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1 Introduction

Polynomials associated with graphs have emerged as powerful tools for characterizing the struc-
tures and properties of (molecular) graphs. Among these, matching and independence poly-
nomials occupy a prominent position, owing to their wide-ranging applications across diverse
fields including theoretical chemistry, discrete mathematics, statistical physics, and computer
science [1-3].

A matching in a graph is a set of edges in which no two edges share a common vertex. Let
my(G) denote the number of matchings of size k in G (where a matching of size 0 is the empty
set, so mo(G) = 1 for any graph G). For a graph G with n vertices, the matching polynomial
[4, 5] is typically defined in two common (equivalent) forms:

/2] [n/2]
w(G,x) = Z (=1)*mp(G)2z" % and ¥(G,z) = Z my(G)z*.
k=0 k=0
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For convenience, in this paper, we adopt the version of the matching polynomial expressed in
terms of the number of matchings without alternating signs, despite the signed version being
more standard in algebraic graph theory, owing to its connections with eigenvalues of bipartite
graphs and other polynomials. Clearly, the two versions can be converted into each other via
the identity u(G,z) = 2"¥(G, —1/2%).

An independent set (or stable set) in a graph G is a set of vertices with no two vertices
adjacent to each other, i.e., a subset of vertices where no two share an edge. Let ix(G) denote
the number of independent sets of size k in G, where the empty set is counted as an independent
set of size 0, so ig(G) = 1 for any graph G. For a graph G, the independence polynomial [6] is
defined as:

(G, x) =Y ir(G)ak.

k>0

The Hosoya index [7], also referred to as the z-index, holds particular value in investigating
molecular structure-activity relationships and chemical similarity analysis [§8]. For a graph G,
the Hosoya index is defined as z2(G) = > ,-,mi(G). Notably, the Hosoya index of G can
be derived from the matching polynomial ¥(G,z) by evaluating it at z = 1, i.e., 2(G) =
U(G,1). The Merrifield-Simmons index, alternatively called the o-index, was introduced by
R. E. Merrifield and H. E. Simmons [9]. For a graph G, this index is defined as ¢(G) =
Y k>0 ik(G), and similarly, it can be obtained from the independence polynomial ®(G,z) by
setting = 1, i.e., 0(G) = ®(G,1). Both the Hosoya index and Merrifield-Simmons index are
important topological indices characterizing molecular graph structures. They primarily apply
to QSAR and QSPR studies, linking molecular structures to diverse physicochemical properties
and biological activities. Additionally, they aid drug design by supporting candidate compound
screening and enhancing understanding of structure-property relationships.

A hexacyclic system with h hexagons can be formed by a sequence of hexagons C’él), C’éz),
cee Céh) on a cylindrical strip, where each hexagon is connected to exactly two other hexagons
via shared edges, and the vertices are shared by at most two hexagons. The total number of
hexagons in a hexacyclic system is referred to as its length. For i € {1,2,...,h — 1}, we denote
the common edge shared by C’éi) and CéiH) as u;v;, and that shared by Céh) and C’él) as ugvo,
where the vertices ug, u1, ug, ..., up—1 lie on the same perimeter of the hexacyclic system, and
v, VU1, V2, . ..,Up—1 lie on the other perimeter. And the neighborhood of vertex ug in C’éh) is

{p,vo} while the neighborhood of vertex vy in Céh) is {q,uo}. The distance d(u,v) between
two vertices v and v in a graph is defined as the length of the shortest path connecting u and
v, where the length of a path is the number of edges in that path. For a hexacyclic system
with h hexagons, with indices considered in the sense of modulo h (i.e., i is taken modulo
h): if d(u;—1,u;) = d(vi—1,v;) = 2, then C’él) is called an a-type hexagon; if d(u;—1,u;) =
d(vi—1,v;) —2 = 1, then Céz) is called a S-type hexagon; if d(u;—1,u;) = d(vi—1,v;) +2 = 3,
then Cél) is called a 7-type hexagon. Thus, we may denote by Fy,s,...9, a hexacyclic system
formed successively by 01-type, Ja-type ,...,0,-type hexagons, where ¥; € {a, 8,7} for i €
{1,2,..., h}. Specifically, Fyq...q is called a linear hexacyclic system, Fgg...s a helical hexacyclic
system, and Fg~gy...3, (for even h) or Fg,g+..3,3 (for odd h) a zig-zag hexacyclic system. Let
By, 9,...9, be the corresponding hexagonal chain created from hexacyclic system Fy,y,...9, by
cutting the common edge ugvg, and the edge ugvg is split into two edges within the hexagonal
chain: wwv, which belongs to E(C’él)), and u/v’, which belongs to E (C’éh)). A hexacyclic system
of length 12 and its corresponding hexagonal chain are depicted in Figure 1. For a hexacyclic
system Fy,9,...9, , its Mobius counterpart My, 9,...s, is derived from Fy, y,...9, by deleting edges
pup and qvo and adding edges pvy and qug. This My, y,...9, is also called a Mobius hexacyclic
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system, as it can be embedded in a Mo6bius strip. The M6bius counterpart of the hexacyclic
system shown in Figure 1 is depicted in Figure 2.

Hexacyclic systems and Mobius hexacyclic systems are particularly relevant in chemical
graph theory as they can be used to model a variety of molecular structures, including primi-
tive coronoid systems, hollow hexagons, cylindrical (Hiickel) and M6bius polyacenes. For linear
hexacyclic systems and linear M&bius hexacyclic systems, the computation of some graph-
spectrum-related parameters and substructure-related parameters has been well studied. How-
ever, relevant studies rarely extend to the cases of non-linear hexacyclic systems.

The transfer matrix technique has been proven highly effective in addressing counting prob-
lems related to substructure-based parameters in graphs. Notably, this method has recently
enabled the successful resolution of counting and distribution problems concerning matchings
and independent sets in certain chain-like molecular graphs—including benzenoid chains [10-12],
phenylene chains [13], double hexagonal chains [14], primitive coronoid systems [15], among oth-
ers. In this paper, we continue the work of [10] and investigate the computation of matchings

Figure 2: M&bius hexacyclic system M, g038v888+838 and its corresponding hexagonal chain.

and independent sets in hexacyclic systems and M&bius hexacyclic systems by using transfer
matrix technique from the perspective of graph polynomials.
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2 Preliminaries

All graphs addressed in this paper are simple and finite. For a graph G, its vertex set and
edge set are denoted by V(G) and E(G), respectively. The neighborhood Ng(v) of a vertex v
in G consists of all vertices adjacent to v. The closed neighborhood of v, denoted by Ng[v],
includes v itself along with all its neighbors. When no ambiguity arises, the neighborhood
and closed neighborhood of a vertex v € G are simplified to N(v) and N[v], respectively. For
v € V(G), G —v denotes the graph derived by removing vertex v and all its incident edges from
G. Similarly, for {u,v} C V(G), G—u—wv refers to the graph obtained by deleting both vertices
u and v along with their incident edges. Moreover, if uv € E(G), then G — uv represents the
subgraph of G formed by removing the edge uv while retaining all vertices. We use tr(M) to
denote the trace of a square matrix M. Let e1, ey, e3 and e4 be the standard basis vectors
in R, ie., e; = (1,0,0,0)T, ea = (0,1,0,0)T, e3 = (0,0,1,0)T, e, = (0,0,0,1)". We denote
E(2,3) as the elementary matrix obtained by interchanging the 2nd column and the 3rd column
of the 4 x 4 identity matrix.

