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’ where (, is the degree of the vertex wu.

The present paper focuses on the DSO index of simple
graphs, where precise bounds are derived based on fundamental
structural parameters, including order, size, maximum degree,
and minimum degree. We also establish sharp inequalities relat-
ing DSO to a collection of standard topological indices, namely
the Randié¢, Geometric-Arithmetic, Zagreb, Sombor, and Har-
monic indices, as well as inverse degree-related indices. For each
bound, extremal graphs attaining equality are fully character-
ized. Additionally, we analyze the behavior of DSO for specific
graph families, including trees and regular graphs.
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1 Introduction

Let G = (V, E) be a simple graph considered throughout this study; here, |V| and |E|
correspond to its order and size. The degree of a vertex u, represented as (,,, corresponds to the
cardinality of the set of vertices adjacent to it. We use the notations § and A for the minimum
and maximum degrees of GG, respectively. Given two adjacent vertices v and v, we use uv to
indicate the edge linking them. We use the standard graph notation from [1].

Topological indices are numerical invariants assigned to molecular graphs that serve as
essential tools in mathematical chemistry. By providing a quantitative representation of molec-
ular architecture, these descriptors facilitate the discovery of meaningful relationships between
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structural attributes and diverse physicochemical characteristics. The capacity of these indices
to predict properties without requiring costly laboratory synthesis makes them particularly
valuable in computational screening workflows designed to identify promising drug leads or
functional materials with desired attributes [2]. In what follows, we recall the definitions of
several topological indices that will be needed in this paper.

e First Zagreb index [3]: Mi(G) =), cp (Cu+ &)

e Second Zagreb index [4]: M2(G) = >, cpCulo-

e Gutman-Milovanovié¢ index [5]: For a, 8 € R, My 5(G) = >, c p(CuCo)*(Cu + G)B.
¢ Randi¢ index [6]: R(G) =) . cp ﬁ

e a-Randi¢ index [7]: For a € R, Ro(G) = >, c p(CuCo)®

e Geometric-Arithmetic index [8]: GA(G) =), ,cp zcvuijé”.

e Harmonic index [9]: H(G) =), cp ﬁ
e Inverse degree index [9]: ID(G) =) . cp (C% + C%> )

e Inverse sum indeg index [10]: ISI(G) =), & Ci“f&

e Sum-connectivity index [11]: x(G) =), & ﬁ

e Sum-connectivity F-index [12]: SF(G) =

1
EU’UGE \/m .

e Symmetric division degree index [10]: SDD(G) =" Gty

wv€E (,Cy
e Sombor index [13]: SO(G) =3, ,cp V(2 + (2.

e Elliptic Sombor index [14]: ESO(G) =3, cp (Cu + Co) /¢ + ¢

This index provides a new vertex-degree-based descriptor with geometric motivation, extending
the family of Sombor-type indices and offering potential applications in chemical graph theory.
For additional research on Sombor indices and the elliptic Sombor index, including their appli-
cations in chemical graph theory, see [15-20].

A recent modification of the SO was introduced in [21] as follows:

pso(@) = Y VT

uwvek Cu + CU

which is referred to as the diminished Sombor index in [22].

Movahedi et al. [22] investigated mathematical properties of the diminished Sombor index,
identified extremal graphs, and provided numerical analyses alongside its prospective chemical
applications, while a subsequent work by Movahedi [23] determined the unique tricyclic graph
maximizing the diminished Sombor index for a given order and described its structural features.
Das et al. [24] solved the minimization problem for the DSO index of tricyclic graphs. The
study in [25] identifies and describes all molecular graphs with order n and cyclomatic number
£ that achieve the smallest possible DSO index, assuming n > 2(¢ — 1) > 4. Movahedi [26]
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established sharp bounds for the DSO index using several classical indices and characterized
the corresponding extremal graphs.

In this work, we focus on the study of the DSO index for simple graphs. We determine sharp
bounds for DSO based on both structural graph invariants and various classic degree-based
indices. Additionally, we study how the diminished Sombor index relates to other degree-based
indices and derive new characterizations.

