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Abstract

In this manuscript, we develop a generalized form of the
classical three—variable Oregonator model by extending it to a
four—dimensional fractional-order system. The extended formu-
lation explicitly includes the proton concentration #(¢) within
the Belousov—Zhabotinsky (BZ) reaction kinetics and introduces
memory effects through the Caputo fractional derivative of or-
der a € (0, 1]. For the classical case o = 1, the model reduces to
an ordinary differential equation system, which is solved using
the third—order Adams—Bashforth-Moulton (ABM3) predictor—
corrector method and compared with the standard fourth—order
Runge-Kutta (RK4) scheme. For 0 < « < 1, the system is nu-
merically integrated using the fractional ABM3 method, where
the Caputo derivative is discretized by means of convolution—
type memory weights.

Numerical experiments reveal that both proton feedback
plays a crucial role in shaping the oscillatory dynamics and
stabilizing the long—term behavior. Analytical results further
confirm positivity and boundedness of the solutions, character-
ize the equilibrium points, and determine their stability. The
trivial equilibrium is always unstable, whereas the nontrivial
equilibrium is locally asymptotically stable under realistic
parameter conditions.  Sensitivity and eigenvalue analysis
additionally show that the parameters (a, q) tend to destabilize
the system, while (J,¢,v) enhance stability. Here, a and ¢
represent the autocatalytic and inhibition reaction strengths,
whereas J, €, and -y denote the characteristic timescales of the
inhibitor, autocatalyst, and proton dynamics, respectively.
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1 Introduction and proposed model

The Field-Koros—Noyes (FKN) mechanism offers a chemically significant reduction of the com-
plex network underlying the legendary Belousov—Zhabotinsky (BZ) reaction, which is commonly
considered a paradigm of nonlinear chemical oscillations. By this term, it is meant that the BZ
system is the most traditional and widely investigated example of a chemical reaction where
periodic oscillations in concentrations result from nonlinear feedback processes in the reaction
kinetics rather than from any external periodic forcing. Specifically, the oxidation of malonic
acid (CH2(COOH)3) by bromate ions (BrOs ™) in an acidic medium, catalyzed by a redox indi-
cator such as cerium ions (Ce*" /Ce ") or ferroin/ferroin(ox), generates dramatic oscillations
that appear as rhythmic color cycling between the reduced and oxidized states of the cata-
lyst. These oscillations demonstrate how nonlinear autocatalysis, inhibition, and catalyst redox
cycling cooperate to produce chemical clocks and spatiotemporal patterns, rendering the BZ re-
action a universal model for exploring nonlinear dynamics, chemical chaos, and self-organization
in chemistry [1-7].

The Oregonator model [7] is a simplified mathematical representation of the Field-Kdros—
Noyes (FKN) mechanism, which describes the oscillatory behavior of the classical Belousov—
Zhabotinskii (BZ) reaction. The BZ reaction, discovered in the 1950s, involves the oxidation of
an organic substrate such as malonic acid by bromate ions in an acidic solution, typically in the
presence of a redox catalyst like cerium or ferroin, and serves as a paradigm of nonlinear chemical
oscillations and self-organization. The essential features of the mechanism are retained: (i) the
inhibition step, where bromide ions accumulate and suppress autocatalytic growth; (ii) the
autocatalytic step, in which the concentration of HBrOs (bromous acid) increases explosively
in the presence of BrOj; (iii) the termination step involving radical recombination; and (iv)
the redox cycle of the metal-ion catalyst, where the oxidized form (e.g., Ce**) is reduced back
to Ce?* by the organic substrate. By introducing suitable dimensionless variables for the
key intermediates—X (autocatalyst, e.g., HBrO3), ) (inhibitor, e.g., Br™), and Z (oxidized
catalyst, e.g., Ce*t)—the Oregonator equations can be written as:
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The system of equations above models the Oregonator, where €, §, ¢, and f are dimensionless
kinetic parameters [8] (see Table 1). Over the decades since its introduction, the Oregonator
model has been extensively studied both analytically and numerically by many researchers. The
original formulation and limit-cycle analysis were presented by Field and Noyes in their 1974
paper [9], which demonstrated limit-cycle behavior, building on earlier work by Field, Koros,
and Noyes [7].

In subsequent years, many authors have explored bifurcation diagrams, stability, and pa-
rameter regimes of the Oregonator model. For example, studies of Hopf bifurcation loci and
oscillatory period scaling in flow-distributed oscillation (FDO) patterns often use ¢ = 0.0008 and
f = 1.0 as illustrative parameter values [10]. In simulations of chemical oscillations, many works
adopt ¢ ~ 1073 or 0.0008 and f ~ 1 (sometimes f = 1.5) as canonical test parameters [11].
Beyond these, modern studies extend the Oregonator by incorporating reversibility [12]. These
cumulative efforts have refined our understanding of parameter ranges in ¢ and f that lead to
stable steady states, small oscillations, or relaxation oscillations, bridging theory and experi-
mental behavior in the Belousov-Zhabotinsky reaction.
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Zhang and Zhang (2003) [13] investigated a three-dimensional Oregonator model, rigorously
deriving the existence and stability properties of a positive steady state, the conditions under
which a Hopf bifurcation arises from it, and the resulting periodic solutions. They showed
that, for appropriate parameter ranges, the system admits a single equilibrium in the positive
orthant (all variables positive). Linearizing about this equilibrium and analyzing the character-
istic equation revealed critical parameter values where a pair of complex conjugate eigenvalues
cross the imaginary axis while the third eigenvalue remains negative. This crossing corresponds
to a Hopf bifurcation, producing a family of nontrivial periodic orbits near the steady state.
Additionally, Pippal and Kalsi [14] made a valuable contribution by applying the Variational
Iteration Method (VIM) to obtain approximate analytical solutions of the nonlinear three-
dimensional Oregonator system. Their results demonstrate that VIM yields rapidly converging
iterative corrections to initial guess functions, producing approximate solutions closely matching
numerical simulations. This method allows solving the system’s nonlinear oscillatory dynamics
without relying exclusively on numerical integration.

Fractional differential equations (FDEs) are powerful generalizations of classical integer—order
models and provide a well-founded approach to modeling nonlinear dynamical systems with
memory and hereditary characteristics [15]. Unlike standard differential equations, where the
evolution in time ¢ depends only on the current state, fractional derivatives incorporate the
entire history of the system through nonlocal operators and are therefore especially suited
to capturing anomalous diffusion, viscoelasticity, elasticity, biological processes, and chemical
reactions. Fractional systems of nonlinear equations have been extensively utilized in recent
decades to extend standard models in physics, engineering, and applied sciences, allowing richer
dynamical behaviors such as altered stability thresholds, reshaped bifurcation structures, and
new classes of oscillatory or chaotic regimes.

The standard rescaled Oregonator system, represented by Equations (1)-(3), is a three-
variable model that effectively describes the oscillatory kinetics of the BZ reaction. This for-
mulation, however, does not explicitly account for acidity, even though proton concentration
is known to play an important role in controlling oscillatory behavior, stability, and pattern
formation in the BZ system. To address this limitation, we generalize the Oregonator model by
introducing a fourth dynamical variable, H(¢) = [H'], representing the hydrogen-ion concentra-
tion. This variable adds proton dynamics to the kinetic description and enables a more realistic
representation of the interaction among autocatalysis, inhibition, catalyst redox cycling, and
acidity.

Here, we extend the classical Oregonator model from its conventional integer-order version
to a fractional-order system through Caputo derivatives of order 0 < o < 1. This extension
incorporates memory effects and nonlocal temporal behavior into the oscillatory kinetics of
the Belousov—Zhabotinskii reaction, thereby offering a more realistic model of the underlying
chemistry. This work presents a detailed study of the system’s dynamical behavior, includ-
ing positivity, boundedness, equilibrium analysis, stability, and sensitivity with respect to key
parameters.

2 Extended oregonator model with proton dynamics

To account for the long-range memory effects inherent in chemical kinetics and anomalous
transport, we first recall the essential reactions of the Field-Koros—Noyes (FKN) mechanism
underlying the Belousov—Zhabotinskii (BZ) system (see Figure 1). To illustrate the structure
of the extended model, a schematic transition diagram can be constructed, showing the inter-
actions among the variables X, ), Z, and H, together with the feedback loops and proton



140 S. Pippal / Extended Fractional-Time Oregonator Model Accounting...

pathways. Such a diagram helps to visualize how the inclusion of proton dynamics modifies the
classical Oregonator framework (see Figure 1).

(R1): BrO3~ +Br~ +2H" — HBrO, + HOBr, (4)
(R2): HBrO; +Br~ + H" — 2HOBr, (5)
(R3): BrOs~ +HBrOs + 2H' — 2BrO,* + H>0, (6)
(R4): 2HBrO; — BrO3~ +HOBr + H™, (7)
(R5): BrMA + HOBr — Br~ + Products, (8)
(R6) :  Ce®t +BrOy* + HY — Ce't + HBrOs. (9)
2
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Figure 1: Color-coded schematic transition diagram of the extended fractional Oregonator with
proton dynamics. Rectangles denote system variables and external proton sources/sinks. Solid
arrows represent reactions, red bars indicate inhibition, and dashed arrows depict proton-related
feedback mechanisms.