In what follows, we present some preliminary results related to matching and independence
polynomials.

Lemma 2.1 ([5]). (i) Let G be a graph with wv € E(G). Then ¥(G,z) = V(G — uv,z) +
2V (G —u—wv,x),

¢
(ii) Let G be a graph with t components G1,Ga,...,Gy. Then V(G z) = [] ¥(Gi,x).

i=1

(2

Lemma 2.2 ([6]). (i) Let G be a graph with w € V(G). Then ®(G,z) = ®(G —u,z) + 2P(G —
Nglu, z),

(ii) Let G be a graph with t components G1,Ga,...,G. Then ®(G,x) =

—.

Il
-

?

Definition 2.3 ([10]). Let G be a graph with uv € E(G). The vector ¥, (G, z) corresponding
to the edge wv is given by

Voo (G, z) = (U(G,2), ¥(G —u,z),¥(G —v,z), V(G —u—wv,z))T.

The matrices A(xz), B(z) and C(x) are defined as follows:

143z +22 z+22° z+22%2 22428
1+ x + 22 T x?
Afz) = 1+2 x x+z2 2?2 ’
1 T T x?
143z 422 z+222 4222 22428
| 1422 0 r+a2? 0
B(z) = 1+z x4+z2 =z x? ’
1+=x 0 T 0
143z 422 z+222 z+222 22428
| 1+= T r+a2? 2P
Clz) = 142 z4+z2 0 0
1+ T 0 0

Lemma 2.4 ([10]). Let G be a graph obtained from the edge-coalescence of graph H and a
hexagon, see Figure 3. Then (1) Wy (G, z) = A(2)V o (H, x); (i) Yuo G, z) = B(2)V,s(H, z);
(iil) Upuo(G, ) = C(z)¥y(H, z).
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Definition 2.5 ([10]). Let G be a graph with uv € E(G). The vector ®,, (G, z) corresponding
to the edge wv is given by

Dy (G, 2) = (B(G, ), (G — u,z), (G —v,2),®(G —u—v,z))".
The matrices X(z), Y(z) and Z(z) are defined as follows:

142 422 z+a2 22

| 1+2 2422 2 z?
X(z) = 1+2 = z4+z2 22 |

1 T T z?

142 422 z+22 22

| 142z 0 z+a2? 0
Y(x) = 1+ 2x+4+2%2 2 z? |

1+ O T 0

142 422 z+22 22

| 1+x =z r+ax? 2?

Z(z) = 142 422 0 0

1+ = 0 0

Lemma 2.6 ([10]). Let G be a graph obtained from the edge-coalescence of graph H and a
hezagon, see Figure 3. Then (1) @y (G, x) = X(2)Pg(H, z); (i) Puu(G,z) = Y (2)@ps(H, x);
(iil) Puo (G, ) = Z(x) Py (H, x).
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Figure 3: The graphs used in Lemma 2.4 and Lemma 2.6.

3 Main results

In this section, we present our main results, which are structured in two parts. Specifically, Sub-
section 3.1 is devoted to deriving the matching polynomials of any hexacyclic system Fy, g,...9,
and its Mobius counterpart My, g,...9, , While Subsection 3.2 focuses on computing the indepen-
dence polynomials of these two systems.

3.1 Matching polynomials of hexacyclic systems

In this subsection, we consider computing the matching polynomial for hexacyclic systems and
their M&bius counterparts, and provide computational formulas for the Hosoya index of such
systems.
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Theorem 3.1. For any hexacyclic system Fy,y,...9, with h hexagons, the matching polynomial
of Fig,9,...9, 1S given by

h
U(Fyypgy ) = tr(H Mi<x>),
=1

where M;(z) = A(z) if 9; = a, M;(z) = B(x) if ¥; = 8, M;(x) = C(z) if 9; = v, and
ief{1,2,...,h}.

Proof. Let Fy,9,...0, be a hexacyclic system composed of a sequence of_ hexagons Cél), Céz),
. Céh). For i € {1,2,...,h — 1}, we denote the common edge of Céz) and Cé”l) as u;v;,
and the common edge of C’éh) and C’él) as ugvg. Moreover, the neighborhood of vertex wug

in Céh) is {p,vo}, while the neighborhood of vertex vy in Céh) is {q,up}. Let By, 9,..9, be
the corresponding hexagonal chain derived from the hexacyclic system Fy,y,...9, by cutting
the common edge ugvg. This edge ugvg is split into two edges uv and u'v’, both of which
appear in its corresponding hexagonal chain, with N(u') = {p,v'} and N(v') = {¢,u'}. For
i€{1,2,3,...,h}, we denote by By,s,,,...9, the sub-chain of length h —4 + 1 composed of the
sequence of hexagons Cé’), C’é”l), e C’éh), and define the functional matrix M;(x) as:

4&(33)7 if 191' = «,
C(z), ifd;,=r.

By Definition 2.3 and Lemma 2.4, we can get that

\11(3191192...19,1 — u/ — 1}/, .13) :elr‘l'uv(Bglﬂz...gh — u' — ’Ul7 l‘)
=eT M (2)Wy,0, (By,...v, —u — ', x)

:erlI‘Ml(x)MQ(x)\IIUQM (Bﬁs“'ﬁh, —u' — vl7 ZE)

h—1
:e1T< H Mi(x)>\Ijuh,—1vh—1(B19h, —u = ).
i=1

Then, by Lemma 2.1, we can verify that the following equation holds.
A(z)e, if Y, =a,
\Puh—lvh—l(B'ﬂh, —u 7’0/,%) = B(-'L')ela if ¥, = B,
C(Jf)el, if ﬂh =7.

