, is the
unique chain attaining the minimum multiplicative degree-Kirchhoff indez.

Proof. Let CDC(n;p1,p2, p3, pa) be arandom cyclodecane chain with n (n > 3) regular decagons.
From Theorem 3.6, the expected multiplicative degree-Kirchhoff index is given by:

9(p1,p2,p3,p1) = E[K f* (CDC(n;p1,p2,p3,P4))]

_ (1936 5, 1936 , 3872
“\ " 15 5 15 )P

<_ 1089n3 n 1089n2 B 2178n> .
15 5 15
+ <484n3’ + @nz - 968n> p3
15 5 15
121 5 121 , 242
+ <—15n + ?n — 15n> P4
+ <8;17n3 +99n? — %n — 22) .

For n > 3, the partial derivatives satisfy

1 1 2
Og _ 1936 5 1936 , 3872

=L <0
op1 15 5 15 ’
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g 1089 , 1089 , 2178

99 - <0
O T
Og _ 484 , 484 , 968

99 = n <0,
R L S T

Og _ 121 5 121 , 242

99 i 0.
o 15" T B

Consequently, the function is bounded above by:

847 151
9(p1,p2,p3,p4) < ?713 +99n* — ?n — 22
Equality holds if and only if p; = ps = p3 = ps = 0, which implies that CL,, is the unique
cyclodecane chain attaining the maximum multiplicative degree-Kirchhoff index. The function
9(p1,p2,p3, pa) further satisfies the inequalities

1936 1936 2 3872
9(p1,p2,p3,P1) = —p vt n ) (p1+p2)

5
847 3 847 n? 4 1694
+ < 5" ) D2
+< 484 3+484 ) 968n> .
15
+< 121 3+ 2 242n> oy
15
847 , 151
+ 3 —n®+99n -5 22
> <484n3 + @nz - 96871) (p2 + p3)
- 15 ) 15

1331 , 1331 , 2662
15 5 15 ) P2

121 3 121 5, 242
+ +—n D4

15 5 15
2209 , 2431 , 4627
15 5 15
121 5 121 , 242
> o247
> < S + 5 n 15 n) (p2 + pa)

15 " 5 s "
1815 5 2915 , 5595
n n- —

15 5 15
(1452 , 1452 , 2904 )
— + n | p2

(1452 5 1452 , 2904 )
- D2

n— 22

>

=\ 15" 5 T s

1694 5 3036 , 5887
15 5 15

n — 22.

It is evident that:

1452 5 1452 , 2904 1694 5 3036 , 5837
2 - - —22. (19
9(P1,p2,P3,P4)_< 5" 5" + 5 n) D2 + 5" + 5N 5" (19)
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Equality holds if and only if py +p2 =1, po +ps =1, po +pg =1, and
O<pr+p2+ps+ps<1,
which implies
(p17p27p37p4) = (0; 1,0, 0)
Substituting ps = 1 into Equation (19) yields:

3146 3 1584 , 2933
n° + n° —

_ 2.
15 5 15

9(p1.p2,p3,0a) >

Equality holds if and only if (p1,pe, ps,ps) = (0,1,0,0), which corresponds to CM,, being the
unique cyclodecane chain attaining the minimum multiplicative degree-Kirchhoff index. This
completes the proof. |

3.3 The additive degree-Kirchhoff index of random cyclodecane chains

This section presents the calculation of the expectation for K f* (CDC(n;p1, p2, p3,p4))-

Theorem 3.9. Let CDC(n; p1,p2, p3,p4a) be a random cyclodecane chain withmn (n > 1) reqular
decagons. Denote V=V (CDC,,), V; = V(CDC,,_1), Vo = V(CDC,,_1)\ {un—1}. The expected
additive degree-Kirchhoff index is given by

E [K f* (CDC(n; p1,p2, ps3, pa))] = %(35 — 16p1 — 9po — 4p3 — pg)n®
+ (133 + 352p1 + 198ps + 88ps + 22pa)n (20)
. %(179 + 704p1 + 396ps + 176ps + 4dps)n — 10.
Proof. Let K f* (CDC(n;p1,p2,p3,p4)) = Az + Bz + Co, where
A= S (dw) +d(w)) (o),

{u,v}CV1

By=73_ Y (dv)+d(z0)r(v,2),

veVL z, €V (Dy,)
Co= Y (d=z)+dz)r(z,2).

{#i,2;}CV(Dn)

From Equations (7) and (14), the following relations are derived:

Ar= ) (d(w) +d(v)r(u,v) + Y (depe, (wn-1) + d(v)) r(up-1,v)

{u,v}CVs vEVs
= Kf+(CDCn_1) + T(un_l‘CDCn_l),

By = Z Z d(v)r(v, z;) + Z Z d(z)r(v, z;)
veEVL 2, €V (Dyp) veEVL 2, €V (Dy)

=10 d(0)r(un_1,0) + 21r(n_1|CDC,y) + %(2271 —93) 4 540(n — 1),
veV;
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10 10

ZZ (z:) +d(z))r (zi,zj):%.