Building upon the preceding discussion, we formulate the extended Oregonator model using
Caputo fractional derivatives of order 0 < a < 1. By explicitly incorporating the proton
concentration as an additional dynamical variable, the resulting fractional extended Oregonator
system is expressed as:

CDEX(t) = %(a?ﬁ +qay — X% - Xy), (10)
C na 1

DEY(t) = 3(—qay+sz—xy), (11)
“DeZ(t) = aX —bZ, (12)

1
CDeH(t) = S (s — kowH 4+ 0 XY + 2 — 57—[)(). (13)
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Here, X'(t), Y(t), and Z(t) denote the concentrations of the autocatalyst, inhibitor, and oxi-
dized catalyst, respectively, while H(¢) represents the proton concentration (inversely related to
pH). The parameters S and ko, model, respectively, external proton input and linear proton
removal. The fractional index o determines the strength of memory effects: a = 1 recovers
the classical integer—order extended Oregonator, whereas 0 < « < 1 introduces hereditary
dynamics that modify oscillation amplitude, frequency, and stability properties. A detailed
physical interpretation of all kinetic and coupling coefficients is provided in subsection 2.1 and
summarized in Table 1.

Table 1: Parameters of the extended fractional Oregonator model with physical meaning and
representative ranges.

Param. Meaning / Units Range Ref.
a Autocatalyst production rate (dimensionless) 0.1-5.0 (2, 9]
q Inhibitor ratio (Br~) (dimensionless) 1073-1071 [9]
f Stoichiometric factor (dimensionless) 0.5-2.4 [9]
€ Timescale ratio for X' (dimensionless) 10731071 2]
] Timescale ratio for } (dimensionless) 0.1-10 2]
y Proton timescale parameter (dimensionless) 0.1-10 [11]
b Catalyst relaxation rate (dimensionless) 0.5-5.0 [9]
S Proton source strength (mol L=!s™1) model dependent [11]
kout Proton removal/outflow rate (s~1) 0.01-1.0 [11]
aq Proton generation in XY channel (molL~!s~1) 0.1-1.0 [11]
12 Proton release from catalyst pathway (molL='s~!) 0.1-1.0 [11]
B Proton consumption in HX channel (Lmol~'s™)  0.01-1.0 [11]
@ Fractional derivative order(s) (dimensionless) (0,1] [16]

2.1 Physical interpretation of the key parameters.

The kinetic coefficients appearing in the extended Oregonator system describe specific chemical
pathways in the BZ reaction:

e a (autocatalyst production rate) The parameter a controls the generation of the
autocatalytic species X. It reflects the rate at which HBrQOs is formed through bro-
mate—bromide interactions. Larger a leads to stronger autocatalytic growth and typically
enhances oscillatory behavior.

e b (catalyst regeneration/removal rate) The parameter b governs the linear decay of
the oxidized catalyst Z (Ce(IV) or ferroin), and appears in the balance between oxidized
and reduced catalyst. Larger b promotes faster relaxation of Z, shortening oscillation
periods.

e « (proton production in the XY channel) This coeflicient quantifies proton gener-
ation associated with the autocatalytic reaction between X and Y. In the BZ mechanism,
this corresponds to proton release during the bromination of the autocatalyst. Increasing
o raises H(t) and strengthens acidity feedback.

e s (proton release from catalyst reactions) The term a2 Z captures proton produc-
tion due to reactions involving the oxidized catalyst, most notably Ce(IV). This parameter
measures how strongly catalyst-driven pathways contribute to acidity buildup, influencing
oscillation persistence.
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e 3 (proton consumption in HX interaction) The nonlinear sink 3HX models proton
consumption in reactions where the autocatalyst interacts with the acidic medium (e.g.,
reduction by bromous acid pathways). Larger 3 suppresses proton concentration, acting
as an acidity buffer and potentially damping oscillations.

e v (timescale of proton dynamics) The parameter « sets the intrinsic response time
for the proton concentration H(¢). Small « implies rapid proton equilibration (fast
chemistry), while large « slows down proton adjustment, allowing delayed feedback and
stronger memory effects in the hysteresis of pH-dependent reactions.

Remark 1. All variables and parameters in equations (10)—(13) are nondimensional, following
the standard rescaled Oregonator formulation introduced by Field and Noyes. The physical in-
terpretations given for each parameter, therefore, refer to their roles within the nondimensional
kinetic framework rather than to strict dimensional units. Table 1 summarizes the meaning of
each parameter and its typical dimensionless range, with approximate underlying units indi-
cated in parentheses only where they provide additional chemical insight.

2.2 Novelty of the present work.

The proposed model introduces several key novelties that set it apart from all the previously
studied Oregonator-type systems, including fractional, three—variable, and proton-coupled for-
mulations. First, we explicitly augment the classical Oregonator by adding the proton con-
centration #(t) as a fourth dynamical variable, thus making the model incorporate acidity
regulation directly into the reaction kinetics. Unlike the existing variants of proton—coupled
Oregonators, the present model derives the pathway of protons from certain steps of the field-
Koros-Noyes mechanism, leading to three chemically meaningful coupling parameters (o, as, 8)
quantifying proton generation and consumption in autocatalytic, catalytic, and bromination
channels. Second, we extend the model to a Caputo fractional-order system of order 0 < o < 1.
Temporal memory is introduced through this fractional derivative into the BZ kinetics. The
earlier proton-augmented Oregonator models do not have generalization and provide a richer
and more realistic description of hereditary chemical effects, particularly in the slow feedback
mediated by proton transport. Third, we give a rigorous mathematical analysis of the re-
sulting four-dimensional fractional system: establishing positivity, boundedness, equilibrium
structure, and stability, together with an extensive numerical study using a high-order Frac-
tional Adams—Bashforth—Moulton scheme. To the best of our knowledge, this is the first work
to formulate, analyze, and simulate a proton-regulated fractional time Oregonator model with
explicit chemical justification for each coupling term. These features constitute the main novelty
and methodological improvement of the current study.

3 Preliminaries

Definition 3.1 (Dynamical System). A dynamical system is a triple (X, T, ¢), where X is the
state space, T is the time set (N,;Z,R or R;), and ¢ : T x X — X is the evolution operator
(flow or semiflow), satisfying

»(0,z) =z, o(t+s,z) = ¢t, p(s,z)), VtseT, zeX.
This definition follows Meiss [17].
Definition 3.2 (Oscillatory System). A system

‘)&1 = ]:(Xlayl)a yl = g(X17y1)7 (14)
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is called oscillatory if it (i) possesses negative feedback resetting mechanisms, and (ii) exhibits
sufficient delay and nonlinearity to avoid convergence to a stable equilibrium, thereby generating
a nontrivial attractor in phase space. This characterization is based on Strogatz [18].

Definition 3.3 (Nullclines). For the oscillatory system defined above, the nullclines are the
sets where the vector field vanishes along one coordinate:

F(X1,)1) =0, G(X1,01) =0. (15)

The intersections of these nullclines correspond to equilibrium points of the system (cf. Equa-
tion (15)). The geometry of the nullclines governs the qualitative structure of trajectories and
the oscillatory attractor in the phase plane. This definition and its role in phase plane analysis
are standard in the literature (see, e.g., Strogatz [18]).

Definition 3.4 (Fractional Calculus). Fractional calculus generalizes integer-order differen-
tiation and integration to arbitrary real orders, allowing models to incorporate memory and
hereditary effects (see [15]).

Definition 3.5 (Caputo Fractional Derivative). For a sufficiently smooth function f : [0, 00) —
R and « € (0,1), the Caputo derivative is defined as:

¢
CDUf(t) = F(ll— 3 /O (tfl(ss))a ds. (16)
The Caputo derivative permits classical initial conditions f(0), f’(0),... and is widely used in
physical applications (see [19, 20]).
Definition 3.6 (Equilibrium point). For the system:
“Diu(t) = F(u(t)), (17)

a point u* is an equilibrium if F'(u*) = 0. For the Oregonator family, the equilibria coincide

with the roots of the algebraic system obtained by setting the right-hand side equal to zero.
Definition 3.7 (Jacobian Matrix). Let F : R" — R™ be a vector field of the form

fiXe,. ., Xn)
F(X) = : ; (18)
fn(Xla cee 7Xn)

where X = (X1, X5,...,X,,)". The Jacobian matriz of F at the point X is the n x n matrix
of first-order partial derivatives:

o oh
0X, 0X,

JX)y=1 : . | (19)
afn 6fn
0X, 0X,

Definition 3.8 (Fractional stability criterion). Let J be the Jacobian at an equilibrium and
let {\;} be its eigenvalues. For the Caputo system of order 0 < o < 1, a sufficient condition for
asymptotic stability is :

|arg(\i)| > %, for all s. (20)
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4 Numerical scheme for the extended fractional oregonator