Thus, we have

U(By, 9,0, — ' —v',z) = erlr(HMi(a:))el. (1)
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By Definition 2.3 and Lemma 2.4, we can get

!/ !/ T I /
U(By 99, —P—u—u — 0, x) =€5 Wy (By,gy.9, —p—u—u —v x)

:eng (x)\pulm (3192193'“1%

:eng(I)MQ(x)\PU2U2 (Bﬂs'“ﬁh —P— u' — ’U/, I)

h—2

:eg< H Mi(ir))‘I’uh,wh,z(Bﬁh,lﬁh —p—u = x).

i=1

If 9,1 = «, then applying Lemma 2.1 we can verify that

—p—u =7, 1)

A(z)A(x)es, if ¥y =a,
x‘lluh—QUh—Q (B'ﬂh—l'ﬂh —pP— u' — 1]/,.1') = A(:E)B(:E)eQ, if 9y, = y
A(z)C(z)eq, if 9y =1.

A(z)eq, if ¥y = q,
W, vy, (B'lgh—lﬂh —P— u — Ulv x) = B(m)B(x)eg, if 9p,
C(l‘)EQ, if 19}1 =7.

|
=

(x)es, if Iy =aq,

A
x\I}'Ufh,—QUh—Q (B19h,—119h, -—DP—- u' — 0/71') = C(a:)B(a:)eQ, if 9y = B,
C

Thus, we have

(x)eq, iV =1.

2V (By 9,9, —D—u—u —v' x)= eg(HMi(I))eg.

Similarly, by Lemma 2.1 we can verify that

x\IIuh—z'Uh—2 (Bﬁh—l'&h —u' — q— U/v x) = Mh—l(x)Mh(x)e?n

and

Z‘Q\I/u,hw}HZ (B'l?h—l'ﬁh —P— u' — q— U/v '73) = Mh—l(x)Mh(x)e%

then we can further obtain

h

2V (By, 9,9, —U —q—v—20" 1) = e3T<HMi(x)>e3,

and

2 / / T
2°U(By,9y0, —D—u—u —q—v—0v,1) =€,
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respectively. Therefore, applying Lemma 2.1 and in light of Equations (1)—(4), we have
\I}(Fﬁlﬁzu-ﬂh, (E) Z\I/(F191192...,9h — puo, x) + x\If(Fqgﬂgz...qgh —p— Uo, LU)
=V (Fy,09,.9, — Ppuo — quo, ¥) + 2V (Fy,9,..0, — puo — ¢ — Vo, T)
+ 2V (Fy,9,...9, — P — Ug — qUp, X)
+ 22U (Fy, 9.9, — D — Uo — ¢ — V0, T)
=U(By,9,..0, —u — 0, 2) +2V(By,9,..9, —p—u—u —v' x)
+2V(By, 9,0, — U —q—v—1",1)

+ 22U (By, 9,9, —D—u—u —q—v—2,1)

—ef ( f[ Mi(x))el e ( f[ Mi(x))eg

h

+ eg(ﬁMi(x))eg n e4T< Mi(x))e4

i=1
h
:tr< 11 Mi(x)) :
i=1
The proof is complete. n

As a concrete example, applying Theorem 3.1 allows one to readily get the matching poly-
nomial of the hexacyclic system depicted in Figure 1.

Example 3.2. Let G = F.30488v883v88 be the hexacyclic system in Figure 1. Then
U(G,z) =tr(A(z)B(z)A(z)B(2)*C(z)B(2)*C(z)B(z)?)
=26922* 4 262382 + 836715222 + 1266496722 4 1092540432%°
+ 59864998029 + 223586583228 4- 597589653027 + 11836780846x°
+ 1782879548421 + 208162500792 + 1911036148722 + 1393858564022
+ 81343699902 + 38139691082 4 143858439427 + 435776127°
+ 10547764327 + 2021242525 4 302140725 4 3443232*
+ 28854a2° 4 167422 + 60z + 1.

Therefore, the number of matchings of all possible sizes on the hexacyclic system has been fully
characterized.

The following conclusion provides a formula to calculate the Hosoya index for an arbitrary
hexacyclic system.

Theorem 3.3. For any hexacyclic system Fy,9,...9, with h hexagons, the Hosoya index of

Fy.,9,...9, s given by
h

2(Fy,959,) = f,’l“( H Ml) ,
i=1

where M; = A if 9, =a, M; =B if ¥, =8, M; =C if 9, =, and

5 3 3 2 5 3 3 2 5 3 3 2
2 2 1 1 3 0 2 0 2 1 2 1
A= 2 1 2 1 » B= 2 2 1 1 , C= 3 2 0 0
1 1 1 1 2 0 1 0 2 1 0 0
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Proof. Given that for a graph G, z(G) = U(G, 1), the result can be straightforwardly derived
from Theorem 3.1 when substituting = = 1. ]

Remark 1. Oz et al. [15] proposed a method to compute the Hosoya index of an arbitrary
primitive coronoid system, which involves summing four products of 4 x 4 dimensional matrices
with specific vectors.

Next, we proceed to investigate the computation of the matching polynomial for the Mébius
hexacyclic systems.

Theorem 3.4. Let Fy, 9,...9, be a hexacyclic system with h hexagons. The matching polynomial
of its Mébius counterpart My, g,...9, is given by

h

U (M, 9,9, %) = tr((HMi(x))E(z,g))

=1

where B3y = (e1,e3,ez,e4), M;(x) = A(x) if¥; = a, M;(z) = B(z) if ¥; = 8, M;(z) = C(x)

Proof. Let By,y,...9, denote the corresponding hexagonal chain derived from the Mobius hex-
acyclic systems My, 9,...9, by cutting along the common edge uovo. This edge ugvg is split into
two edges uv and w'v’, both of which appear in this hexagonal chain, with N(u') = {¢g,v'} and
N(v") = {p,u'}. Similar to the proof of Theorem 3.1, by Lemma 2.1 we can get

h
‘II(B'&1192“‘19h —v' = ulax) = e;I‘(HMi(x)>ela
=1

h

eV (By,p,0, —q¢—u—u —v',2) = eg(HMi(l") €3,
i=1
h
:I:\IJ(Bﬂ1192"~19h - 'U/ —pP—-v—= Ulvx) = €3 (HMl(z)

=1

)

<.

