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Abstract

The current research investigates the nonlinear behaviour
of dimensionless ethanol and acetaldehyde concentrations in a
fixed-bed laboratory reactor operating with a Mn9Cu1 cata-
lyst for catalytic combustion. The main objective is to obtain
accurate analytical solutions of the coupled nonlinear govern-
ing equations and evaluate their usefulness for reactor analysis.
A semi-analytical hyperbolic function method is applied to de-
rive rapidly convergent solutions, which are validated through
MATLAB (version 7.8.0, R2009a) numerical simulations. Ex-
cellent agreement between analytical and numerical results con-
firms the reliability of the method. The findings show that the
approach efficiently captures reactive transport and catalytic
kinetics while reducing computational iteration time. The solu-
tions provide insight into catalyst performance and ethanol ox-
idation efficiency, supporting optimization of reactor operating
conditions. Overall, the study demonstrates that the hyperbolic
function method is a simple, computationally efficient tool for
modelling complex nonlinear catalytic combustion systems.
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1 Introduction

Ethanol combustion has become a focal point in environmental remediation efforts owing to its
significance in the abatement of volatile organic compounds (VOCs) emanating from industrial
effluents, particularly in manufacturing sectors such as printing and chemical processing. VOCs
are a major contributor to air pollution, playing a role in both indoor and outdoor air quality
degradation, photochemical smog formation, and posing notable health risks [1–3]. Innovative
treatment methods, especially catalytic combustion, have emerged as vital solutions for man-
aging VOC emissions, enabling efficient oxidation at reduced temperatures and minimizing the
release of hazardous byproducts [4, 5].

Among the catalysts explored for ethanol combustion, manganese-copper mixed oxides have
demonstrated superior catalytic activity, stability, and selectivity, making them promising can-
didates for the complete oxidation of VOCs [6–9]. Recent advances focus on the development
of robust kinetic models and optimization of reaction parameters for these catalysts, including
the novel Mn9Cu1 composition [8, 10]. Such models are pivotal for enhancing industrial reac-
tor designs and maximizing combustion efficiency, as they integrate experimental findings with
advanced modelling approaches [8, 11, 12].

Catalyst composition has a profound impact on reaction pathways, the formation of inter-
mediate species, and the overall catalytic performance [13]. The integration of experimental
kinetic studies with predictive models advances the understanding of catalytic combustion for
VOC control, supporting the development of tailored strategies for industrial emission manage-
ment [9, 14, 15]. This body of work underscores the multidisciplinary effort required for effective
environmental protection and industrial process optimization in the context of ethanol-based
VOC abatement.

Various researchers [16–23] have contributed extensively to the development of analyti-
cal and semi-analytical methods for nonlinear differential equations. Their studies address
a wide range of nonlinear evolution models arising in mathematical physics and engineering.
These works provide accurate solution structures and valuable insights into complex nonlin-
ear phenomena. The authors in [24] studied the transcendental Bernstein series method for
reaction–diffusion equations with nonlocal boundary conditions, using optimization techniques
to enhance accuracy and convergence. In their subsequent works, they proposed efficient nu-
merical and semi-analytical approaches, including generalized Bernoulli–Laguerre polynomials
and Lagrange scaling functions, to address a broad class of nonlinear differential equations in
applied sciences and engineering [25–27]. More recently, these methods have been successfully
extended to coupled nonlinear systems of variable-order fractional PDEs and time-fractional
convection–diffusion–wave equations, demonstrating their versatility and robustness in handling
complex physical phenomena [25, 27]. Further advancements in this domain include the appli-
cation of reproducing kernel methods for nonlinear singular boundary value problems [28], as
well as analytical and semi-analytical solutions for time-dependent chemical reaction–diffusion
systems, such as the glycolysis model [29] and transient electrochemical processes at spherical
microelectrodes [30]. These contributions underscore the growing utility of hybrid numerical
techniques in modeling complex nonlinear phenomena across chemistry, biology, and electro-
chemistry.