21]1

The additive degree-Kirchhoff index thus satisfies the recurrence relation

Kf*(CDC,) =K f*(CDCp_1) +10 Y d(v)r(tp_1,v)
veVy (21)
+ 227 (uy_1|CDC,, 1) + 11230 — 803.

Let U2 = E[r(u,|CDC(n, p1, p2, p3,p4))]. From Equations (7) and (8), the expectation expands

as
U;rf = p17(22|CDC,,) + p2r(z3|CDC,,) + p3r(z4|CDC,,) + par(z5|CDC,,)

+ (1 = p1 — p2 — p3 — pa)r(26|CDC,,)

37
_U3 _1 +(35— 16p1 — 9po —4p3—p4)n—|— <—2—|—16p1 + 9ps + 4dps +p4) .

Substituting the initial value U = % into the recurrence relation yields:

U (35 — 16p; — 9po — 4ps — p4)n + 2+ 16p1 + 9p2 + 4ps + p4)n. (22)

2(

l\.’)M—l

From Equations (21) and (22), the recurrence relation for the expected additive degree-Kirchhoff
index is obtained:
E[K f*(CDC(n + L;p1,p2, ps, pa))] = EIK fT(CDC(n; p1, p2, 3, pa))]
+22(35 — 16p1 — 9pa — 4ps — pa)n”
+ (1036 + 352p1 + 198p2 + 88ps + 22p4)n
+ 330.

Substituting the initial value E[K fT(CDC(1; p1, pa, p3, p4))] = 320 into the recurrence relation,
Equation (20) is established by mathematical induction. [ |

Substituting the parameter sets (p1,p2,p3,p4) = (1,0,0,0), (0,1,0,0), (0,0,1,0), (0,0,0,1),
and (0,0,0,0) into Equation (20) yields the following corollary.

Corollary 3.10. The additive degree-Kirchhoff indices of the five cyclodecane chains CO,,
CM,,, CS,,, CW,,, and CL,, are given by:

418 883
Kf+(CO,) = —n® 4 485n? - n- 10,
2
Kft(CM,) = %nf’ +331n? — ?n — 10,
Kf*(CS,) = os2, 3 122102 ?n — 10,
748 223
KfT(CW,) = —n® + 155n? -5 n-10
1
KfT(CL,) = 7;0 3 4+ 133n? ?n - 10.

Theorem 3.11. Among all cyclodecane chains with n (n > 3) regular decagons, CL,, is the
unique chain attaining the maximum additive degree-Kirchhoff index, while CM,, is the unique
chain attaining the minimum additive degree-Kirchhoff index.
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Proof. Let CDC(n;p1, p2, p3, ps) be arandom cyclodecane chain with n (n > 3) regular decagons.
From Theorem 3.9, the expected additive degree-Kirchhoff index is given by:

h(p1,pa,ps,ps) = E [K fT (CDC(n; p1,p2,p3, pa))]

352 704
= ( = %+ 352n% — 3n) p1+ (—66n° + 198n* — 132n) p,

88 176
+ (—3n3 + 88n2 — 371) Ps

22 44 1
+ <3n3 +22n2 — 3n> Pa + 720 3 4+ 133n? gn —10.

For n > 3, the partial derivatives satisfy

oh 352 4 5 704
— = 352n° — —n <0,
8p1 3 n° 4+ n 3 n
oh
— = —66n> +198n% — 132n < 0,
Op2
oh 88 4 5 176
— =—— 88n® — —n < 0,
ops 3 n° + 33n 3 n
oh 22 4 ., 44
o 3o - Tn<o.
8p4 3 n° 4+ 22n 3 n

Given that 0 < p1,p2,p3,pa <1 and 0 < p; + p2 + ps + pg < 1, it follows that:

179

h(p1,p2,p3,p1) < +133n2 Tn —10.

770 3
3

Equality holds if and only if p; = ps = ps = py = 0, which implies that CL,, is the unique

cyclodecane chain attaining the maximum additive degree-Kirchhoff index.