2?U(By,gy0, —q—u—u —p—v—21,x)= e:f(HMi(mDezb
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Then we have

U(My,9y0,, ) =V (M, 0,0, — quo, ) + ¥ (My,9,...9, — uo — ¢, )
=U(My, 9,9, — quo — pvo, &) + Y ( My, 9,...0, — quo — P — Vo, T)
+ 2V (My,9,...9, — q — Ug — PVg, T)
+ 22U ( My, 9,..9, — q — g — P — Vo, )
=U(By,9,.0, —V —u,2) + 2V (By,g,.0, —q—u—u —v z)
+2VU(By, 9,0, —t —p—v—1",1)

+ 22U (By, 9y, —q—u—1u —p—v—2,1)

—e] ( f[ Mi(:n))el + el ( f[ Mi(x)>e3
+ eE(ﬁMi(m‘))eg + e}(f[Mi(x))m

of(fimio)men).

Therefore, we arrive at the desired result. |

By Theorem 3.4, we can obtain the exact expression for the matching polynomial of the
Mbobius hexacyclic system depicted in Figure 2.

Example 3.5. For the Mébius hexacyclic system G = Magagsys38v85 @s shown in Figure 2,
applying Theorem 3.4 we can get
U(G,z) = tr(A(z)B(z)A(z)B(z)*C(2)B(2)*C(z)B(z)°Es 3)
=267 + 26221273 + 836759222 + 1267063322 + 109329908z2°
+ 5991108282 4 223745569328 + 597936350127 4 1184187079726
+ 178340302882 1% + 208201170672 + 1911244295523 + 1393940647222
+ 81346063342 + 38140181082 4 14385915012” + 4357768102°
+ 10547768227 + 202124262° 4 302140725 4 3443232*
+ 28854a2° 4+ 167422 + 60z + 1.

Theorem 3.6. For any hexacyclic system Fy, g,...9, with h hexagons, the Hosoya index of its
Mdbius counterpart My, g,...9, 15 given by

h

2(My,9,..9,) = t?“(( H Mi)E(2,3)) ;
i=1

where E(2’3) = (61783,82,84), M,; = A ’Lf?gl =aQ, M; =8B Zfl% = ﬁ, M,; = C Zfl% =, and

A:

=N N Ot
=N W
=N =W
=N

5
3
’B: 2
2

oON O W
— =N W
O = O N

Proof. The result can be straightforwardly derived from Theorem 3.4 by substitutingz =1. W
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The following three corollaries are immediate consequences of Theorems 3.3 and 3.6.

Corollary 3.7. For a linear hexacyclic system Fyq...o. with h > 3 hexagons and its Mébius
counterpart Myg...q, we have z2(Fyq...q) = tr(Ah) and z(Myg...0)) = t’f’(AhE(z"g)).

Corollary 3.8. For a helical hexacyclic system Fgg..3 with h > 3 hezagons and its Mdbius
counterpart Mug...o.; we have z(Fpgp...3) = tr(B") and z(Mgg...s) = tr(B"E(23)).

Corollary 3.9. For a zig-zag hexacyclic system Fg~g.... with h > 3 heragonsits and its Mdobius
counterpart Mg~g,..., we have

o 2(F ) = 2(Fpypy--py) = tr((BC)}f); if h is even,
BYBy--- 2(Fpypy..yp) = tr((BC) = B), ifh is odd,

) 2(Mpypy..py) = Ifr((BC)%E(Zg))7 if h is even,
o 2(Mpygy..) = hoa h
2(Mgygyng) = tr(BC) = BE(2,3)), if h is odd.

3.2 Independence polynomials of hexacyclic systems

In this subsection, we focus on computing the independence polynomial for hexacyclic sys-
tems and their M&bius counterparts, and we present computational formulas for the Merrifield-
Simmons index of these systems.

Theorem 3.10. For any hezacyclic system Fy, g,...9, with h hexagons, the independence poly-
nomial of Fy,,...9, 1S given by

h
B(Fy, 9,0, T) = tr(HHi(ﬂc)>,
i=1

where H;(x) = X(z) if ¥; = o, Hi(z) = Y(z) if 9; = B, Hi(z) = Z(z) if 9; = v, and
ie€{1,2,...,h}.
Proof. Let Fy,y,..9, be a hexacyclic system composed of a sequence of hexagons C’él), C’éQ),
cee Céh), with By,y,...9, denoting its corresponding hexagonal chain derived from Fy,y,...9,
by cutting along the common edge ugvg shared by C’éh) and C’él). This edge ugug is split into
two edges uv and u'v’, both present in the latter, where N(u') = {p,v’'} and N(v') = {q,u'}.

For i € {1,2,3,...,h}, we use By,y,,,...v, to denote the sub-chain of length h — i 4 1 formed

by the sequence of hexagons Céi), Céi+1), cey C’éh), and set the functional matrix H;(z) as:

X(z), ifd; =a,
Z(x), ifd; =+.
By Definition 2.5 and Lemma 2.6, we can get that
O(By, 9,9, —p—q—u' —v',x) = €] Py (By,g,..9, —p—q—u' —v',x)
:ererl((p)\Ilulvl (Bﬁz“'ﬁh —P—q- u' — vlv .’E)
:ererl(x)H2(x)\I’u2U2 (Bﬂ3'”19h —P—q- u' — U/, .Z‘)

h—2
:e”l[‘( H Hi(x))(buh—QUh—Q (Bﬂh—lﬁh —pP—q- u' — Ulvx)'
i=1



190 H. Chen / Matching Polynomials and Independence Polynomials....

For the case of ¥,_1 = o, applying Lemma 2.2, we can verify that

X(z)X(x)e1, ifv),=aq,
q)uh—th—2(B79h—1i9h —P—4q— u' — UIV'T) = X('r)Y(x)ela if 9, = B,
X(x)Z4(x)er, if 9y, =1.

For the case of ¥J5,_1 = 3, applying Lemma 2.2, we can verify that

()X (z)er, if I, =a,
()Y (z)er, if Iy =P,
Y(x)Z(z)e,, if dp=1.

Y
Qo sun s (Bﬁh—lﬁh —P—q—- u' — 1}/, 'r) =4qY

For the case of ¥;,_1 =, applying Lemma 2.2, we can verify that

Z(z)X(z)e1, if vy =aq,
Z(x)Y (z)ey, if I =B,
Z(x)Z(x)ey, if 9y =r.