A nonlinear coupled diffusion–reaction model describes ethanol and acetaldehyde transport
inside porous catalyst pellets, using the Bosanquet model for diffusivity and nonlinear kinetics
for the ethanol-to-acetaldehyde pathway. In this communication, we have derived the ana-
lytical expression of concentration of ethanol and acetaldehyde using the hyperbolic function
method (HFM). This method provides efficient analytical solutions, validated against numer-
ical results, supporting mechanistic insight and practical catalyst or reactor optimization in
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complex reaction–diffusion systems. Parametric studies reveal impacts of key dimensionless
groups on system behaviour. HFM outperforms variational iteration method (VIM) and the
Adomian decomposition method (ADM) by delivering exact closed-form soliton solutions (e.g.,
sinh/cosh) for nonlinear PDEs with minimal iterations, avoiding infinite series expansions while
reducing computational effort in reaction-diffusion modelling.

2 Mathematical formulation

2.1 Molar concentrations of ethanol and acetaldehyde inside the cat-
alyst particle

In the study by Agustina Campesi et al. [31], a mathematical model was proposed to describe the
molar concentrations of ethanol and acetaldehyde within a catalyst particle. The experimental
model considers ethanol oxidation on a catalyst, proceeding via consecutive reactions: ethanol
forms acetaldehyde, which is then oxidized to CO2 and H2O. The process is described by
Langmuir–Hinshelwood–Hougen–Watson kinetics, with reaction rates dependent on ethanol
and acetaldehyde concentrations.

Figure 1: Schematic diagram of ethanol oxidation and intermediate formation over cerium oxide
catalyst bed.

Figure 1 illustrates the oxidation pathway of ethanol over a cerium oxide catalyst, highlight-
ing key reactants, products, and inhibition effects. The key chemical equations are:

C2H6O+

(
1

2

)
O2 → C2H4O+H2O

C2H4O+

(
5

2

)
O2 → 2CO2 + 2H2O

 . (1)

This model is governed by nonlinear differential equations. The system of equations is given as:Def,Et

[
d2CEt(z)
dz2 + 2

z
dCEt(z)
dz

]
= r1 (CEt, CAc) ,

Def,Ac

[
d2CAc(z)
dz2 + 2

z
dCAc(z)
dz

]
= r2 (CEt, CAc)− r1 (CEt, CAc) .

(2)
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The boundary conditions for these equations are:

CEt = CbEt, CAc = CbAc at z = R, (3)
dCEt
dz

=
dCAc
dz

= 0 at z = 0. (4)

The reaction rates r1 and r2 are expressed as:

(
r1 (CEt, CAc)

r2 (CEt, CAc)

)
=


kref,1 exp

[
− E1

RG

(
1

T
− 1

Tref

)]
CEt

1 +KCEtCEt +KCAcCAc

kref,2 exp

[
− E2

RG

(
1

T
− 1

Tref

)]
KCAcCAc

1 +KCEtCEt +KCAcCAc

 . (5)

This compact vector form combines both kinetic expressions for the system, clearly representing
the nonlinear Arrhenius-Michaelis -Menten dependence on concentrations and temperature.
Here, CEt and CAc represent the molar concentrations of ethanol and acetaldehyde inside the
catalyst particle, respectively, while Def ,Et and Def ,Ac denote their corresponding effective
diffusivities. R is the radius of the catalyst particle, and T is the operating temperature, with
Tref serving as the reference temperature. RG stands for the universal gas constant. KCEt and
KCAc are the adsorption equilibrium constants for ethanol and acetaldehyde, respectively, and
E1 and E2 are the activation energies associated with the respective reactions or adsorption
processes.

To nondimensionalize the system, the following substitutions are introduced:U = CEt
CbEt

, W = CAc
CbAc

, x = z
R , φ

2
1 =

kref,1R
2

Def,Et
, φ22 =

kref,2R
2

Def,Et
, φ23 =

kref,1C
b
EtR

2

Def,AcCbAc
,

β1 = KCEtC
b
Et, β2 = KCAcC

b
Ac, γ1 = E1

RG

(
1
T −

1
Tref

)
, γ2 = E2

RG

(
1
T −

1
Tref

)
.