4.1 Convergence analysis and comparison with the classical Runge—
Kutta method for a =1

In this subsection, we demonstrate the convergence properties and computational advantages
of the proposed Adams-Bashforth-Moulton (ABM3) predictor—corrector scheme [21-23| when
applied to the non-fractional (v = 1) extended Oregonator system. The governing model is
obtained from the fractional formulation by setting the Caputo order o = 1, thereby recovering
the standard system of first—order ODEs (10) to (13), with initial conditions as:

(X(0), ¥(0), 2(0), H(0)) = (0.1,0.2,0.1,0.01).

e Numerical formulation of the ABM3 scheme

Let Y(t) = (X,),Z,H)". The ABM3 scheme uses the three most recent function evalu-
ations to compute a predictor step using the third—order Adams-Bashforth method,

re h
YIS = Yo o 15 (23F0 = 16fu-1 +5fuz)),

and then applies the Adams—Moulton corrector,

h r
Yn+1 - Yn + E(5f5+e{i +8fn - fn—l)-

This yields a third—order accurate method with only one function evaluation per step
after initialization.

e Error, convergence and CPU-Time comparison

To assess convergence, we compute numerical solutions for A = 0.1, 0.05, 0.025, 0.0125,
using both ABM3 and RK4. A highly resolved RK4 solution with step size hyot = 1074
is used as the reference (exact) solution. The global error is computed at ¢ = 1 using the
Euclidean norm.

Table 2 lists the global errors and CPU times for both methods. A clear accuracy gain
and significant reduction in computational effort are observed for ABM3.

Table 2: Global error and CPU-time comparison between the ABM3 predictor—corrector scheme
and the classical RK4 method for the extended Oregonator model at ¢ = 1.

h Error (ABM3) Error (RK4) CPU (ABM3) [s] CPU (RK4) [s]

0.1 1.42 x 1073 3.86 x 1073 0.0048 0.0091
0.05 3.52 x 1074 9.81 x 104 0.0089 0.0183
0.025 8.71 x 10~° 2.48 x 1074 0.0167 0.0369

0.0125 217 x107° 6.23 x 1075 0.0332 0.0745

e Discussion of Advantages

The numerical comparison presented in Table 2 highlights several important advantages
of the ABM3 predictor—corrector technique over the classical fourth-order Runge-Kutta
(RK4) scheme:
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— For every tested step size, the ABM3 scheme produces a smaller global error
than the RK4 method, demonstrating its superior accuracy for the present nonlinear
chemical kinetic system.

— The ABMS3 integrator requires only one function evaluation per step after ini-
tialization, whereas RK4 requires four evaluations. This markedly reduces the com-
putational workload.

— The CPU-time columns in Table 2 show that ABM3 is consistently faster than RK4
at all step sizes, with the gap widening as the step size decreases. This improvement
is a direct consequence of the reduced number of function evaluations.

— The corrector stage of the ABM3 scheme contributes improved numerical stability,
which is particularly beneficial for stiff and highly nonlinear reaction systems such
as the extended Oregonator dynamics. As a result, ABM3 yields smoother and more
reliable trajectories over the integration interval.

Overall, the ABM3 predictor—corrector strategy delivers a more efficient balance between
accuracy, computational cost, and stability compared to the RK4 method. These advan-
tages make ABM3 a strong and reliable choice for simulating the extended Oregonator
model and similar nonlinear chemical reaction systems.

Note. Since no analytical solution is available, the global error at time T is computed by com-
paring the numerical solution Y} (T') with a highly accurate reference solution Yf(T') obtained
using RK4 with a very small step size. The error is evaluated using the Euclidean norm,

E(h) = [ Ya(T) = Yiet(T) 2. (21)

4.2 Application of the ABM scheme to the fractional oregonator model

In the previous subsection, we considered the special case & = 1, where the extended Oregonator
system becomes an ordinary differential equation and the fractional ABM scheme reduces to
the classical third-order Adams-Bashforth-Moulton-(ABM3) predictor—corrector method. This
allowed us to perform a direct comparison between the ABM3 method and the standard fourth—
order Runge-Kutta (RK4) integrator, demonstrating that ABM3 achieves higher accuracy with
reduced computational cost.

For the general case 0 < a < 1, the dynamics exhibit memory effects, and the numerical
method must incorporate the nonlocal structure of the Caputo fractional derivative. Similar
hybrid or data-assisted fractional solvers have recently been proposed in the literature [24, 25].
In this setting, the classical ABM3 scheme is replaced by the fractional ABM predictor—corrector
method of Diethelm. The scheme uses fractional memory weights

WY = (41— ) = (n - §)°, (22)

which encode the history of the solution and correctly approximate the Caputo derivative. The
predictor step computes an initial estimate at ¢,,41,

h()l
Up+1 = U+ =~

Farp) 2 T 23)

n
J
7=0
and the corrector refines this estimate using the updated value of the right-hand side:

o n

(n+1) (n+1) v
Un+1 = Uo + T(a+1) ijn ftg,u5) + 05" f (bt ) | - (24)
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This formulation naturally generalizes the ABM3 method (which corresponds to the case o = 1,
for which the weights become constant and the memory terms collapse). In the fractional case,
the scheme preserves stability, accurately captures oscillatory behavior, and accommodates the
long-range memory characteristics of the extended Oregonator dynamics.

To verify the numerical convergence of the fractional ABM method for 0 < a < 1, we
perform a standard mesh-refinement study. The system is solved for decreasing time steps

h={10"2 5x 1073 2.5 x 1073, 1.25 x 107},
and the solution obtained with the smallest step size is used as the reference.

Table 3: Error and CPU-time for the fractional ABM method obtained from the mesh—
refinement study.

h Error E(h) CPU Time (s)
1.0x 1072 6.55 x 1073 0.005054
50x 1072 2.81x1073 0.005064
25x107% 9.36 x 10~* 0.013728
1.25 x 1073 0 0.250500

The results in Table 3 clearly demonstrate the convergence behavior of the fractional Adams—
Bashforth-Moulton (ABM) predictor—corrector method. As the time step h is successively
halved, the numerical error E(h) decreases consistently, showing the characteristic power—law
decay E(h) x h* expected for fractional-order schemes. In particular, the error drops from
6.55 x 1073 at h = 1072 to 9.36 x 107% at h = 2.5 x 1073, For the smallest step size h =
1.25 x 1073, the solution coincides with the reference solution, yielding a zero difference at the
final time.

The CPU times show two important features. First, the method remains extremely fast for
moderate mesh sizes, with runtimes below 0.01 seconds for h = 1072 and h = 5 x 1073. Second,
as expected for fractional schemes, the computational cost increases sharply when the time
step becomes very small, due to the accumulation of history terms. This explains the jump to
0.25 seconds for h = 1.25 x 1073, Despite this, the method remains stable and its accuracy
improves monotonically as the mesh is refined, confirming the convergence and reliability of the
fractional ABM method for the extended Oregonator system.

Theorem 4.1 (Convergence of the fractional ABM scheme for the extended Oregonator). Let
0 < a <1 and consider the extended fractional Oregonator system

CDeY (t) = F(t,Y (1)), Y(0) =Y, € RY, (25)
where
X(t) Fr(t,Y)
o= 201 ren= | 200,
H(t) Fy(t,Y)

with the components Fx, Fy, Fz, Fy, given by Equations (10)—(13).
Assume that:

e F(t,Y) is continuous in t and locally Lipschitz in' Y on bounded sets;
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e Y () has sufficient smoothness so that the quadrature error for the fractional integral is
well defined (no closed-form expression of Y is required).

Let t,, = nh with Nh = T, and let {Y,,})_, be the numerical solution generated by the
fractional Adams—Bashforth—Moulton predictor—corrector scheme:

n

¥ h* (n+1)
Yo :YOJFWZ% F(t,Y;), (26)
j=0
he . n+1 n+1 Y
Yoy =Yoo+ ot 1) ij( VFE,Y)) + @i F (b, Yara) | (27)
j=0
where the fractional memory weights are wt = (n+1—75)*—(n—j5)“. Then there exists a

j
constant C > 0, independent of h and n, such that maxo<n<n ||Y (tn) — Ya| < Ch'T. Thus:

e for 0 < a <1, the fractional ABM method converges with order 1 + «;
e for a =1, the method reduces to the classical ABMS3 scheme with global order 3.

Proof. Using the integral representation of the Caputo derivative, the solution of the fractional
system (25) satisfies the Volterra equation

Yit)=Yy + I‘(la)/o (t—8)*"1F(s,Y(s))ds.

Evaluating this relation at ¢, 11 and comparing it with the discrete predictor—corrector scheme
(26)—(27) yields
Y(thrl) = Yn+1 + Tn+1,

where 7,41 is the local truncation error introduced by the fractional product-integration rule.
Assumption ensures that F(¢,Y (¢)) and the derivatives required in the quadrature analysis
are bounded. Standard bounds for weakly singular product-integration formulas imply

[ Tns1ll < C1AMT,

uniformly in n. This establishes the local consistency order 1+ « for 0 < o < 1 (and order 4
for o = 1, corresponding to ABM3).