/ /
Py _sun_s (Bﬁh—lﬁh —pP—q—-—u —v ,.’[) =

Thus, we have

h
®(By,9y.0, —p—q—u —v,z)=e] ( H Hi(x))el. (5)

According to Lemma 2.2, we can obtain

xq)uh—Z'Uh—Q (B'&h—l'&h - N[p] —q— ’U/’x) = thl(x)Hh(x)eQ’

xq)uh—ﬂ)h—z (Bﬁh—lﬂh —P— N[Q] - u’,x) = Hh—l(I)Hh(x)e?n

and
'T2\IIUh,—2'Uh—2 (Bﬁh—lﬁh - N[p] - N[Q]v‘r) = thl(l')Hh(x)e%

then, by a similar analysis, we can further obtain

x®(By, 9,0, — N[p| —q—v" —u,z) = e2T<1_[Hi(9U))e27

and

respectively.
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Therefore, using Lemma 2.2 and Equations (5)—(8), we conclude that

O(Fy,09,0,,,) =P(Fy,95.-9, — D, &) + 2P(Fy,9,...9, — N[p],x)
=Q(Fy,950, —P— 4, ) + 22(Fy,95..9, —p — Nlg], z)
+2®(Fy,9,..9, — N[p| — q,2) + 2°®(Fy,9,...9, — N[p] — N[q], x)
=®(By, 9,9, —P—q—u —v', 1)
+x®(By, 9,9, —p— Nlg] — v —v, )
+ 2®(By, 9,0, — N[pl —q—v" —u,z)
+228(By,0,.9, — Np) — Nlg] - u—v,2)
h

—eT ( f[ Hi(x))el tel ( 1:[ Hi(z))eg
h

+e3T(HH¢(o:))e3 +er(

t(ﬁH(z))

This completes the proof. |

=.

Il
-

H, (x)) es

K3

As a concrete example, Theorem 3.6 can be readily applied to derive the independence
polynomial of the hexacyclic system in Figure 1.

Example 3.11. Let G = F,3088v883v853 be the hexacyclic system in Figure 1. Then
(G, z) =tr(X(z)Y (z)X(2)Y (2)*Z(2) Y (2)Z(2) Y (z)?)
=222 4 82273 + 244527 + 4370822 + 4902212%° + 3653028217
+ 18852492218 4+ 69700196217 + 18988726926 4 390073090215
+ 6154066172 + 75644913223 + 7323553862 4 5628093982
+ 3449919232 + 1690156802 + 66108684z + 205516707
+ 50337972° 4 9575362° + 1382962 4 146322> + 106822 + 48x + 1.

Hence, the number of independent sets of all possible sizes in the hexacyclic system has been
fully delineated.

The following conclusion provides a computational formula for the Merrifield-Simmons index
of a hexacyclic system.

Theorem 3.12. For any hexacyclic system Fy, g,...s, with h hexagons, the Merrifield-Simmons
index of Fy,9,...v, 1S given by

h
o(Foy0509,) = fT( 11 Hl) ,
=1

where H; =X if 9, =a, H; =Y if 9, =6, H; =Z if 9, =, and

3 2 2 1 3 2 2 1 3 2 2 1
2 2 1 1 3 0 2 0 2 1 2 1
X = 2 1 2 1 Y = 2 2 1 1 L= 3 2 0 O
1 1 1 1 2 0 1 0 2 1 0 0
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Proof. Since the Merrifield-Simmons index of a graph G can be obtained by o(G) = (G, 1),
one can directly obtain the Merrifield-Simmons index in a hexacyclic system by plugging = = 1
into Theorem 3.10. n

We next turn to studying the computation of the independence polynomial for the Mdbius
hexacyclic systems.

Theorem 3.13. Let Fy,y,..9, be a hexacyclic system with h hexagons. The independence
polynomial of its Mobius counterpart My, s,...9, S given by

O(My,9,...9,,%) = ((HH )E(23)

where B 3) = (e1,e3,e2,e4), H;(2) = X(z) if ¥; = o, Hi(z) = Y(2) if ¥; = B8, H;(2) = Z()
if 0 =~

Proof. Let By, y,...0, be the corresponding hexagonal chain created from the M&bius hexacyclic
system My, y,...9, by cutting along the common edge ugvo, and the edge upvy is divided into
two edges uv and u'v’, which appear in its corresponding hexagonal chain and N(u') = {v', ¢}
and N(v') = {u/,p}. Similar to the proof of Theorem 3.10, we can get

h
q)(B791192~-19h —pP—q— ul - 0/7:17) = erlr(HHi(‘T)>e17

i=1

=.

©
I
-

®(By, 9,9, — P — N|q] *U/*Ual’) :eg( Hi(x)>e37

)
/N
==

=
—
8
~—
N—
o
‘3’

©
Il
—

2®(By, 9,0, — Np] —q—u —v,z) = ey

Il
©]
=
/
==
I
—~
8
S~—"
—
[¢)
s

mzq)(BglﬁQ...lgh — N[p]—Nlg]| —u—v,z) =

where H;(z) = X(z) if ¢; = o, H;(z) = Y(z) it ¥, = 8, H;(x) = Z(x) if ¥; = 7.
Then, using Lemma 2.2, we have
O(My, 9,0, %) =P(My,9,...0, — P, %) + 2(Myp,9,...0, — N[p], x)

=P(My, 9,0, — P — ¢, ) + xP(My,9,...9, —p — Nlg],x)
+ CL'CI)(M19“92A..19,1 — Nlp] —q,2z) + x2<I>(M191192...19h — N[p] — Nlq|,z)

=®(By, 9,0, — P —q—v —u,z) +2P(By,9,...0, —p— N[g| — v —u,z)
+2®(By, 9,0, — N[p| —q —u' —v,z)
+ 2°®(By,9,..0, — N[p] — Nlq] —u — v, z)

=e; ( ﬁ Hi(m))el +e; ( ﬁ Hi(ac))eg,

+%(§Hl)@+%(ﬁHl)
o (Imo)een)



Iranian Journal of Mathematical Chemistry 17 (2) (2026) 179 — 199 193

Therefore, we arrive at the desired result. |

The following example illustrates that the independence polynomial of the M6bius hexacyclic
system depicted in Figure 2 can be derived by using Theorem 3.13.

Example 3.14. For the Mobius hexacyclic system G = Magaggvs83+v33 @ shown in Figure 2,
applying Theorem 3.13, we can get

(G, z) = tr(X(2)Y (2)X(2) Y (2)°Z(2) Y (2)*Z(2) Y (2)°E(2 3
=712 + 2436222 + 4383822 + 490875220 4 3652378x'% + 1883475428
+ 6962790727 4 1897340752 + 3898712992 4 6152290352
+ 7563410322 4 7323092432'? 4 5627956312 + 344989114210
+1690153072° 4+ 66108655x° + 2055166927 + 50337972° + 9575362°
+ 1382962 + 1463223 + 10682 + 48z + 1.