(6)

Using these dimensionless variables (6), Equations in (2) transform into a coupled system of
nonlinear ODEs:

U ′′(x) +
2

x
U ′(x) = φ21e

−γ1f1(U(x),W (x)), (7)

W ′′(x) +
2

x
W ′(x) = φ22e

−γ2f2(U(x),W (x))− φ23e−γ1f1(U(x),W (x)), (8)

with boundary conditions:

At x = 0 :
dU

dx
= 0,

dW

dx
= 0, (9)

At x = 1 : U = 1, W = 1. (10)

Here, U(x) and W (x) denote the dimensionless concentrations of ethanol and acetaldehyde,
respectively, and x is the dimensionless axial position inside the catalyst particle. Here, we
have:

f1(U,W ) =
U(x)

1 + β1U(x) + β2W (x)
, f2(U,W ) =

W (x)

1 + β1U(x) + β2W (x)
. (11)

3 Approximation of molar concentrations of ethanol and
acetaldehyde inside the catalyst particle using the HFM

The HFM is a powerful technique for solving nonlinear differential equations. By substitut-
ing this assumed form into the differential equation, the method transforms the problem into
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an algebraic system for determining unknown coefficients. HFM efficiently handles boundary
and initial conditions, providing accurate analytical solutions with fewer computational steps.
Compared to other methods, HFM is particularly effective for problems involving boundary
layers and steep gradients. For detailed applications of the HFM, see [32–34]. Using the HFM,
analytical expressions for the reactant concentrations are obtained from the governing dimen-
sionless Equations (7) and (8) over the specified parameter range. The detailed HFM solution
procedure is illustrated in Appendix A and Figure 7. Let

U(x) =
cosh(mx)

cosh(m)
, (12)

W (x) =
cosh(nx)

cosh(n)
, (13)

where m and n are obtained by solving the following equations:

3m2

cosh(m)
=

φ21e
−γ1 cosh(n)

cosh(n) (cosh(m) + β1) + β2 cosh(m)
, (14)

3n2

cosh(n)
=

(
φ22e
−γ2 cosh(m)− φ23e−γ1 cosh(n)

cosh(n) (cosh(m) + β1) + β2 cosh(m)

)
. (15)

The numerical values of mand n for specified values of φ21, φ22, φ23, γ1, γ2, β1, β2 can be computed
using mathematical software such as Wolfram Alpha.

When m and n are small, the hyperbolic functions in Equations (14) and (15) are expanded
using Taylor series, namely cosh(m) ≈ 1 +m2/2 and cosh(n) ≈ 1 + n2/2. Substituting these
expansions into the governing algebraic equations and neglecting higher-order terms O

(
m4, n4

)
yield the reduced expressions for m2 and n2 presented in Equations (16) and (17). These
approximations are valid in the small-parameter regime.

m2 =
φ21 (1− γ1)

3 (1 + β1 + β2)

[
1 +

n2β2
2 (1 + β1 + β2)

]
, (16)

3n2 ≈
φ22

(
1− γ2 + m2

2 (1− γ2)
)
− φ23

(
1− γ1 + n2

2 (1− γ1)
)

1 + β1 + β2 +
m2

2 (1 + β2) +
n2

2 (1 + β1)
. (17)

4 Previous analytical results
Equations (7) and (8), along with the boundary conditions (9) and (10), were previously solved
by Dharmalingam et al. used both the ADM [35] and the VIM [36]. Their study provided the
molar concentration profiles of ethanol and acetaldehyde, as shown below:

4.1 VIM
Dharmalingam et al. [36] have recently derived the analytical expressions for reactant concen-
trations using VIM as follows:

U(x) = 2δ +

(
φ21e
−γ1δ

1 + β1δ + β2δ′

)
x2

6 ,

W (x) = 2δ′ +

(
φ22e
−γ2δ′ − φ23e−γ1δ
1 + β1δ + β2δ′

)
x2

6 ,

(18)
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where the constants δ and δ′ are obtained by using the boundary conditions U(1) = 1 and
W (1) = 1.

The VIM suffers from repeated and unnecessary computations at each step, making it inef-
ficient for complex problems. It can also struggle with slow convergence if Lagrange multipliers
are not selected accurately and may not easily handle highly nonlinear or stiff problems.

4.2 ADM

Dharmalingam et al. [35] recently derived analytical expressions for the reactant concentrations
using the ADM as follows:

U(x) = 1 +
φ21e
−γ1

6 (1 + β1 + β2)

(
x2 − 1

)
,

W (x) = 1 +
φ22e
−γ2 − φ23e−γ1

6 (1 + β1 + β2)

(
x2 − 1

)
.

(19)

The ADM offers analytic solutions without linearization or perturbation but has drawbacks.
It produces series solutions that require truncation, potentially limiting accuracy and the con-
vergence region. Slow convergence and sensitivity to initial approximations can restrict its
applicability, especially for complex nonlinear problems.