Let e, = Y (t,,) — Y., denote the global error. Subtracting the discrete scheme (26)—(27) from
the Volterra equation at t,1 and using the Lipschitz property of F' yields a discrete fractional

inequality of the form
n+1

lentill < Coh® > fles|| + Csh+e.
7=0

Applying a discrete fractional Grénwall inequality gives
lenll < CRM®, 0<n <N,

for sufficiently small h. When « = 1, the fractional weights reduce to those of the classical
ABM3 method, yielding the known global order 3. |
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5 Dynamical analysis of the model

5.1 Positivity preservation of the extended fractional oregonator

Theorem 5.1 (Positivity of the Extended Fractional Oregonator System). Consider the frac-
tional initial value problem

“DFX(t) =F(X(1)),  X(0)=Xo>0, (28)

with 0 < a < 1, where
X(t) = [X(t), ¥(1), Z(t), H(t)]", (29)

and the nonlinear vector field is

[ é(anany—XQ - X)) ]
1
g(—qay+sz - X))
F(X) = (30)
aX — bZ

1(5 —kowtH+ a1 XY + aZ — ﬁHX)

If all parameters and initial data are nonnegative, then the solution satisfies
X(t) >0, Vt>0.

Proof. By the standard positivity criterion for Caputo fractional systems (see, e.g. [16]), it
suffices to verify that
F(X

) > whenever X; =0, X > 0.
1. If X =0, then Fy = 1(qa))

v

0
0.
0.

%

2. Ity =0, theanfé(fb )
3. If Z=0, then F3 =aX > 0.
4. IfH =0, then Fy = 2 (S + a1 XY + a2Z) > 0.

Hence, all components satisfy the inward—pointing condition on the boundary of the positive

orthant, and the solution remains nonnegative for all ¢ > 0. |

5.2 Dissipativity and boundedness

Lemma 5.2 (Dissipative estimate for the total mass). Let X, ), Z,H satisfy the fractional
system (10)—(13) with nonnegative parameters and initial data. Define the total mass

V(t):=X(t) + V() + Z(t) + H(t). (31)
Then there exist constants A, B,C > 0 such that for allt > 0,
“DPV(t) < A— BV (t) + C(X%(t) + V2(1)). (32)
Consequently, there exist R > 0 and n > 0 such that whenever V(t) > R,
°DeV(t) < —n <. (33)
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Proof. Summing the right-hand sides of (10)—(13), we obtain
CDYV = F) + Fy + F3 + F.

Collecting the linear terms, we can bound them by
LxX+LyY+LzZ+ LgH,

for some Lx, Ly, Lz, Ly > 0 depending only on parameters. The remaining nonlinear terms
satisfy

1
— X £ MY+ MyHA + %xy,

for constants My, M > 0. Using Young’s inequality,
M M-
MXY < =5 (032 +0710%)  MyHX < =2 (nX% 4071 H?).
A similar bound holds for %X Y. Choose 1 > 0 small such that

1 M+ M+ <
=<0

Then )
CDNV < Ay — kX% — B(Y + Z+H) + C1YV? + CoH2,

for suitable Ay, B, Cy,Cs > 0.
Using X, Y, Z,H <V gives Y2, H? < V2, yielding (32) with

A=Ay, B =B, C = max{C1, Cs}.

For V sufficiently large, the negative quadratic contribution dominates, implying (33) for some
R,m>0. |

Corollary 5.3 (Existence of a bounded absorbing set). Let X(t) = (X (t), Y(t), Z(t),H(t)) " be
the solution of the extended fractional Oregonator system (10)—(13) with nonnegative parameters
and nonnegative initial data Xy > 0. Then there exists a constant R, > 0 such that

V(t):=X({t)+ V() + Z(t) + H(t) < Rs, for all sufficiently large t > 0.
In particular, the set
Br, ={XeRY: X+V+Z+H<R,}
is a bounded absorbing set for the dynamics of the extended fractional Oregonator system.
Proof. By Lemma 5.2, there exist constants A, B, C' > 0 such that
“DiV(t) < A—BV(@)+C(X* (1) +V(t)), t>0. (34)
Using the trivial bounds X2 Y2 < V2 we obtain:

CDeV(t) < A—BV(t) +CV(t). (35)
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For large values of V(t), the negative linear term —BV (¢) dominates the quadratic contribution
once V (t) exceeds a suitable threshold. More precisely, there exists R > 0 and 1 > 0 such that
whenever V(t) > R one has

“DyV(t) < —n <0,

as stated in Lemma 5.2. This implies that V'(¢) cannot grow unboundedly: if at some time ¢g
we had V(¢9) > R, then the strictly negative Caputo derivative forces V (¢) to decrease until it
re-enters the region {V < R} in finite time.

Combining this with the positivity result of Theorem 5.1, which ensures V(t) > 0 for all
t > 0, we conclude that there exists R, > R such that

0 <V(t) < R, for all sufficiently large ¢ > 0.

Hence, every trajectory with nonnegative initial data eventually enters and remains in the
bounded set
Br. = {X Ry, : V(X) <R.},

showing that Bg, is an absorbing set for the extended fractional Oregonator system. ]

5.3 Nullcline analysis

To better understand the geometric structure underlying oscillations in the Oregonator, we
examine the reduced two-dimensional subsystem in the (X, Z)-plane. Writing all variables
explicitly as functions of time ¢, the reduced dynamics take the form

dX (1) dZ(t)

57 :g(X(t), Z(t))v Tt = h(X(t)v Z@))» (36)
where
i s GAVER) e X SHE)
A1), 20) = a x(0) + B vy - THEZD, -

hX(t), Z(t)) = a X(t) — b Z(¢).
The corresponding nullclines (or isoclines) are defined by the conditions
X0, 2(0) =0, HX(1),Z(1) =0. (38)
The equilibrium point (X*, Z*) is given by the intersection of these two nullclines:
g(X*, Z2%) =0, h(X*, Z2*) =0.

To illustrate how the shape and intersection of nullclines influence oscillatory behavior, we
further reduce the extended fractional system to a classical two—variable fast—slow subsys-
tem. Using the fast catalyst equilibration condition Z = ¢ X, and substituting into the
(X, Y)—equations, we obtain for visualization the approximate ODE system

Xzé(aX+qay—X2—Xy>7 yZ%(—an}—FfaZ—Xy),

where Z = (a/b)X has been inserted on the right-hand side.

Representative parameters used for the nullcline plots and phase—plane geometry are
(a,q, f,b,e,8) = (1, 0.6, 1.2, 1, 0.08, 1),

which lie in a typical oscillatory regime of the Oregonator model.
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5.4 Equilibrium points
5.4.1 Non trivial equilibrium points

Consider the extended Oregonator system in Caputo fractional form (10)-(13) with vector field
F defined in (30), where 0 < o < 1 is the fractional order. An equilibrium (steady state)

X* _ (X*,y*,Z*,’H*)T,
satisfies the algebraic condition
F(X*) =0. (39)

Since fractional derivatives vanish at steady state, system (39) reduces to the classical algebraic
system

40
41

0= aX* + qaY* — (X*)? — x*Y*,

0= —qay" + fbZ* — X*Y*,

0=aX* —bZ*,

0=08—kouH* + a1 X*Y* +aZ* — BH*X*.

(40)
(41)
(42)
(43)

(These equilibrium relations do not depend on the fractional order «.)

From (42) we immediately obtain Z* = ¢ X*. Substituting this into (41) yields

fa X*
@Y LAY = fak = V=

Substituting * and Z* into (40) yields a single scalar equation for X™*:
2 [()? —a(l— g — )X —ga*(1+ )] =0.

Hence, the equilibrium values of X are:

x*=0, or /’V*=%[(1—q—f)i\/(1—q—f)2+4Q(1+f)-

The physically meaningful equilibrium corresponds to the positive root.
Finally, substituting X*, *, and Z* into (43) gives

S(ga+X*) + an fa(X*)? + 22 X*(ga + X*)

e (ga+ X) (kous + BA7).

Thus the non-trivial equilibrium point is :

% * O[QCZ % *
fax* a, Slaat X7 +onfaX )2+ = X (qa+ A7)

ga+X*" b’ (ga + X*)(kout + BX*)

*
)
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5.4.2 Trivial equilibrium

Lemma 5.4 (Trivial equilibrium). For any choice of nonnegative parameters a, b, q, f, S, kout, a1, 2,
with kow > 0 and a > 0, the extended fractional Oregonator system (28)—(30) admits the trivial
equilibrium

kout

,
XO = (30, O 0 307 _ (0’ 0.0, 5) _

This steady state is independent of the fractional order «.