2 Preliminaries

Lemma 2.1. (/27]). Consider two sequences of positive real numbers, denoted by x = (x;)1_,,
and a = (a;)_,. Assuming r > 0,

41
(221:1951')7—Ir < - 17:“

(E:L:l a‘i)r - i=1 a;;

Ln
an °

Equality holds if and only if either r =0 or % ==
Lemma 2.2. (/28]). Suppose that ©® = (0;)!_, and ¢ = (¢;)i_, are two monotonically non-

increasing sequences of non-negative numbers, with ©; > 0 and ¢1 > 0. Furthermore, let
X = (Xz‘)ﬁzl where x; > 0. Then,

t t t t t
<Z Xi622> (Z Xz‘(b?) < max <¢1 > Xi0i, 01 ) Xi¢i> > Xi®ioi.
i=1 i=1 i=1 =1 =1

Lemma 2.3. (/29]). Let x = (z;)"_, and'y = (y;)I,, be real sequences with Y -, x; =1 and
0<a<y <pB<+4oco. Then,

dwyi+aB) —<a+p.
i=1 izl Yi
Lemma 2.4. ([30]). For any graph G of size m,

2m\/Z
1+A°

GA(G) >

Equality holds if and only if the endpoints of any arbitrary edge in G possess degrees 1 and A.
Lemma 2.5. ([31]). Let G be a graph with n vertices. Then,
R(G) < 2.
2
Equality holds if and only if G is a disjoint union of reqular graphs (not necessarily with equal
degrees).

Lemma 2.6. ([32]). Let v : Rt — RT be a conver function with x; > 0 for 1 < i < m.
Then,

" (H“> < (@) + ).

m
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3 Main results

Theorem 3.1. For a connected graph G,

DSO(G) < % SDD(G)Mz(G).
Equality holds if and only if G is regular.
Proof. For uv € E, 20 < (, + (, < 2A. Thus,
2
5000 = 13 < > +<C2> 2 ( 453:5%) | W
wweE weE
VE+E

By substituting r =1, z; =

oerant and a; = (,(, into Lemma 2.1 and using (1), we get

vaa) (v vaa) )
CutCo - weE "+, _ (DSO(@)) .
Cqu - ZquE Cqu MQ(G)

—SDD(G) > <

462
uveE

Therefore,

(DSO(G))* < ?SDD(G)MQ(G),

and consequently,

1
DSO(G) < % SDD(G)Mz(G).
The bound is sharp if and only if the graph G satisfies the condition 6 = {, = {, = A for
w € F. |
Theorem 3.2. For a connected graph G
2
DSO(G) > % (M1(G) — 2ISI(G)).

Equality holds if and only if G is reqular.

Proof. Applying Lemma 2.2 with the assignments ©; = /(2 + (2 = ¢; and x; = we get

1
CutGo’

(Z <2+<2> (Z <3+<3> <max<fA > Y W VA Y W) g Grd

uveE + CU wveE Cu + CU uveFE g“ uwvekR Cu + CU uwveFE ut CU
Hence,
+ 2
y GrS oy \/C<+<< o)
uvekl uvek u v
Consequently,
Gta
DSO(G Z s
_ 1 (Gu + )? o )
ﬁA (usz:E Gu + Go uvze:E Cut G
1
= 5 (Mi(G) = 21ST(G)).

The bound is sharp if and only if the graph G satisfies the condition (, = (, foruwv e E. 1
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Theorem 3.3. Let G be a simple graph without a pendant vertex. Then,

V2
DSO(G) 2 SXID(G).

Proof. Analogous to the proof of Theorem 3.2, we deduce from (2) that

DSO(G) = —— 3 o :[gz

u'UEE
1 G+ G
= VA ZE AL

a5 (40 8)-fime

uwveE

Corollary 3.4. For a graph G of order n without a pendant vertex,

V3 n
p50(G) > 2 (1)

Proof. Since ID(G) > %, using Theorem 3.3, we get

V2 V2n
DSO(G) 2 SXID(G) = 5.