5 Validation of results

Model validation was performed using Figures 2 to 6 and Tables 1 to 3, which illustrate the
concentration profiles of ethanol and acetaldehyde inside the catalyst particle. The results show
an excellent agreement between the analytical solutions and numerical simulations (Matlab),
confirming the model’s reliability. The Matlab program (version 7.8.0, R2009a) is also given
in Appendix B. Notably, average deviations calculated from the tables highlight the superior
accuracy of the HFM (this work) method with an average deviation of only 0.0138, compared
to 0.1501 for the VIM approach and 0.1676 for ADM approach. These findings demonstrate the
robustness of the proposed methodology for accurately predicting concentration distributions,
supporting its utility for catalytic process analysis and design. The graphs demonstrate the

Figure 2: Comparison of numerical (dotted line) and analytical (solid line) results of the di-
mensionless concentration of ethanol U (x) on the effect of φ21 and β1.
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effects of the parameters φ21 and β1 on the dimensionless ethanol concentration U(x) along the
surface. Figure 2(a), an increase in φ21 leads to a pronounced decrease in U(x) across the entire
domain. Physically, this behavior signifies enhanced resistance to mass diffusion, which may
arise due to stronger nanoparticle volume fraction, porous medium resistance, or intensified
interaction between the fluid and solid matrix. As a result, ethanol diffusion is suppressed,
particularly near the wall region. Conversely, Figure 2(b) reveals that increasing β1 enhances
the ethanol concentration profile. This suggests that higher β1 values strengthen relaxation,
reaction, or diffusion mechanisms, thereby facilitating mass transport and improving ethanol
distribution within the boundary layer. Moreover, the smooth convergence of all profiles to the
same boundary condition confirms physical consistency. Figure 3 illustrates the effects of the

Figure 3: Comparison of numerical (dotted line) and analytical (solid line) results of the di-
mensionless concentration of ethanol U(x) on the effect of β2 and γ1.

parameters β2 and γ1 on the dimensionless ethanol concentration U(x). Figure 3(a), an increase
in β2 results in a marked enhancement of U(x) throughout the domain. Physically, this indicates
that higher β2 strengthens the mass diffusion or reaction-related mechanisms, thereby reducing
resistance to ethanol transport and promoting higher concentration levels near the surface and
within the boundary layer. Conversely, lower β2 values significantly suppress ethanol concen-
tration, reflecting weaker mass transfer characteristics. Figure 3(b), increasing the parameter
γ1 also elevates the ethanol concentration profile. This behavior suggests that γ1 enhances the
effective diffusivity or chemical activity of ethanol, leading to improved species transport. In
both cases, all profiles smoothly satisfy the boundary condition at x = 1. Figure 4 depicts
the variation of the dimensionless acetaldehyde concentration W (x) under the influence of the
parameters φ22 and φ23. Figure 4(a), increasing φ22 causes a significant reduction in W (x) across
the entire domain. Physically, this trend indicates that larger values of φ22 enhance resistance
to species diffusion, which may be attributed to stronger porous medium effects or intensified
interaction between acetaldehyde molecules and the surrounding fluid matrix. Consequently,
mass transport is suppressed, leading to lower concentration levels near the surface. In contrast,
Figure 4(b) shows that increasing φ23 results in an increase in acetaldehyde concentration. This
behavior suggests that φ23 enhances the effective diffusivity or reaction-related transport mech-
anism, thereby facilitating acetaldehyde diffusion within the boundary layer. In both cases,
all concentration profiles smoothly converge to the prescribed boundary condition. Figure 5
presents the influence of the parameters γ1 and γ2 on the dimensionless acetaldehyde concen-
trationW (x). Figure 5(a), an increase in γ1 leads to a noticeable reduction inW (x) throughout
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Figure 4: Comparison of numerical (dotted line) and analytical (solid line) results of the di-
mensionless concentration of ethanol W (x) on the effect of φ22 and φ23.