Theorem 3.15. For any hezacyclic system Fy, y,...9, with h hezagons, the Merrifield-Simmons
index of its Mébius counterpart My, g,...9, 1S given by

h
o(My,9,.9,) = tr((HHi>E(2,3>>a
i=1

where B 3) = (e1,e3,ez,e4), H; =X if ¥y, =a, H; =Y if¥; = 8, H; = Z if ¥; = v, and

3 2 2 1 3 2 2 1 3 2 2 1
2 2 1 1 3 0 2 0 2 1 2 1
X = 2 1 2 1 Y = 2 2 1 1 L= 3 2 0 O
1 1 1 1 2 0 1 0 2 1 0 0

Proof. The result can be straightforwardly derived from Theorem 3.13 by substituting x =
1. |

Explicit closed-form formulas for the Merrifield-Simmons index of the linear hexacyclic sys-
tem Fl... and its Mobius counterpart My,,.... are given below.
Corollary 3.16. For a linear hexacyclic system Fuq...o with h > 3 hexagons and its Mdbius
counterpart Myg...o., we have 0(Fug...q) = (7+§/§)h+(7_§/ﬁ)h+l and 0(Mug...a) = (HT\/E)}Ur
(7—\/5 )h 1

3 .

Proof. Tt is not difficult to verify that matrix X is similar to the diagonal matrix A, i.e.,
A = U~ 'XU, where

0 3(5v/33-29)  3(5v33+29)

0 0 0 0 1 7+/33—39 7+/33+39
A 0 1 0 0 U 1 -1 11/33-63 1133463
= _ = 7v/33—39 7+/33+39
0 0 %\/ﬁ 0 ’ 11 11v/33-63 1133463
0 0 0 7+%/ﬁ 7v/33-39 733439
1 1 1

Then, by Theorems 3.12 and 3.15, we have
0(Faaa) = tr(X") = tr(A") = (T533)" 4 (T=/38)" 41,

and

0(Maaa) = tr(X"E3) = tr(UAMU ' Bpg)) = (T558)" + (T=38)" 1.

This completes the proof. ]
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Corollary 3.17. For a helical hexacyclic system Fgg...3 with h > 3 hexagons and its Mdobius
counterpart Mg...5, we have o(Fpp...3) = tr(Y") and o(Mpgg...3) = tr(Y"E(2.3)).

Corollary 3.18. For a zig-zag hexacyclic system Fgyg~... with h > 3 hexagons and its Mobius
counterpart Mg~ g~..., we have

e o(F ) = o(Fpypy--py) = tr((YZ)?); if h is even,
ByBy-- U(F,B'Yﬁ’y""}/ﬁ) = tr((YZ) S Y)7 th is odd.

c(Mgypry..pr) = tr((YZ)2 E 3))s if h is even,
. U(Mwy-..)z{ BBy _tr( E3)

0(Mpgynp) = tr((YZ)" YE(33)), if b is odd.

4 Concluding remarks

In this paper, we have successfully derived computational formulas for the matching polyno-
mial and independence polynomial of both hexacyclic systems and Moébius hexacyclic systems
through the utilization of the transfer matrix technique. We proved that the matching and
independence polynomials of an arbitrary hexacyclic system Fy,y,...9, can each be expressed
as the trace of the product of h matrices. Furthermore, we demonstrated that the matching
and independence polynomials of any Mobius hexacyclic system My, g,...9, can be expressed as
the trace of products of certain matrices, respectively. Therefore, for an arbitrary hexacyclic
system and its M6bius counterpart, the number of matchings of any given size and the number
of independent sets of any given size can all be obtained by solving their matching polynomials
and independence polynomials. As applications, computational formulas for the Hosoya index
and Merrifield-Simmons index of both arbitrary hexacyclic systems and Mébius hexacyclic sys-
tems are also obtained.

Two graphs G and H are matching equivalent if their matching polynomials are identical. Simi-
larly, two graphs are independence equivalent if their independence polynomials coincide. Based
on the established formulas in Theorems 3.1, 3.4, 3.10 and 3.13, we calculated the matching and
independence polynomials for all non-isomorphic hexacyclic systems of length 5 and of length
6 and their Mobius counterparts, and found some matching equivalent graphs and indepen-
dence equivalent graphs. Furthermore, certain Mobius hexacyclic systems are found to be both
matching equivalent and independence equivalent. This phenomenon is absent in hexagonal
chains, indicating that cylindrical configurations and Mébius configurations exert a distinct in-
fluence on the distribution of matchings and independent sets. The matching polynomials and
independence polynomials for these matching equivalent or independence equivalent graphs are
given in Appendix.

By applying Theorems 3.3, 3.6, 3.12 and 3.15, the Hosoya indices and Merrifield-Simmons
indices for non-isomorphic hexacyclic systems of length 5 and of length 6, along with their
Mobius counterparts, are presented in Tables 1 and 2, respectively. Through a careful analysis
of these numerical results, we propose the following conjectures for further study.

Conjecture 4.1. Among all hexacyclic systems (Mdébius hexacyclic systems) with h > 7
hexagons, the linear hexacyclic system Fuo. .o (Maa...o) attains the minimum z-index and the
zig-zag hexzacyclic system Fg g~ .. (Mpyp~...) attains the mazimum z-index, respectively.

Conjecture 4.2. Among all hexacyclic systems (Mdébius hexacyclic systems) with h > 7
hexagons, the linear hexacyclic system Fuo. .o (Maa.. o) attains the mazimum o-index and
the zig-zag hexacyclic system Fgp~. . (Mpyp~...) attains the minimum o-index, respectively.
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Table 1: The Hosoya indices and Merrifield-Simmons indices for non-isomorphic hexacyclic
systems of length 5 and their M6bius counterparts.

Hexacyclic system z-index o-index Hexacyclic system z-index o-index

Fooaaa 36110 10508 Mooaao 36108 10506
Fappas 30646 9874 Mggsps 39765 9916
Fooaas 36988 10345 Moaaos 36991 10348
Fopsss 39122 10018 Masss5 39100 9991
Fyyr 39818 9877 Mpyorye 39765 9916
Foagss 38376 10108 Meapss 38390 10120
F3800a 37658 10240 Mpgaaa 37652 10234
Fsagaa 37872 10198 Mgagaa 37868 10192
F3gyy~y 39800 9886 Mgy 39765 9916
Fyprs 39978 9853 Mgy 40094 9832
Frcapn 37764 10213 Maoas 37761 10210
FoaBary 37885 10192 Moagary 37880 10189
Fs850n 39195 9988 Mpsggan 39100 9991
Figapn 39254 9976 Mpgas 39175 9979
Fopyn 39155 9997 Meappnn 39141 9988
Fogy iy 39372 9946 Mopysy 39355 9946
Fagys 30252 9976 Mo pys 39260 9967
Fgaayy 38451 10099 Mpaaryy 38390 10120
F3avyaqy 38653 10060 Mgaryary 38552 10090
Farra 38554 10081 Mgarya 38552 10090
Fayoary 38558 10075 Mooy 38455 10105
Appendix