Corollary 3.5. Let G be a simple graph without a pendant vertex. Then,
L)
A \om/ -

DSO(G) >

Proof. From Theorem 1 in [33], we have ID(G) > 2’52. Therefore, by applying Theorem 3.3,

we get
V2 V2 [ n? V2n?
> X2 > 22— ) = 1=,
bso(@) 2AID(G) T 2A <2m2) 4m2A
|
Theorem 3.6. For a graph G,
1 (H(G))?
D 0A——— ).
SO(G) > 2(A+6) <SO(G) + SF(G)
Equality holds if and only if every component of G is regular.
Proof. By substituting z; = €. 76,)D50G) 25;;53@, Yi = Cu + Cv, @ = 2§, and S = 2A into Lemma 2.3,
2 2 C +C’U
> VEH G +a0A Z NVouT v < 9(A + 6)DSO(G). (3)

uwveE quE
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By setting x; = ﬁ, a; = ﬁ, and r = 1 in Lemma 2.1, we have

s vara_y (&) | (Zweck) _gror

2 1 - 1
uwweE (Cu T Cv) weE 242 ZquE \/ﬁ SF(G)

From (3) and (4), we get

SO(G) + 45 (%) <50(G) +asa 3o L C + gg < 2(A +5)DSO(G),
uveE

and this gives the result. We have equality if and only if each edge connects two vertices of the
same degree. [ |

Theorem 3.7. For a connected graph G,

DSO(G )zg A(G).

Equality holds if and only if G is a regular graph.

Proof. Using the geometric-quadratic mean inequality, it follows that

2 2
Vel <yt (5)

Therefore,

\/§<VC1LCU)< \/C%"’Cg
GutG/) ™ GutG

VEFE WGl V2
DSO@) = 3, 2 ey Gt - 2 oA

uwvel uveE

Equality is achieved in (5) if and only if all vertex degrees are identical, which corresponds to
the class of regular graphs. |

Corollary 3.8. For a simple graph G of size m,

mv2A

> .
DSO(G) = T4

Equality holds if and only if G ~ mKs.

Proof. Using Theorem 3.7 and Lemma 2.4, we get

V2 >\/§<2m\/z>_m oA

) 1+4A ] 1+A°

According to Theorem 3.7, equality occurs in the first inequality if and only if the graph is
regular. According to Lemma 2.4, equality in the second inequality holds if and only if every
edge of G connects vertices of degrees 1 and A. Therefore, equality throughout holds if and
only if each edge uv € E satisfies (,, = (, = 1. Thus, G ~ mK>. |



Iranian Journal of Mathematical Chemistry 17 (3) (2026) 259 — 270 265

Corollary 3.9. Let G be a triangle-free simple graph with n vertices and m edges. Then
2
DSO(G) > 2V2 (%)

Proof. Applying Theorem 3.7 yields the lower bound DSO(G) > IGA(G). Furthermore, an
application of the Cauchy—Schwarz (C-S) inequality leads to

1
Cu + o ) m?
GA S — (6)
(u;E e ZU’UGE QC\U/’ ngv

Using Lemma 2.5, the relation (6) and since for uv € E, {, + {, < n, we get

DSO(G) > gGA(G) > V2 (E m* ) > ZﬂmQ — > 2\/5%2.

9 Gutly 1
weE 2/, w€E Gy

Theorem 3.10. For a simple graph G with § > 1,

1
DSO(G) < 7=ESO(G).

Equality holds if and only if G ~ mKs.

Proof. By applying Lemma 2.6 to ¢(z) = % and the geometric-quadratic inequality, we have

2 1(1 1 Cu + Co ﬂ(@ﬁ@)
<u+<y§2<<u+cv> (cucv )S > \Vara ) @)

Since ¢ < ¢, < A for any u € V, using (7), we get

Dso@) = Y WZZ(WNJ@)

wveE <u+<v uwveE
VE+GEG+6) _ 1
< — u v 12L 3
< EEZE e S 4\@%@ + GV +C

Equality is attained in the preceding relations precisely when

/2 2 1

Consequently, this condition implies that equality occurs if and only if {, = {, = 1 for all
uv € E. For a vertex u € V, eccg(u) = max{{g(u,v)|v € V} in which (¢ (u,v) is the length of

the shortest path connecting v and v. The radius r(G) of G is given by r(G) = min{eccq(u)|u €
Vi