Figure 5: Comparison of numerical (dotted line) and analytical (solid line) results of the di-
mensionless concentration of ethanol W (x) on the effect of γ1 and γ2.

the domain. Physically, this behavior indicates that larger γ1 values intensify reaction or re-
laxation effects associated with acetaldehyde transport, thereby consuming or retarding the
species within the boundary layer and reducing its concentration near the surface. In contrast,
Figure 5(b) shows that increasing γ2 enhances the acetaldehyde concentration profile. This
suggests that γ2 plays a supportive role in mass diffusion or species generation mechanisms,
facilitating acetaldehyde transport and leading to higher concentration levels. In both subfig-
ures, all profiles monotonically increase and satisfy the boundary condition at x = 1, ensuring
physical consistency of the model. Figure 6 illustrates the effects of the parameters β1 and β2
on the dimensionless acetaldehyde concentration W (x). Figure 6(a), increasing β1 significantly
enhances the concentration profile across the domain. Physically, this indicates that larger β1
values strengthen mass diffusion or reduce the effective resistance to acetaldehyde transport,
allowing the species to penetrate more efficiently from the surface into the fluid. At very small
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Figure 6: Comparison of numerical (dotted line) and analytical (solid line) results of the di-
mensionless concentration of acetaldehyde W (x) on the effect of β1 and β2.

β1, strong diffusion resistance suppresses W (x), particularly near the wall region. Figure 6(b),
a similar trend is observed with respect to β2. Higher values of β2 lead to elevated acetaldehyde
concentration levels, suggesting that β2 promotes diffusion or reaction mechanisms that support
species transport within the boundary layer.

5.1 HFM superiority and limitations
HFM outperforms VIM and ADM by yielding compact, exact closed-form soliton solutions (e.g.,
sech/tanh profiles) for nonlinear PDEs like reaction-diffusion systems, requiring minimal term
balancing versus VIM’s iterative functionals or ADM’s polynomial computations-thus achieving
faster convergence with lower effort. However, HFM may fail for non-traveling wave problems,
stiff equations needing high-order expansions, or systems lacking hyperbolic polynomial struc-
tures, where series methods provide better flexibility.

5.2 Molar concentrations of ethanol and acetaldehyde in the reaction
stream

The variation of composition along the bed can be adequately described using the plug flow
hypothesis [31]:

qv
dCbEt
dmcat

= −r1 (CEt, CAc)
ρcat

, (20)

qv
dCbAc
dmcat

= − (r2 (CEt, CAc)− r1 (CEt, CAc))
ρcat

. (21)

Boundary conditions are:

mcat = 0, CbEt = Cb,0Et , CbAc = 0. (22)

For a reactor with uniform catalyst distribution, the relation between the catalyst mass coor-
dinate and axial position is given by:

z =
mcat

ρcatAbed
, (23)
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where ρcat is the catalyst particle or bed density, Abed is the bed’s cross-sectional area, dz is
the differential length increment along the axial direction.

The given rate equations (20) to (22), written in terms of the axial coordinate z, are:

qv
dCbEt(z)

dz
= −kref,1

exp
[
− E1

RG

(
1
T −

1
Tref

)]
CEt(z)

1 +KCEtCEt(z) +KCAcCAc(z)
ρcatAbed, (24)

qv
dCbAc
dz

=


− kref,2

exp
[
− E2

RG

(
1
T −

1
Tref

)]
KCAcCAc(z)

1 +KCEtCEt(z) +KCAcCAc(z)
ρcatAbed

− kref,1

exp
[
− E1

RG

(
1
T −

1
Tref

)]
CEt(z)

1 +KCEtCEt(z) +KCAcCAc(z)
ρcatAbed


, (25)

where qv is the volumetric flow rate. The boundary conditions are given as:

At z = 0 : CbEt = Cb,0Et , CbAc = 0. (26)

To nondimensionalize the system of Equations (24) to (26), the following substitutions are
introduced:

u =
CbEt

Cb,0Et
, w =

CbAc

Cb,0Et
, ξ =

Z

L
, ϕ1 =

kref,1 ρcatAbedR

qv
, ϕ2 =

kref,2 ρcatAbedR

qv
,

σ1 = KCEtC
b,0
Et , σ2 = KCAcC

b,0
Et , γ1 =

E1

RG

(
1

T
− 1

Tref

)
, γ2 =

E2

RG

(
1

T
− 1

Tref

)
.

(27)
Using the dimensionless variables (27) Equations (24) and (25) are transformed into

du(ξ)

dξ
= −ϕ1e

−γ1 u(ξ)

1 + σ1u(ξ) + σ2w(ξ)
, (28)

dw(ξ)

dξ
= ϕ1e

−γ1 u(ξ)

1 + σ1u(ξ) + σ2w(ξ)
− ϕ2e

−γ2 σ2w(ξ)

1 + σ1u(ξ) + σ2w(ξ)
. (29)

Dimensionless boundary conditions are in the forms:

u(0) = 1, w(0) = 0. (30)

Because Equations (28) and (29) are difficult to solve directly, we have instead focused on
analysing the following limiting cases.