The function h(p1, p2, p3, p4) further satisfies the inequalities

352 704
h(p1,p2,p3,p4) = (—3n3 + 352n% — 3n> (p1 + p2)

154 308 88 176
+ (3n3 — 154n? + 3n) p2 + (—3n3 + 88n? — 3n) P3

22 44 1
+ (—3n3 +22n% — 3n) Pa + ?rﬁ +133n2 — gn —10

88 . 176
Z (3713 + 88712 — 3”) (pQ erg)

242 484 22 44
+ [ ==n—24202 + = p2 + — =l 42902 - p P4 (23)
3 3 3 3
8 3 883

+ 485n 2—7 n—10

44
Znd 42902 — n (p2 + pa)

+

( ;
264 528 1059

+ — 264n% + Sn) po + 11003 + 573n? — — 10
4 2 11

( 04,5 _ 964n? + 538n) P2+ %ni}’ + 59512 — %n - 10.
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The equality holds if and only if p1+ps = 1, po+ps =1, pa+ps = 1, and 0 < p1+p2+p3+ps < 1,
that is, (p1, p2,ps,pa) = (0,1,0,0). Substituting ps = 1 into Equation (23), one obtains

572 575
h(p1,p2,p3,pa) > 7n3 +331n% — - 10.

The equality holds if and only if (p1,p2,p3,p4) = (0,1,0,0), which implies that CM,, is the
unique cyclodecane chain with the minimum additive degree-Kirchhoff index. This completes
the proof. |

Remark 1. In the first three sections, the Kirchhoff index, multiplicative degree-Kirchhoff
index and additive degree-Kirchhoff index of the random cyclodecane chain are derived in
detail, and the three types of Kirchhoff index expressions with five special random structures
are obtained. The extreme value problem of the random cyclodecane chain about the three
types of Kirchhoff index is depicted, which provides ideas for the exploration of the Kirchhoff
index, multiplicative degree-Kirchhoff index and additive degree-Kirchhoff index of any random
decagon chart.

3.4 Average values of three types of Kirchhoff indices for random
cyclodecane chains
Let ©,, denote the set of all cyclodecane chains with n regular decagons. The average values of

the three types of Kirchhoff indices over all cyclodecane chains in ©,, are defined respectively
as

Kfavr(@n) = ! Z Kf(CDCn),
[6n] CDC,r€0,
1
Kf* (0,) = > Kf(CDC,),
[©nl CDC, €0,
1
Kfr (©,)= Kf+(CDC,,).
wor(O) O] CDCEn:een enen)

Since each chain in ©,, is generated with equal probability, the average values are obtained
when

( ) (L1
P1,D2,P3,DP4, b1 D2 b3 b4) = 575757575 .
( (L1
P1,P2,P3,P4) = 575a575 )

into the expectation expressions of Theorems 3.3, 3.6 and 3.9 yields the following result.

Substituting

Theorem 3.12. The average values of the three types of Kirchhoff indices for the family of
cyclodecane chains ©,, are given respectively by:

14 2
K fur(©,) = —5n3 +76n% — En,
3 6
3509 1221 2207

K far(©n) = 3 2 —22

Far(On) = =™+ —=n” = =mn = 22,

44
Kf (©,) = %rﬁ + 265n2 — ??)n —10.
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Moreover, the following identities hold:

K fan(®0) = 3 (KF(COL) + KF(OMy) + KF(CS,) + KF(OW,) + K f(CL)),

avr

K fau(On) = % (K f*(COn) + Kf*(CMy,) + K f*(CSy) + Kf*(CW,,) + K f*(CLy)) ,

K+

avr

(On) = % (K fT(CO,) + K fH(CM,) + Kf+(CS,) + KfT(CW,,) + K f*(CL,)) .

Remark 2. Closed-form expressions are established for the average values of the Kirchhoff
index, multiplicative degree-Kirchhoff index, and additive degree-Kirchhoff index of random
cyclodecane chains. These results provide a methodological framework for investigating mean
values in arbitrary random decagon systems.

Remark 3. The average values of the Kirchhoff indices for the five specific chains CO,,, CM,,,
CS,, CW,, and CL,, collectively determine the overall average values of the Kirchhoff indices
for the entire family ©,, of cyclodecane chains comprising n regular decagons.

4 Discussion

This work provides a comprehensive computational framework for determining three funda-
mental types of Kirchhoff indices in random cycloalkane chains. The methodologies and results
established herein open several avenues for future research. Specifically, the expectation, ex-
treme values, and average values of other significant topological indices such as the Hosoya index
and Merrifield-Simmons index in random cyclodecane chains warrant further investigation. Ad-
ditionally, extending this analysis to related topological indices, including the Somobor index,
would contribute to a more complete understanding of the structure-property relationships in
these chemical systems.

5 Conclusion

This study employs recurrence methods to derive closed-form expressions for the expected val-
ues of the Kirchhoff index, multiplicative degree-Kirchhoff index, and additive degree-Kirchhoff
index of random cyclodecane chains. Through this approach, explicit formulas for these three
types of Kirchhoff indices are obtained for five specific cyclodecane chain structures: CO,,
CM,,, CS,, CW,, and CL,. Furthermore, the extreme values and average values of these in-
dices are systematically characterized. A significant finding reveals that the mean values of the
Kirchhoff indices of these five specific chains collectively determine the overall average values
of the Kirchhoff indices for the entire family ©,, of cyclodecane chains comprising n regular
decagons.
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