Proof. Setting X =Y = Z = 0 in (40)—(42) clearly satisfies those three algebraic relations.
Substituting into (43) gives 0 = S — koutH*, so that H* = S/kout. Hence X is an equilibrium
of the system. Since the equilibrium equations (40)—(43) do not involve «, this steady state
does not depend on the fractional order. [ |

Remark 2. Writing X'(¢) and Z(t) explicitly as time-dependent variables emphasizes that
nullclines are geometric objects in the phase plane. At every time ¢, the point (X(t), Z(t))
occupies a region determined by the signs of X(t) and Z(t). The curves g(X,Z) = 0 and
h(X,Z) = 0 partition the plane into regions that guide the direction of motion and determine
whether trajectories move toward or orbit the equilibrium (X*, Z*).

6 Stability analysis

Lemma 6.1 (Eigenvalues and Oscillatory Dynamics). Let E be an equilibrium of a smooth
autonomous system Y = F(Y) with Jacobian J(E), and let \; = o; + iw; denote a complex
conjugate pair of eigenvalues. Then:

1. If o; < 0 and w; # 0, trajectories near E approach it in damped oscillations with decay
rate |o;| and local period T = 27 /w;.

2. If o; = 0 and w; # 0, the system is at the onset of a Hopf-type transition, producing
small-amplitude sustained oscillations.

8. If o; > 0, the equilibrium is linearly unstable and trajectories spiral away, giving rise to
transient oscillatory bursts.

The above statements apply in particular to equilibria of the extended fractional Oregonator

system through the eigenvalues of its Jacobian J(E).

6.1 Stability at the trivial equilibrium

For the extended fractional-order Oregonator system, the vector field F(X, Y, Z,H) is given in
Equation (30). The trivial equilibrium is

kout

Ey = (0, 0, 0, S) . (44)
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The Jacobian matrix evaluated at Ey becomes
a g 0
€ €
b
0 —% % 0
J(FEp) = 45
Ey=| 0 (43)
o B8S 0 a2 _kout
’Ykout vy Y
A direct computation gives the characteristic polynomial
X(A) = det (J(Eo) = AI) = (YA + kous) (55)\3 F AN+ AN+ AO), (46)
where
As = —ad + aeq + boe, (47)
Ay = —a%q — abé + abeg, (48)
Ay = —a®bq(1 + f). (49)

Thus the eigenvalues are

kout

M= ——— <0, A1,2,3 are the roots of SeX3 + A N2 + A\ + A = 0.
Y

Lemma 6.2. For all physically relevant parameter values

a,bv q, fa 67637»k0ut353a17a27ﬂ > 07

S
FEy=1{0,0,0, —
0 (,,7kout>’

Proof. Because de > 0 and Ay = —a?bq(1 + f) < 0, the cubic polynomial satisfies

the trivial equilibrium

is unstable.

P(0) = Ap <0, lim P(\) = +o0.
A——+oo

By continuity, the cubic must have at least one root A > 0. This implies that at least one

eigenvalue of J(Ep) has a positive real part. Hence, the trivial equilibrium FEj is unstable.

6.2 Stability at a general nontrivial equilibrium

Recall the vector field (30). The Jacobian matrix evaluated at a nontrivial equilibrium E* =

(X", Y%, 27, HY) is

1(a—ZX*—J)*) 1(qa—X*) 0 0
€ €
y* (qa+X*) fb 0
) 58
J(E™) =
a 0 —-b 0
0[1X* a2

Loy —pny 2t 2 Lgysa
Y Y Y Y
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Using the equilibrium relations,
v _faX” e _ G gy St XY+ onfa(X7) + X" (ga + A)
_anrX*’ - b ’ o (qa+X*)(kout+ﬂX*) ’

the Jacobian can be written entirely in terms of X* and the model parameters.

Because J(E*) is a 4 x 4 matrix with nonlinear parameter dependence, its characteristic poly-
nomial is a quartic,

det (A — J(E*)) = A + ¢3A% + c2A* + c1A + o,

where the coefficients (co, . . ., c3) depend nonlinearly on X*. Closed-form eigenvalue expressions
are therefore impractical, so stability must be investigated numerically.

To examine local stability of the nontrivial equilibrium, we computed the eigenvalues of the
Jacobian J(E™*) for the positive root

xr=S0—a-H+VT—a— P4+ 1)

Using this value, the associated Y*, Z*, and H* were substituted into J(E*), and the four
eigenvalues \; (i = 1,...,4) were computed numerically. Variation of model parameters was
then performed to evaluate the real parts R(\;) and determine parameter regions where the
equilibrium is locally asymptotically stable.

6.3 Sensitivity analysis of the trivial equilibrium Ej

Sensitivity analysis quantifies how the dominant eigenvalue of the linearized system changes
in response to variations in system parameters. For the trivial equilibrium Fy, instability is
governed by the positive real root A* of the cubic factor of the characteristic polynomial:

p()\) = 56)\3 + A2>\2 + A1>\ + Ao,

where As, A1, A are defined in (49). Let 6 denote any parameter appearing in p, and assume
that A\* = A\*(0) satisfies p(A\*,0) = 0. Differentiating implicitly with respect to 6 yields the
standard sensitivity identity:

op, .,
A (50)
B Py gy

"

Step-by-step manual computation.

1. Compute partial derivatives of As, A;, Ay with respect to the parameter 6. For example,

with 0 = a:
3A2 8A1 6A0
—_— = — —_— —2 P v _2 1 .
a(l 1) + £q, 5(1 aq bo + qu, aa abq( 4 f)
2. Assemble the derivative of p with respect to a:
% = (=6 +eq) N + (= 2ag — b3 + beg) A* — 2abq(1 + f).

3. Compute the derivative of p with respect to A:
P (NF) = 36e(\*)2 + 240" + Ay

*

dA
4. Substitute into (50) to obtain a0
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Normalized (dimensionless) sensitivity index. To compare sensitivities across parame-
ters of different magnitudes, we introduce the standard normalized index:
ax* 0
Sxo=—— —.
M
A positive Sy means the parameter increases instability, while a negative index reflects a
stabilizing effect.

(51)

Illustrative example: For baseline parameter values a =b=¢=§ =e¢ =1, and f = 0.5,
the cubic polynomial becomes p(\) = A3 + A2 — 1.5\ — 1.5. It has a positive real root \* ~ 1.0.
For 0 = a:

dp
) = —6 '(\*) =35
aa( ) ) p( ) )
thus A\ 6 1714 - 1
2 TP 1714 a_—;zl..
da 3.5 i, S 1 !

Hence, increases in a significantly amplify the instability of the trivial equilibrium. In summary,
the analytical sensitivity analysis reveals that:

e the parameters a, b, and ¢ exert the strongest destabilizing effects on the trivial equilib-
rium,

e the parameters f, §, and € mainly alter the curvature of p(\) and the complex structure
of the eigenvalues but do not eliminate the intrinsic instability,

e the trivial equilibrium remains unstable for all physically admissible parameter ranges.

6.4 Numerical sensitivity analysis of the dominant eigenvalue

To quantify the relative influence of the kinetic and coupling parameters on the local stability
of the nontrivial equilibrium E*, we performed a numerical sensitivity analysis of the dominant
eigenvalue Ap.x of the Jacobian matrix J(E*). Each parameter

ei € {G/,b, q, fa 6,5,7,0&1,0[2,6,k0ut75},

was perturbed independently by +5% around its baseline value, while all other parameters
were held fixed. For each perturbation, the dominant eigenvalue was recomputed and the
partial sensitivity was approximated using the central finite-difference formula

8)\mau( ~ )\max(ei + Ael) - Amax(ei - Aez)
00; 2A0;

, Af; = 0.050;.

To enable comparison across parameters of different scales, the dimensionless normalized sen-
sitivity index

S . — Omax 6;
A 697, >\max ’
was computed. This index measures the relative percentage change in the dominant eigenvalue
per percentage change in the corresponding parameter. A positive value of S) g, indicates that
increasing 0; shifts the dominant eigenvalue further into the unstable region (i.e., increases
R(Amax)), while a negative index denotes a stabilizing influence, reducing the real part of Apax.
This numerical sensitivity analysis complements the analytical results, providing a parameter-
by-parameter assessment of how the extended Oregonator dynamics respond to perturbations
in kinetic, catalytic, and proton—coupling coefficients.
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7 Results and discussion

The extended fractional Oregonator system was numerically integrated in MATLAB using the
fractional Adams—Bashforth—Moulton predictor—corrector method with a fixed step size h =
0.05 over the interval ¢t € [0,50]. Simulations were initialized with (X(0),Y(0), Z(0),H(0)) =
(0.1, 0.2, 0.1, 0.01), representing small but nonzero initial concentrations of the activator, in-
hibitor, oxidized catalyst, and proton species. This configuration allows us to investigate how
parameter variations influence the temporal evolution and oscillatory properties of the four
interacting species.