5.2.1 Limiting cases for molar concentrations of ethanol and acetaldehyde in the
reaction stream:

Case 1: Arbitrary σ1 (product does not inhibit via w)
The Equations (28) and (29) become,

du(ξ)

dξ
= −ϕ1e

−γ1 u(ξ)

1 + σ1u(ξ)
, and

dw(ξ)

dξ
= ϕ1e

−γ1 u(ξ)

1 + σ1u(ξ)
. (31)

On solving the Equation (31) with the boundary condition (30) we obtain:

u(ξ) =
1

σ1
W
(
σ1e

σ1−ϕ1e
−γ1ξ

)
, and w(ξ) = 1− u(ξ) = 1− 1

σ1
W
(
σ1e

σ1−ϕ1e
−γ1ξ

)
, (32)
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whereW (x) is LambertW -function. The Lambert W-function physically represents the balance
in systems where a variable appears both linearly and inside an exponential, capturing self-
consistent exponential feedback. It extracts the true state of processes governed by coupled
growth/decay and constraint, common in kinetics, transport, and activation phenomena.

Case 2: Small u(ξ), w(ξ) (σ1u, σ2w � 1)

The Equations (28) and (29) become,

du(ξ)

dξ
= ϕ1e

−γ1u(ξ), and
dw(ξ)

dξ
= ϕ1e

−γ1u(ξ)− ϕ2e
−γ2σ2w(ξ). (33)

On solving the above equation with the corresponding initial condition, we obtain the result as:

u(ξ) = e−ϕ1e
−γ1ξ, and w(ξ) =

ϕ1e
−γ1

ϕ2e−γ2σ2 − ϕ1e−γ1

[
e−ϕ1e

−γ1ξ − e−ϕ2e
−γ2σ2ξ

]
. (34)

Figure 7: Flowchart of the solution methodology (HFM).

6 Conclusion
The research establishes that the hyperbolic function method is a robust and efficient strategy
for simulating nonlinear catalytic combustion phenomena within fixed-bed reactors, notably
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regarding ethanol oxidation on a Mn9Cu1 catalyst. MATLAB-based numerical validations
confirm that this semi-analytical approach accurately encompasses both transport and reaction
kinetics, delivering solutions that are not only precise but also computationally cost-effective.
This capability enhances reactor performance analysis and catalyst optimization, paving the
way for significant advances in fuel oxidation technology and catalytic process engineering.

Appendix A: Solution of nonlinear equations (7) and (8)
using the HFM and flowchart of the solution methodology
The nonlinear differential Equations (7) and (8) can be expressed in the following form:

U ′′(x) +
2

x
U ′(x) = φ21e

−γ1f1(U(x),W (x)), (35)

W ′′(x) +
2

x
W ′(x) = φ22e

−γ2f2(U(x),W (x))− φ23e−γ1f1(U(x),W (x)), (36)

subject to the boundary conditions:

At x = 0 :
dU

dx
= 0,

dW

dx
= 0, (37)

At x = 1 : U = 1, W = 1. (38)

Here, the nonlinear functions f1(U,W ) and f2(U,W ) are defined as:

f1(U,W ) =
U

1 + β1U + β2W
, f2(U,W ) =

W

1 + β1U + β2W
.

To obtain an approximate analytical form of the solution for Equations (7) and (8), the functions
U(x) and W (x) are assumed to follow the hyperbolic structure:

U(x) = A cosh(mx) +B sinh(mx), (39)
W (x) = C cosh(nx) +D sinh(nx), (40)

where A,B,C,D,m, and n are constants to be determined. Applying the boundary condi-
tions (37) and (38) to Equations (39) and (40), the constants are evaluated as:

A =
1

cosh(m)
, B = 0, C =

1

cosh(n)
, D = 0. (41)

Thus, Equations (39) and (40) simplify to:

U(x) =
cosh(mx)

cosh(m)
, (42)

W (x) =
cosh(nx)

cosh(n)
. (43)