Theorem 3.11. For a connected graph G of order n,

SO(G)
DSOG) 2 5. 7= s
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Proof. Since for any u € V, {, < n — eccg(u), hence

2 2 1

Cu+Co — 2n—2r(G) - n—r(G)

psoe) = Yo VEEE - DS (vara) (

<)
uwveE Cu + Cv uvel Cu + Cv

f Z (Va+a) (i(@)

quE

- 2(n —7r( Z \/W SO(Gé‘

quE T’( ))

| \/

Theorem 3.12. For a simple graph G of size m,

DSO(G) < \/m (m — 20, _(G)).

Proof. From the C-S inequality, it follows that

VG + G G +6r
(PsOtE (Z Gt ) <M TGP

wveFR wweFE

u v 2 2 uSv —
””(Z © J(rg(j_( )QC ‘ ) _m<z -2 Z (CuCo) (Cu + o) 2)
weFR u v wveFE uwweE
=m(m—2M; _5(G)),
and this gives the result.

Theorem 3.13. For a connected graph G of size m,

mSDD(G)

DSO(G) < .

Equality holds if and only if G is a reqular graph.

Proof. Based on the arlthmetlc geometrlc mean inequality and since for any sequence of real
numbers (z;), (Y1, xz) <n) ., x? we get

(2DSO(G ( > W) ( > W)

wvEE Cﬂ + <’U weE \% CUC’U
VGG ) G+a

=mSDD(G).

The bound is sharp if and only if the graph G satisfies the condition (, = (, for uv € E.
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Theorem 3.14. For a tree T of order n,

T
pso(r) > 50
FEquality holds if and only if T is a star graph.
Proof. For any uv € E, ¢, + (, < n. Therefore,
21 2 21 o2 T
DSO(T Z V6 t+6 Z \/Cu—"_Cv:SO( )
Cu + Cu n n

The bound is sharp if and only if ¢, + {, = n, which implies T is a star graph. |

uwveE uwveE

Theorem 3.15. For a connected graph G,

g(SH(G) < DSO(G) < g

AH(G).
Equality holds if and only if G is a regular graph.
Proof. For any u € V, § < (, < A. Therefore, we get

DY et Dy

P cu R R OEe .
Thus,
g&H(G) < DSO(G) < gAH(G).
The bound is sharp if and only if the graph G satisfies the condition § = A. ]

Theorem 3.16. For a connected graph G with at least one edge,

DSO(G) > (gﬁg)

Equality holds if and only if G is a reqular graph or a bireqular graph.

Proof. From the C-S inequality, it follows that

2 (<2+C2>% 1
e <U§Ev<u <v> -\ Ve NEESE

uwveE
uwvel Cu + CU ww€E V C2 + CQ
= DSO(G)SF(QG).
Therefore, we have
x(G))?
D >
50(G) SF(G)
The bound is sharp if and only if (citei)® = ¢ . Therefore, ¢ = — Gt If g0z eFE
Cu+tCo (C2+C2)4 CutCo” ’ ’

we have géif gjigz and consequently, (G, + () (C2 + ¢2) — (Cu + Co) (2 + ¢2) = 0. That is,

G is a regular graph or a biregular graph.
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4 Conclusion

In this paper, we established sharp bounds for the DSO index in terms of fundamental graph pa-
rameters and several classical topological indices, providing new characterizations and insights
into the relationships between DSO and other degree-based indices. Our results contribute to
the theoretical foundation of the DSO index and highlight its potential applications in math-
ematical chemistry and graph theory. For future research, it would be valuable to explore the
behavior of the DSO index in specific families of graphs, investigate its extremal values under
additional structural constraints, and analyze its predictive power in chemical graph theory for
various molecular properties. Moreover, extending these results to weighted, directed, or dy-
namic graphs and studying algorithmic approaches for efficient computation of the DSO index
in large-scale networks present promising directions for further study.
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the publication of this article.
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