7.1 Graphical representation of numerical solutions of the full system

Figures 2 and 3 illustrate the effects of varying key parameters of the extended fractional Orego-
nator model for fractional orders oo = 0.75 and o = 1, respectively. These comparisons highlight
how memory effects encoded by the fractional derivative alter the dynamical response of the
system. Relative to the classical integer—order case (o = 1), the fractional system (o = 0.75)
exhibits slower growth, milder oscillations, and delayed stabilization. For example, increas-
ing the proton inflow rate S leads to a more gradual rise in H(¢) for o = 0.75, while the
integer—-order model displays sharper and higher-amplitude peaks. Similarly, higher proton
outflow ko, decreases H(t) smoothly, with fractional dynamics suppressing overshoots more
effectively. Parameters «; and s, which represent autocatalytic and catalyst—driven proton
generation, still promote proton accumulation, but the amplification is moderated in the frac-
tional case. The nonlinear consumption term /3 reduces H(¢) and attenuates oscillations, while
variations in a affect all variables simultaneously, again with slower transients in the fractional
model. Overall, reducing « acts as a damping mechanism that suppresses oscillatory bursts and
slows convergence, revealing the regulatory influence of memory effects on chemical oscillations.

Figures 4 and 5 show the temporal evolution of all four species for four different values of a €
{0.25,0.5,0.75,1.0}. In the classical case o = 1, the activator X (¢) and catalyst Z(¢) undergo
rapid, quickly decaying oscillations, while Y (¢) and H(t) converge smoothly to their equilibrium
values. As « decreases, the system exhibits progressively slower dynamics: for a = 0.75,
oscillations damp more gradually; for o = 0.5, transient bursts and irregular oscillatory patterns
emerge before stabilization; and for o = 0.25, oscillations are almost completely suppressed,
yielding a slow monotonic approach to steady state. These results demonstrate how fractional
memory effects enrich the dynamical landscape, delaying stabilization and reshaping transient
oscillatory structures.

Figure 6 depicts the time series for « = 1. Here, the inhibitor Y(¢) exhibits the largest
oscillatory amplitude and frequency, whereas the activator X(t) and catalyst Z(t) display
low—amplitude oscillations. The proton concentration H(¢) exhibits a rapid initial rise followed
by saturation and small fluctuations, illustrating its stabilizing role in the long-term dynam-
ics. Figure 7 presents the two—dimensional phase portraits for all pairwise combinations of the
variables. Closed orbits in the (X,)) and (X, Z) planes indicate the presence of self-sustained
oscillations characteristic of Oregonator—type systems. In contrast, phase planes involving H—
namely (X,H), (V,H), and (Z,H)—show rapid convergence of H to a quasi-steady state,
consistent with its saturation behavior. Figure 8 shows the three—dimensional attractors con-
structed from variable triplets. The classic (X, Y, Z) attractor displays closed oscillatory trajec-
tories typical of the Oregonator. When # is included in the state space (e.g., X-Y-H, X-Z-H,
Y-Z-1H), the trajectories elongate along the H—axis due to its larger magnitude. After nor-
malization, these attractors reveal that proton dynamics add an additional degree of freedom
while preserving the core oscillatory structure of the (X,), Z) subsystem.
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7.2 Nullclines and equilibrium points

Figure 9 shows both the global nullclines and a zoomed-in view of their intersection for the
parameter values a = 1.0, ¢ = 0.02, f = 1.2, and b = 2.0. The nullclines partition the
(X, Z) phase plane into regions with different signs of X and Z, and their intersection gives
the equilibrium point used for stability analysis. In the extended model, the proton feedback
shifts the X-nullcline relative to the classical Oregonator, thereby modifying the equilibrium
location and influencing oscillatory behavior [11]. Numerically, the equilibrium is found to be
(X*, Z2*) = (0.127, 0.063).

To study parameter influence on oscillatory behavior, trajectories in the (X, Z) phase plane
were simulated while varying one parameter at a time and keeping the remaining parameters
fixed at a = 1.0, ¢ = 0.02, f = 1.2, b = 2.0, and € = 0.02. Figure 10 summarizes the results.
Increasing a primarily increases oscillation amplitude, producing wider excursions in both X’
and Z. Variation in ¢ alters the shape and width of the oscillatory loops, consistent with its role
as an inhibitory feedback parameter. Changes in f affect both the amplitude and frequency of
oscillations, reflecting its role in balancing autocatalytic and catalytic pathways. Increasing b
compresses trajectories in the vertical (£) direction, moderating oscillatory amplitude. Overall,
the oscillations remain robust across parameter variations, although their geometry changes
sensitively with the kinetic constants, in agreement with classical Oregonator analyses [3].

Figure 11 summarizes the nullcline-based analysis for the reduced Oregonator subsystem in
a FitzHugh-Nagumo (FHN)-type representation. Panel (a) shows the time series of X (¢) and
Y(t), which rapidly converge to steady values, confirming local stability for the selected param-
eters. Panel (b) displays the convergence behavior of the data-driven nullcline-approximation
model, where the training, validation, and test errors decay monotonically, indicating robustness
and stability of the learning-based reconstruction. Panels (c) and (d) highlight the geometric
role of nullclines: the X- and Y-nullclines intersect at the equilibrium point, and the simulated
trajectory converges to this equilibrium along a typical relaxation path. The close match be-
tween the ground-truth nullclines and the machine-learned ones confirms that the data-driven
method accurately captures the nonlinear geometry. Overall, the reduced Oregonator behaves
analogously to an FHN oscillator: the intersection of nonlinear isoclines determines the fixed
point, while the trajectory exhibits relaxation-type dynamics.

To examine how the nontrivial equilibrium (X*, Y*, Z*, ‘H*), depends on system param-
eters, we systematically varied the kinetic parameters (a, b, ¢, d, 7) and the proton-feedback
parameters (aq, sz, 8, kout, S), while fixing a = 1.0, b=2.0, ¢ =0.02, f =12, 6 = 1.0, v =
1.0, a3 = 0.5, ag = 0.2, 8 = 0.05, kout = 0.1, S = 1.0. Figures 12 and 13 summarize how
each parameter influences the equilibrium structure. Larger a and smaller b increase X* and
thereby elevate V* and Z*. The inhibitor parameter ¢ adjusts the nonlinear feedback strength
and shifts the distribution of the steady states. The scaling parameters § and v mainly affect
proton dynamics, altering H* without significantly changing X* or Z*. Among the feedback
terms, a; and as increase H* approximately linearly, whereas § reduces H* through nonlinear
proton consumption. The proton outflow rate ko, decreases H*, and the inflow parameter .S
increases it.

Overall, the analysis shows that the equilibrium values (X*, Y*, Z*) are governed primarily
by autocatalytic and kinetic parameters, while H* is predominantly shaped by proton-regulation
mechanisms. This distinction highlights acidity as a major determinant of oscillatory behavior
and long-term dynamics in the extended Oregonator model.
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7.3 Stability and sensitive analyses

The stability properties of the trivial equilibrium Ey = (0,0,0, S/kout), were examined using
the graphical argument method. Figures 14 and 15 illustrate the sensitivity of the cubic char-
acteristic polynomial p(\) = deA® + A2A? + A1\ + A, and its corresponding eigenvalues to
variations in the model parameters : a, b, ¢, f, §, and €. In each figure, the left-hand panels
show the polynomial p(\) as a function of A for five different parameter values, while the right-
hand panels depict the corresponding real and imaginary parts of the three eigenvalues Aj 23
obtained from the cubic factor. For every case considered, the function p(\) crosses the hori-
zontal axis at a positive value of A\, implying the existence of at least one real eigenvalue with
R(N\) > 0. Hence, the trivial equilibrium FEj is unstable for all physically relevant parameter
combinations. Increasing a, b, or ¢ shifts the root of p(\) toward larger positive values, thereby
strengthening the instability. On the other hand, variations in f, é, and € modify the curvature
of p(\) and slightly influence the imaginary parts of the eigenvalues, which correspond to weak
oscillatory modes but do not restore stability. Overall, the equilibrium Ej remains unstable
across the full range of admissible parameters.

Figure 16 displays the variation of $(\;) for each parameter over the interval [0.5, 2.0], with
all other parameters fixed at a=b=q=0=e=v=1, a1 =0.5, as = 0.3, 8 =04, kout = 1,
and S = 1. Each subplot corresponds to a single parameter perturbation, and the eigenvalues
are sorted such that \; always represents the root with the largest real part (the dominant
mode). The plots indicate that the real parts of all eigenvalues remain negative throughout
most parameter ranges, confirming that the nontrivial equilibrium E* is locally asymptotically
stable under nominal conditions. However, parameters a, b, and ¢ exhibit the strongest influence
on stability: increasing any of these tends to drive $(A;) closer to zero, suggesting potential
transitions toward oscillatory or weakly unstable behavior. In contrast, parameters such as ¢,
e, and v produce a damping effect, consistently lowering R();) and thus stabilizing the system.
The remaining parameters (f, a1, ag, f, kout, S) have comparatively mild effects, altering
mainly the decay rate rather than the qualitative stability type.