Substituting Equations (42) and (43) into the governing Equations (35) and (36) yields:

m2 cosh(mx)

cosh(m)
+

2

x

m sinh(mx)

cosh(m)
= φ21e

−γ1

 cosh(mx)
cosh(m)

1 + β1

(
cosh(mx)
cosh(m)

)
+ β2

(
cosh(nx)
cosh(n)

)
 , (44)
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n2
cosh(nx)

cosh(n)
+

2

x

n sinh(nx)

cosh(n)
= φ22e

−γ2

 cosh(nx)
cosh(n)

1 + β1

(
cosh(mx)
cosh(m)

)
+ β2

(
cosh(nx)
cosh(n)

)


− φ23e−γ1
 cosh(mx)

cosh(m)

1 + β1

(
cosh(mx)
cosh(m)

)
+ β2

(
cosh(nx)
cosh(n)

)
 . (45)

At x = 0, these equations reduce to the following simplified relationships:

m2

cosh(m)
+

2m2

cosh(m)
= φ21e

−γ1

 1
cosh(m)

1 + β1

(
1

cosh(m)

)
+ β2

(
1

cosh(n)

)
 , (46)

n2

cosh(n)
+

2n2

cosh(n)
= φ22e

−γ2

 1
cosh(n)

1 + β1

(
1

cosh(m)

)
+ β2

(
1

cosh(n)

)


− φ23e−γ1
 1

cosh(m)

1 + β1

(
1

cosh(m)

)
+ β2

(
1

cosh(n)

)
 . (47)

On simplifying above equations we get,

3m2

cosh(m)
=

φ21e
−γ1 cosh(n)

cosh(n) (cosh(m) + β1) + β2 cosh(m)
, (48)

3n2

cosh(n)
=

φ22e
−γ2 cosh(m)− φ23e−γ1 cosh(n)

cosh(n) (cosh(m) + β1) + β2 cosh(m)
. (49)

Equations (48) and (49) form a coupled nonlinear algebraic system in the unknowns m and
n. These parameters are obtained by solving the system numerically using computational
tools such as Wolfram Alpha, MATLAB, or Python, for selected parameter values of φ21, φ22,
φ23, γ1, γ2, β1, and β2.

The corresponding values of m and n are then substituted into Equations (42) and (43)
to reconstruct the approximate analytical expressions for U(x) and W (x), which characterize
the nonlinear coupled response of the system. The HFM provides an efficient semi-analytical
framework for solving the nonlinear coupled equations under consideration. Hyperbolic function
approximations enable this method to accurately capture the system’s key nonlinear dynamics
and parameter sensitivities using fewer iterations and minimal computational resources. Fur-
thermore, the method offers clear physical insight into the influence of governing parameters,
making it particularly valuable for analysing nonlinear transport and interaction phenomena in
complex systems.

Appendix B: Matlab program to solve the nonlinear Equa-
tions (7) and (8)
function bvp_AB_solver

% Parameters (fixed)
alpha2 = 1;
alpha3 = 1;
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deltal = 2.5;
delta2 = 0.5;
lambda1 = 1;
lambda2 = 1;
% Varying alpha1
alpha1_vals = [1];
colors = lines(length(alpha1_vals));
figure; hold on;
legend_entries = {};
for i=1:length(alpha1_vals)

alpha1 = alpha1_vals(i);
params = [alpha1, alpha2, alpha3, delta1, delta2, lambda1, lambda2];

% Initial mesh
solinit = bvpinit(linspace(1e-4, 1, 100), @ guess);
sol = bvp4c(@(xi, y) odefun(xi, y, params), @ bcfun, solinit);
xi = linspace(1e-4, 1, 200);
Y= deval(sol, xi);
% Plot A(xi) with line and dots
plot(xi, Y(1,:), ’-’, ’Color’, colors(i,:), ’LineWidth’, 1.5);
plot(xi(1:10:end), Y(1,1:10:end), ’o’, ’Color’, colors(i,:), ’MarkerSize’, 4);
legend_entries {end+1} = [’\alpha_1 = ’, num2str(alpha1)];

end
xlabel(’\xi’);
ylabel(’A(\xi)’);
title(’Variation of A(\xi) with different \alpha_1’);
legend(legend_entries, ’Location’, ’best’);
grid on;

end

% ---- ODE System ----
function dydx = odefun(xi, y, p)

% y = [A; A’; B; B’]
A = y(1);
dA = y(2);
B=y(3);
dB = y(4);