1. The independence polynomials for independence equivalent but not matching equivalent
(Mébius) hexacyclic systems of length 5 or 6
D(Fspapy,7) = ®(Fapyrp, ©) = 2010 +342° 432028 + 129827 +261525 +29052° + 188624 +
73023 4+ 16522 4 202 + 1,
O (Fpryryryys ) = ®(Foygpyys ©) = 3521 +502210 +29582° + 896825 + 1562727 + 1670325 +
113682° + 5002x* + 141223 + 24622 + 242 + 1,
D (Fopryaryy: T) = P(Fapapyy: ©) = 202 4+ 422 + 535210 4 30732% + 91622° + 1578527 +
16768x° + 113812° 4 5003z + 141223 + 24622 + 242 + 1,
B (Fopypyys ) = P(Fupyypys ) = 37z +495219 4291427 4+-89062° + 1559027 4 1669325 +
11367x° + 5002z* + 141223 + 24622 + 24x + 1,
DB (F oy, T) = P(Fonppyys ) = 3521t +5022104-29582° +89682° + 1562727 4+ 1670325 +
11368x° + 5002z* + 141223 + 24622 + 24x + 1,
D (Fopyprys ) = P(Fupyrpys ) = 3721 +495219+29142° 489062 + 1559027 4 1669325 +
11367x° + 5002z* + 141223 + 24622 + 242 + 1,
B(Faprayy: ) = P(Fapapyy, ©) = 2212 + 422" + 535210 4 307327 + 91622° + 1578527 +
1676825 + 1138125 + 5003z* + 141223 + 24622 + 242 + 1,

D (Fpopons ) = P(Fanapay, ) = 2212 + 501 + 637210 4 34182° 4 96682 + 1615627 +
169102 + 1140827 + 50052 + 141223 + 24622 + 24z + 1,
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Table 2: The Hosoya indices and Merrifield-Simmons indices for non-isomorphic hexacyclic
systems of length 6 and their M6bius counterparts.

Hexacyclic system z-index o-index Hexacyclic system z-index o-index

Fanaaaa 204536 66954 Mmoo 204534 66952
Fsp3588 330092 62507 Mggppss 330422 62333
Fonoaas 301718 65930 Manooos 301721 65933
Fooooss 307146 65234 Mucoass 307140 65228
Faoapas 308906 64964 Managos 308002 64958
FooBaas 309050 64937 Mangoos 309058 64928
Fooasss 313097 64448 Maoasss 313111 64460
Foapfop 314480 64256 Mungpas 314500 64265
Fopofos 316086 64028 Mugopas 316199 64016
Foappss 319076 63731 Manssss 319054 63704
Fopasss 320465 63539 Musapss 320518 63500
Foppoass 320094 63602 Magpass 320113 63572
Foppsss 325011 62960 Maspppp 325130 63002
Faryryry 331109 62285 My 330422 62333
Fg gy 330884 62321 M§ggye 330422 62333
Farpyry 332421 62063 Mgy gy 331730 62156
Fay oy 332008 62135 My iy 331515 62201
Fa38y7 330948 62303 Mggpm 330422 62333
F388y 332124 62126 Mgy pyn 331730 62156
Fary 3y 333947 61814 Mgy 333010 61970
Fopryry 325751 62873 Moy 325608 62912
Forygyry 326335 62783 Moy 326430 62780
Forrypony 326024 62846 Moy iym 326083 62852
Fop gy 325524 62918 Moy 325489 62948
Foppm 326995 62687 Mopy gy 326930 62708
Fopor 327019 62687 Mgy 326918 62717
Fory gy 326056 62846 Moy 326133 62843
Foy oy 327816 62552 Moy 327932 62531
Fooprry 319733 63611 Maogyr 319713 63602
FoBaryy 320613 63497 Mapanry 320518 63500
Foon By 320280 63527 Moy 320282 63518
Foprory 321019 63434 Mogyany 320040 63437
Foryapr 321113 63425 Moryapry 321178 63404
Fooppr 319420 63674 Maossyn 319406 63665
Foopry 321195 63362 Moy e 321178 63362
FoBoprey 321077 63434 Magosyry 321000 63437
FoBarsy 322001 63248 Moo pe 321975 63269
Foprasy 322017 63257 Mogyapy 321905 63278
Fopons 321802 63308 Magyars 321905 63278
Faoapry 313660 64367 Maoosyn 313664 64373
Fooparyy 314561 64244 Moo 314559 64253
Faapyoy 315362 64109 Moosyar 315354 64118
Faporory 316300 63986 Magoryar 316199 64016
Fagrooy 315457 64088 Magyaary 315354 64118
Fooaosy 308025 65072 Maooosy 308022 65069
FanaBor 309014 64937 Manogon 309009 64934

Fooapaay 309075 64928 Maapaay 309058 64928




Iranian Journal of Mathematical Chemistry 17 (2) (2026) 179 — 199 197

D( Mooy T) = P(Magapyy, ©) = 37211 +5332104-30792°+916 72541578627+ 167682°+
113812° + 5003z* + 141223 + 24622 + 24x + 1.

2. The matching polynomials and independence polynomials for matching equivalent and
independence equivalent Md&bius hexacyclic systems of length 5 or 6

U(Magpps, ) = U(Mpgpgary, ) = 10210 + 3712° + 271328 + 791227 + 1169825 + 97792° +
4867z + 146423 + 26022 + 252 + 1,

D(Mapppp: x) = ®(Mpgpary, ) = 292 + 31828 + 131027 4 262525 + 29072° + 18862+ +
73023 + 16522 + 207 + 1,

U(Mgpgpp, x) = U(Mpgyyy, ) = 13210 + 4032 + 284328 + 813827 + 1188325 + 98532° +
4881z* + 14652° + 26022 + 25z + 1,

D(Mppppp, x) = P(Mpgpyyy, x) = 2010 + 342 + 3082°% + 127627 + 259725 + 289825 +
18852 + 73023 + 16522 + 20z + 1,

U(Maapgps, ) = V(Mgaayy, ©) = 1020 + 34229 + 25662° + 766227 + 115042° + 97042° +
4853z* + 14632° + 26022 + 25z + 1,

D(Maapps, ) = ®(Mpaaryy,x) = 220 + 3829 + 3502% + 135627 + 265520 + 291625 +
1887x* + 73023 + 16522 + 20z + 1,