Figure 17 illustrates the variation of Re(Apax) with respect to kinetic parameters (a, b, g, f)
and time-scale parameters (g, ). Regions where Re(Apax) > 0 (red—yellow) indicate instability,
whereas Re(Amax) < 0 (blue—green) denote asymptotic stability. Sensitivity gradients reveal
that O Re(Amax)/0a > 0 and O Re(Amax)/0¢ > 0, implying that higher a or ¢ amplify autocat-
alytic feedback and destabilize the system. In contrast, d Re(Amax)/9b < 0, d Re(Amax)/0e < 0,
and O Re(Amax)/00 < 0, showing that b, €, and ¢ enhance damping and stabilize the equilib-
rium. The strongest nonlinear coupling occurs in (a,q) and (a, f) planes, highlighting that
activation—inhibition interplay governs oscillatory onset and bifurcation transitions.

Figure 18 illustrates the normalized sensitivity indices Sy ¢ of the dominant eigenvalue \*
with respect to all model parameters (a,b,q, f,d,¢), evaluated under four different baseline
configurations. Panel (a) corresponds to the nominal parameter set a =b=¢=3§ =¢ =1
and f = 0.5, while panels (b)-(d) respectively show the effect of increasing a, b, and ¢ to 1.5.
Each bar quantifies the relative change in A\* for a unit relative perturbation in the correspond-
ing parameter, with positive values indicating destabilizing influence (increase in R(A\*)) and
negative values representing stabilizing effects.At the baseline configuration (Figure 18a), the
eigenvalue is most sensitive to parameters a and e, with Sy, > 0 and S . < 0, respectively.
This implies that increasing a enhances instability, whereas increasing € tends to reduce the
growth rate of perturbations. Parameters b, ¢, f, and § exert comparatively weaker effects. As
the parameters a, b, or ¢ are individually increased to 1.5 (Figure 18b—d), the overall sensi-
tivity pattern remains qualitatively similar, confirming that a and e consistently dominate the
local stability characteristics. These results demonstrate that a acts as a destabilizing control
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parameter, while e provides a stabilizing (damping) influence.

The nontrivial equilibrium point involves the quantity X*, which is obtained as a root of a
cubic-like polynomial (cf. EU). Since a closed-form symbolic expression for the eigenvalues of the
Jacobian at this equilibrium would require solving a quartic characteristic equation with coeffi-
cients depending nonlinearly on X*, it is not practical to express them analytically. Therefore,
X* is computed numerically from (EU), and the corresponding eigenvalues are then evaluated
numerically as well. The results of this computation for various parameter regimes are sum-
marized in Tables 4 to 6. Table 4 explores the effect of the kinetic parameters a, b, and ¢. For
increasing values of a, the equilibrium X™* grows monotonically, and all four eigenvalues remain
negative, confirming local asymptotic stability. Variation in b has only a mild influence on the
eigenvalues, while increasing ¢ slightly shifts the dominant eigenvalue but does not destabilize
the equilibrium. Table 5 presents the dependence on the feedback-related parameters aq, as,
B, kous, and S. In this case, the eigenvalues are only weakly affected by a1, as, and B, whereas
kouts directly controls the magnitude of one eigenvalue associated with the h-dynamics. The
input strength S changes the steady state H* but leaves the eigenvalues essentially unchanged,
indicating that S acts as a forcing parameter without altering the local stability. Finally, Ta-
ble 6 reports the impact of the scaling parameters ¢, ¢, v, and the coupling parameter f. The
time-scale parameter € strongly shifts the largest negative eigenvalue, as expected from its role
in rescaling the fast X'-dynamics. Similarly, § controls the damping of the y-subsystem, while
~ tunes the decay of the H-subsystem. The parameter f modifies the effective production of
Y, and increasing f both increases X'* and shifts the eigenvalues toward more negative values.
Overall, across all parameter variations, the eigenvalues remain strictly negative, demonstrat-
ing that the nontrivial equilibrium is locally asymptotically stable in the considered parameter
ranges. These results indicate that stability is robust with respect to both kinetic and feedback
parameters, although ¢, §, and v play dominant roles in shaping the eigenvalue spectrum. The
results in Table 7 show that parameters a, b, and g have the largest magnitudes of sensitivity,
indicating that they strongly influence the dominant eigenvalue and hence the local stability
of E*. Specifically, parameters a and ¢ exhibit positive sensitivities (S, Sx 4 > 0), implying
that increasing their values tends to destabilize the steady state (i.e., R(Amax) increases). In
contrast, parameters ¢, £, and v have negative sensitivities, meaning they act as stabilizing or
damping factors that reduce R(Amax). The parameters oy, as, 8, kout, and S exert relatively
minor effects, influencing the rate of convergence without

Table 4: Eigenvalues \; of the Jacobian at the nontrivial equilibrium under variation of a, b,
and q.

Parameter x* A1 Ao A3 A4
a=0.50 0.0623 -12.4531 -1.7821 -0.2510 -0.0976
a=100 0.1269 -14.9549 -1.4238 -0.2822 -0.1063
a=150 0.1896 -16.8523 -1.3525 -0.2956 -0.1148
a=200 0.2513 -18.4932 -1.3014 -0.3049 -0.1225
b=1.00 0.1269 -14.6821 -1.4420 -0.2778 -0.1063
b=2.00 0.1269 -14.9549 -1.4238 -0.2822 -0.1063
b=3.00 0.1269 -15.1215 -1.4115 -0.2849 -0.1063
q=0.01 0.1250 -14.9005 -1.4280 -0.2813 -0.1063
q=0.05 0.1306 -15.1208 -1.4118 -0.2849 -0.1063
¢=0.10 0.1380 -15.4381 -1.3896 -0.2899 -0.1064
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Table 5: Eigenvalues A; under variation of feedback parameters.

Parameter z* A A A3 A4
a1 =0.10 0.1269 -14.9762 -1.4223 -0.2820 -0.1064
a; =0.50 0.1269 -14.9549 -1.4238 -0.2822 -0.1063
a1 =1.00 0.1269 -14.9275 -1.4256 -0.2825 -0.1063
as =0.10 0.1269 -14.9657 -1.4230 -0.2821 -0.1063
as =0.20 0.1269 -14.9549 -1.4238 -0.2822 -0.1063
as =0.50 0.1269 -14.9321 -1.4253 -0.2824 -0.1063
£ =0.01 0.1269 -14.9620 -1.4234 -0.2821 -0.1060
5 =0.05 0.1269 -14.9549 -1.4238 -0.2822 -0.1063
8 =0.10 0.1269 -14.9471 -1.4243 -0.2823 -0.1066
kowt = 0.05 0.1269 -14.9549 -1.4238 -0.2822 -0.0532
kows = 0.10 0.1269 -14.9549 -1.4238 -0.2822 -0.1063
kouwr = 0.20 0.1269 -14.9549 -1.4238 -0.2822 -0.2127
S =10.50 0.1269 -14.9549 -1.4238 -0.2822 -0.1063
S =1.00 0.1269 -14.9549 -1.4238 -0.2822 -0.1063
S =2.00 0.1269 -14.9549 -1.4238 -0.2822 -0.1063

Table 6: Eigenvalues \; under variation of €, §, v and f.

*

Parameter T A1 Ao A3 A4
e =0.01 0.1269 -29.9197 -1.4238 -0.2822 -0.1063
e =0.02 0.1269 -14.9549 -1.4238 -0.2822 -0.1063
e =0.05 0.1269 -5.9819 -1.4238 -0.2822 -0.1063
6=0.50 0.1269 -14.9549 -2.8476 -0.2822 -0.1063
6=1.00 0.1269 -14.9549 -1.4238 -0.2822 -0.1063
6=2.00 0.1269 -14.9549 -0.7119 -0.2822 -0.1063
v=0.50 0.1269 -14.9549 -1.4238 -0.2822 -0.2127
v=1.00 0.1269 -14.9549 -1.4238 -0.2822 -0.1063
v=2.00 0.1269 -14.9549 -1.4238 -0.2822 -0.0532
f=1.00 0.0980 -13.7654 -1.5023 -0.2650 -0.1031
f=120 0.1269 -14.9549 -1.4238 -0.2822 -0.1063
f=150 0.1600 -16.4287 -1.3515 -0.3000 -0.1099

Heatmap summary of parameter sensitivities:

Figure 19 presents a heatmap of the normalized sensitivity indices S ¢ for all model param-
eters, offering a concise visual summary of their relative influence on the dominant eigenvalue
Amax- Warm colors (yellow—red) correspond to positive sensitivity values, indicating parame-
ters that push R(Anax) toward instability, whereas cool colors (cyan—blue) represent stabilizing
parameters with negative sensitivities. The heatmap clearly shows that the kinetic parameters
a and ¢ exert the strongest destabilizing effects, consistent with their role in strengthening the
autocatalytic feedback loop. In contrast, the time-scale parameters J, €, and 7 appear as the
primary stabilizers, producing the most negative sensitivity values and thereby suppressing per-
turbation growth. The remaining parameters (f, a1, as, 8, kout, S) influence mainly the decay
rates, with comparatively mild effects on the qualitative stability structure. This visualization
reinforces the analytical conclusion that autocatalytic kinetics dominate the onset of oscillatory
behavior, whereas time-scale parameters govern the damping of fluctuations.
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Table 7: Numerical sensitivity indices Sy ¢ of the dominant eigenvalue Apax computed using
+5% parameter perturbations around the nominal steady state (a =b=qg=0 = =y = 1,
a1 =05,a3=03, =04, kous =1, 5 =1).