% Unpack parameters
alpha1 = p(1);
alpha2 = p(2);
alpha3 = p(3);
deltal = p(4);
delta2 = p(5);
lambda1 = p(6);
lambda2 = p(7);
denom = 1 + lambda1*A + lambda2*B;
G1 = alpha1 * exp(-delta1) * A / denom;
G2 = alpha2 * exp(-delta2) * B / denom - alpha3 * exp(-delta1) * A / denom;
dydx = zeros(4,1);
dydx(1)= dA;
dydx(2) = -2/xi * dA+G1;
dydx(3)=dB;
dydx(4)= -2/xi * dB + G2;

end

% ---- Boundary Conditions ----
function res = bcfun(ya, yb)

% ya and yb correspond to y at xi=0 and xi=1
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res = [ya(2); % dA/dxi at xi=0
ya(4); % dB/dxi at xi=0
yb(1) - 1; % A(1) = 1
yb(3) - 1]; % B(1) = 1

end

% ---- Initial Guess ----
function g = guess(x)

g = [1; 0; 1; 0]; % A, dA, B, dB
end

Nomenclature

CEt Molar concentration of ethanol inside the catalyst particle ( mol/m3 )

CAc Molar concentration of acetaldehyde inside the catalyst particle
(
mol/m3

)
CbEt Bulk molar concentration of ethanol ( mol/m3 )

CbAc Bulk molar concentration of acetaldehyde ( mol/m3 )

Cb,0Et Initial bulk molar concentration of ethanol (mol/m3)

Def ,Et Effective diffusivity of ethanol ( m2/s )

Def ,Ac Effective diffusivity of acetaldehyde ( m2/s )

R Radius of catalyst particle (m)

z Axial coordinate in particle/reactor (m)

x = z
R Dimensionless axial coordinate inside particle

ξ = z
L Dimensionless axial coordinate along bed

qv Volumetric flow rate ( m3/s )

ρcat Catalyst particle density ( kg/m3 )

Abed Cross-sectional area of the bed ( m2 )

kref ,1 Pre-exponential factor for ethanol reaction (1/s)

kref, 2 Pre-exponential factor for acetaldehyde reaction (1/s)

E1 Activation energy for ethanol reaction (J/mol)

E2 Activation energy for acetaldehyde reaction (J/mol)

r1 Reaction rate of ethanol consumption ( mol/
(
m3 · s

)
)

r2 Reaction rate of acetaldehyde formation ( mol/
(
m3 · s

)
)

robs,1, robs,2 Observed reaction rates in reactor ( mol/
(
m3 · s

)
)

KCEt Adsorption equilibrium constant for ethanol ( m3/mol )

KCAc Adsorption equilibrium constant for acetaldehyde ( m3/mol )
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T Operating temperature (K)

Tref Reference temperature (K)

RG Universal gas constant (J/(mol•K))

U = CEt
CbEt

Dimensionless ethanol concentration inside particle

W = CAc
CbAc

Dimensionless acetaldehyde concentration inside particle

u =
CbEt
Cb,0Et

Dimensionless bulk ethanol concentration along bed

w =
cbAc
cb,0Et

Dimensionless bulk acetaldehyde concentration along bed

φ21 =
kref ,1R

2

Def ,Et
Thiele modulus for ethanol

φ22 =
kref ,2R

2

Def ,Et
Thiele modulus for acetaldehyde

φ23 =
kref ,1c

b
EtR

2

Def ,AccbAc
Coupling parameter

β1 = KCEtC
b
Et Dimensionless adsorption parameter for ethanol

β2 = KCAcC
b
Ac Dimensionless adsorption parameter for acetaldehyde

γ1 = E1

RG

(
1
T −

1
Tref

)
Dimensionless activation energy for ethanol

γ2 = E2

RG

(
1
T −

1
Tref

)
Dimensionless activation energy for acetaldehyde

ϕ1 =
kref ,1ρcat Abed R

qv
Dimensionless reaction parameter for ethanol along bed

ϕ2 =
kref ,2ρcat Abed R

qv
Dimensionless reaction parameter for acetaldehyde along bed

σ1 = KCEtC
b,0
Et Dimensionless adsorption parameter along bed for ethanol

σ2 = KCAcC
b,0
Et Dimensionless adsorption parameter along bed for acetaldehyde
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