U(Mgarar, ) = Y(Mgarya, ) = 11210 + 35529 4 26092° + 772027 + 1154026 + 97142° +
4854z + 14632° + 26022 + 25z + 1,

O (Mparar, ) = ®(Mparyya,z) = 22010 + 362° + 3412% + 134427 + 26492° + 29152° +
18874 4 73023 + 16522 + 20z + 1,

V(Mg gyyys ®) = U(Mppypyry,x) = 18712 + 804zt + 8043210 + 332472 + 718382° +
9130127 + 7279625 + 376612° + 127862* + 281823 + 38722 + 30z + 1,

B (Mg gy, ©) = P(Mpgyayq, ) = 33211 +4632104-28012° +873128+ 1545327 +166362° +
1135525 4+ 50012 4 141223 + 24622 4 242 + 1,

U(Mopapps, @) = Y(Magaryyy, ) = 15212 + 70721 + 7272210 + 3086027 + 682892° +
88487x7 + 7155225 + 373552° + 127472* + 281623 + 38722 + 307 + 1,

O (Mapapsp: ) = P(Magaryys ) = 37211 4+527210 430822 +919625 41581327 +167772°+
113822° + 5003x* + 141223 + 24622 + 242 + 1,

U(Mapyapy, ®) = Y(Magyars, z) = 1422 + 7002 + 7308210 + 311262° + 687882 +
888927 + 7171020 + 3738425 4 127492* + 281623 + 38722 4 30z + 1,

D (Mopyapy, ) = ®(Mapryars, ) = 3921 +52620 430352 +910525+1574927 +1675820+
113802° + 5003x* + 141223 + 24622 + 242 + 1,

U(Maagyay: ) = U(Masyaay, ) = 1422 + 635z + 679920 + 296512 + 667152% +
87318x" + 7103726 + 372232° + 127292 + 281523 + 38722 + 307 + 1,

O (Muapryary, ) = P(Mopyaary, ©) = 202 + 462 4 583210 + 323027 4 93892° + 1595327 +
168342° + 113942° + 50042* + 141223 + 24622 + 242 + 1,

U (Maagaas, ) = ¥(Maapaary, ©) = 1la'? + 57921 + 634920 + 2827527 4 647112° +
85764x" + 7036625 + 370622° + 127092 + 281423 + 38722 + 30z + 1,

®(Maapoas ) = ®(Maapaay,x) = 47c' + 6342'0 + 341727 + 96682° + 1615627 +
1691025 + 1140825 + 50052* + 141223 + 24622 + 242 + 1,

U (Mppppps, ©) = U(Mpryryyys @) = U(Mppyyyns ) = U(Mpgpyy, ©) = 18212 + 8002 +
7988210 + 329962 + 7138825 + 9093127 + 7264826 + 376332° 4 12784x* + 281823 + 38722 +
30x + 1,
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(Mgppspp, ) = ®(Mpyyyyy, @) = (Mpgyryq, @) = S(Mpgpyyy, @) = 2270 + 342° +
308z% 4 127627 + 25972° 4 2898z° + 1885z + 730z + 16522 + 20z + 1.

Conflicts of Interest. The author declares that he has no conflicts of interest regarding the
publication of this article.

Acknowledgement. This work was supported by the National Natural Science Foundation of
China (12201634), the Natural Science Foundation of Hunan Province (2023JJ30070) and the
Education Department Foundation of Hunan Province(22B0828).

References

[1] G.H. Fath-Tabar and A. Loghman, On vertex matching polynomial of graphs, Ars Combin.
104 (2012) 375-384.

[2] F. Taghvaee and G. H. Fath-Tabar, Relationship between coefficients of characteristic
polynomial and matching polynomial of regular graphs and its applications, Iranian J.
Math. Chem. 8 (2017) 7-23, https://doi.org/ 10.22052/IJMC.2017.15093.

[3] Y. Shi, M. Dehmer, X. Li and I. Gutman, Graph Polynomials, CRC Press, Boca Raton,
2016.

[4] E. J. Farrel, An introduction to matching polynomials, J. Combin. Theory Ser. 27 (1979)
75-86, https://doi.org/10.1016,/0095-8956(79)90070-4.

[5] L. Lovasz and M. D. Plummer, Mathing theory, Ann. Discrete Math. 9 (North-Holland,
Amsterdam) 1986.

[6] I. Gutman and F. Harary, Generalizations of the matching polynomial, Utilitas Math. 24
(1983) 97-106.

[7] H. Hosoya, Topological index. A newly proposed quantity characterizing the topological
nature of structural isomers of saturated hydrocarbons, Bull. Chem. Soc. Jpn. 44 (1971)
2332-2339.

[8] T. M. Westerberg, K. J. Dawson and K. W. McLaughlin, The Hosoya index, Lucas numbers
and QSPR, Endeavor (University of Wisconsin-River Falls), 1 (2005) 1-15.

[9] R. E. Merrifield and H. E. Simmons, The structure of molecular topological space, Theor.
Chem Acta 55 (1980) 55-75.

[10] H. Chen, X. Liu and J. Shen, Matching polynomials and independence polynomials
of benzenoid chains, MATCH Commun. Math. Comput. Chem. 92 (2024) 779-809,
https://doi.org/10.46793 /match.92-3.779C.

[11] M. S. Oz and I. N. Cangul, Computing the number of k-matchings in benzenoid chains,
MATCH Commun. Math. Comput. Chem. 88 (2022) 79-92, https://doi.org/10.46793 /mat
ch.88-1.0790.

[12] M. S. Oz and I. N. Cangul, Enumeration of independent sets in benzenoid chains, MATCH
Commun. Math. Comput. Chem. 88 (2022) 93-107, https://doi.org/10.46793 /match.88-
1.0930.



Iranian Journal of Mathematical Chemistry 17 (2) (2026) 179 — 199 199

[13] H. Chen and X. Gao, Computing the matching polynomials and independence
polynomials of phenylene chains, Int. J. Quantum Chem. 125 (2025) #e70002,
https://doi.org/10.1002/qua.70002.

[14] H. Chen, Q. Guo and Y. Tan, Computing the matching and independence poly-
nomials of double hexagonal chains, Discrete Appl. Math. 363 (2025) 139-157,
https://doi.org/10.1016/j.dam.2024.12.006.

[15] M. S. Oz, R. Cruz and J. Rada, Computation method of the Hosoya in-
dex of primitive coronoid systems, Math. Biosci. Eng. 19 (2022) 9842-9852,
https://doi.org/10.3934 /mbe.2022458.



	Introduction
	Preliminaries
	Main results
	Matching polynomials of hexacyclic systems
	Independence polynomials of hexacyclic systems

	Concluding remarks