Parameter ~Approx. Derivative (OAmax/00) Normalized Sensitivity Sy ¢

a +2.32 x 1071 +0.95
b —1.25 x 107! —0.41
q +1.85 x 107! +0.72
! +3.0 x 1072 +0.05
5 —3.7x 1072 —0.68
€ —4.1 x 1072 —0.77
vy —3.0x 1072 —0.55
a +1.0x 1072 +0.10
Qs +2.0 x 102 +0.15
B —8.0x 1073 —0.12
Eout —5.0x 1073 —0.09
S +3.0x 1073 +0.07

7.4 Eigenvalues and observable oscillations

The linearized dynamics near an equilibrium E are governed by the Jacobian matrix J(E),
whose eigenvalues \; = o; £ iw; determine the local behavior of trajectories. If a complex
conjugate pair satisfies o; < 0 and w; # 0, then perturbations decay in an oscillatory manner
with damping rate |o;| and angular frequency w;, producing a near—equilibrium oscillation
period T' = 27 /w;.

For the trivial equilibrium Ej the cubic factor of the characteristic polynomial always has at
least one positive real root, and therefore at least one eigenvalue satisfies ®(\) > 0. This explains
why trajectories in Figures 6 and 7 are repelled from Ej and exhibit transient oscillations before
approaching the nontrivial steady state.

In contrast, the nontrivial equilibrium E* possesses eigenvalues whose real parts are strictly
negative for all admissible parameter ranges (Tables 4 and 5). The dominant pair typically
forms a complex conjugate with () < 0, generating the damped spirals observed in the 2D
and 3D phase portraits. Moreover, as parameters a and ¢ are increased, Figures 14 and 17
show that R(Amax) moves toward zero, yielding slower decay and higher oscillation amplitude-
precisely matching the behavior seen in Figures 4 to 6. Thus, the eigenvalue spectrum of J(E™*)
provides a quantitative and predictive link between linear stability properties and the oscillatory
patterns observed in numerical simulations.

7.5 Absence of sustained oscillations: amplitude and period analysis

In order to quantify possible oscillatory behaviour in the extended fractional Oregonator system,
we computed peak—to—peak amplitudes and oscillation periods for the activator, inhibitor, and
catalyst variables over a range of fractional orders o € {1, 0.75, 0.50, 0.25}. For each simulation,
the initial transient (20% of the trajectory) was removed and local maxima were detected to
determine recurrent oscillations.

Across all parameter sets explored, including those known to generate limit cycles in the
classical Oregonator, it was consistently observed that the extended fractional model does
not produce sustained oscillations. In every case, the system exhibits at most short-lived
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transient fluctuations that rapidly decay toward the nontrivial equilibrium E*. Consequently,
peak-to-peak amplitudes converge to zero and no repetitive peak sequence exists from which a
meaningful period could be computed.

This behaviour is entirely consistent with the linear stability analysis. Tables 4 to 6 show
that the real parts of all eigenvalues of the Jacobian J(E*) remain strictly negative over the
entire parameter range considered. Thus, the equilibrium E* is locally asymptotically stable,
preventing the formation of a limit cycle. The absence of any Hopf-type transition explains
why the system does not support sustained oscillations, regardless of the fractional order.

Although classical Oregonator dynamics may exhibit oscillatory regimes in certain kinetic
parameter windows, the additional proton-feedback mechanism in the extended model intro-
duces a stabilizing influence that suppresses self-sustained oscillations. Fractional orders o < 1
further enhance this damping through memory effects, accelerating the convergence to equilib-
rium and reducing the magnitude of transient deviations.

Taken together, these results confirm that oscillation amplitude and frequency are not well-
defined dynamical quantities for the present model. Instead, the system’s behaviour is dom-
inated by stable relaxation toward E*, and the observed transient oscillations agree with the
predicted eigenvalue spectrum.

8 Conclusion

In this article, we developed and analyzed an extended fractional-order Oregonator model
that incorporates proton dynamics to more realistically describe the kinetics of the Belousov—
Zhabotinsky (BZ) reaction. The system was formulated with Caputo fractional derivatives to
capture memory effects, with the state vector X(t) = (X(t), V(t), Z(t),H(t))T. We first es-
tablished the fundamental properties of the model by proving the positivity and boundedness
of solutions, ensuring physical consistency in terms of nonnegative concentrations. Analytical
equilibrium conditions were derived, showing the existence of both a trivial equilibrium (always
unstable) and a nontrivial equilibrium (locally asymptotically stable under physically relevant
parameters). The Jacobian matrices at these equilibria were computed, and eigenvalue analysis,
both symbolic and numerical, confirmed the instability of the trivial equilibrium and the robust
stability of the nontrivial one.

Numerical simulations were performed using the fractional Adams—Bashforth-Moulton predictor—
corrector scheme, with initial condition as: (X(0),Y(0), Z(0),H(0)) = (0.1,0.2,0.1,0.01), with
baseline parameters as: a = 1.0, b =2.0, ¢ =0.02, f =12, 6 =0.02, § =10, vy =10, ay =
0.5, as = 0.2, 8 =0.05, kout = 0.1, S = 1.0. The results highlighted several key findings: (i)
Fractional orders a < 1 reduce oscillatory amplitude and frequency, while « = 1 reproduces
the classical oscillatory dynamics. (ii) Proton feedback significantly modifies stability: a1, as
enhance H(t), 8 and kout suppress it, while S acts as a control parameter driving proton accu-
mulation. (iii) Sensitivity analysis revealed that ¢, d, v dominate time-scale separation, whereas
the feedback parameters primarily regulate #(t) and influence oscillatory persistence. Overall,
the study demonstrates that the extended fractional Oregonator provides a robust mathemat-
ical framework that combines analytical tractability with numerical validation. It emphasizes
that acidity regulation and memory effects are crucial in shaping nonlinear oscillatory dynam-
ics, offering new insight into the control of chemical oscillations and laying the foundation for
future bifurcation and pattern-formation studies.

In future research, the model can be further extended in several directions. Incorporating
spatial diffusion would allow the study of pattern formation and fractional reaction—diffusion
waves. Stochastic perturbations may reveal noise-induced transitions in oscillatory behavior.
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Parameter sensitivity and uncertainty quantification could provide deeper insight into experi-
mental relevance. Coupling the model with data-driven or machine-learning-based parameter
estimation approaches also presents a promising direction. These extensions would enhance
both the predictive capacity and the physical realism of the fractional Oregonator framework.

Conflicts of Interest. The author declares that she has no conflicts of interest regarding the
publication of this article.
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Fractional Oregonator Dynamics (a = 0.25)
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Figure 4: Time evolution of the extended fractional Oregonator model for different fractional
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Fractional Oregonator Dynamics (a = 0.75)
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Equilibria dependence on a, b, q, §, and y
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Equilibria dependence on a,, a,, B, Kyyt, and S
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Graphical Argument and Eigenvalue Behavior vs Parameters a, b, and g
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Graphical Argument and Eigenvalue Behavior vs Parameters f, d, and &
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Figure 15: Graphical argument and eigenvalue behavior for varying f, d, and . Fixed param-

eters: a=1,b=1, and ¢ = 1.
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Impact of Model Parameters on Eigenvalue Real Parts
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Figure 16: Plot for Real parts of the four eigenvalues \; (i = 1,...,4) of the Jacobian matrix
J(E*) at the nontrivial equilibrium X™* as a function of one parameter varied in [0.5,2.0],
with the remaining parameters fixed at a =b=¢q¢q=90 =e¢ =v =1, ag = 0.5, ag = 0.3,
B =04, kouwy =1, and S = 1. Positive R()\;) indicates local instability, whereas negative values
correspond to asymptotic stability of E*.
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Two-Parameter Sensitivity Maps of Re(4,,,) (All 15 Pairs)
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Figure 17: Contour plots for sensitivity of $(Amax) for all possible pairs among (a, b, q, f, d, )
for parameters fixed at a=b=q¢=0 =e =1 and f = 0.5.
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Normalized Sensitivity Indices of Dominant Eigenvalue 4* under Parameter Variations
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Figure 18: Normalized sensitivity indices Sy of the dominant eigenvalue A* for different
baseline parameter sets. Panel baseline case (a) a = b =¢g =0 = ¢ =1, f = 0.5; (b):
b=q=0=e=1,f =05,a=15;(¢c): a=qgq=8§d=¢=1,f =05b =15 (d):
a=b=90d=¢e¢=1, f =0.5,¢g =1.5. Positive indices indicate destabilizing effects, whereas
negative indices correspond to stabilizing influences.
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Figure 19: Heatmap of normalized sensitivity indices Sy ¢ for all model parameters. Warm
colors indicate destabilizing effects (Sx ¢ > 0), while cool colors represent stabilizing influences
(Sxe < 0). The parameters a and g emerge as the strongest destabilizers, whereas the time-
scale parameters 4, €, and y provide dominant damping effects.
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