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1 Introduction

In spectral graph theory, eigenvalues encode subtle structural information about networks.
Two classical spectral invariants are the graph energy and the nullity. Graph energy defined
as the sum of the absolute values of the adjacency eigenvalues, originated in Hiickel molecular
orbital theory as an approximation to the total m-electron energy of conjugated hydrocarbons
[1]. It has since become a central descriptor in mathematical chemistry [2, 3]. The nullity of a
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graph, the multiplicity of the eigenvalue 0, is likewise important, with connections to molecular
stability and non-bonding orbitals [4]. Motivated by heterogeneous conjugated chains and cyclic
polymers, where local environments vary along a linear or cyclic backbone, we study the energy
and nullity of certain non-uniform semigraphs.

The concept of a semigraph, introduced by Sampathkumar, extends the classical notion of
a graph by allowing edges to be incident with more than two vertices [5]. While the spectral
theory of ordinary graphs is well developed, the spectral analysis of semigraphs is comparatively
nascent. Related developments include color energy for semigraphs [6] and Randié-type energies
for uniform hypergraphs [7], underscoring that modeling choices (semigraphs vs. hypergraphs)
lead to distinct spectral frameworks.

We focus on two families of non-uniform semigraphs: (i) the Non-Uniform Path Semigraphs
P 0™ and (i) the Non-Uniform Cycle Semigraphs C;'""* ™", Each structure is formed
by connecting k segments in a linear or cyclic fashion, where the ith segment has length n; >
1. Non-uniformity refers to the fact that the n; are allowed to differ, modeling positional
heterogeneity along the chain or ring.

Our main objective is to characterize the nullity and to provide a tractable method for
computing the energy of these semigraphs. The analysis rests on a key structural property of
the adjacency matrix: rows corresponding to pure middle vertices are zero. By deleting the
corresponding columns, we pass to a principal core matrix that collects exactly the non-zero
eigenvalues of the semigraph. Consequently, the problem reduces to studying a symmetric
tridiagonal core of size (k + 1) x (k4 1) in the path case and k x & in the cycle case.

For the path cores, we derive continuant-type recurrences for the characteristic polynomials
and use parity to establish spectral symmetry and to obtain precise nullity conditions. For
the cycle cores, we prove a wrap-around determinant identity, characterize when the spectrum
is symmetric about zero, and give exact criteria for the presence with multiplicity two of the
zero eigenvalue. Throughout, continuant techniques underlie polynomial recurrences [8]. A key
consequence is that the energy of a non-uniform semigraph equals the energy of its core, so only
the non-zero eigenvalues need be computed. Uniform cases appear as immediate corollaries.

This paper is structured as follows. We first analyze the non-uniform Path Semigraphs
and find their adjacency matrices, establishing the recurrence relation for its characteristic
polynomial corresponding to the core matrix, proving the symmetry of its spectrum, and de-
riving a formula for its nullity based on the nature of k. We then extend this analysis to
the Non-Uniform Cycle Semigraphs, revealing a more intricate relationship for its characteris-
tic polynomial, symmetry criteria, and a complete nullity formula, including the notable case
k =0 (mod 4). We conclude with remarks on energy computations and directions for future
work (including Laplacian-based analogues [9]).

2 Preliminaries

Definition 2.1. Semigraph:([5]). G is a semigraph represented by a pair (V, E') where V is a
non-empty set whose elements are called vertices of G and F is a set of m-tuples, called edges
of semigraph G, of distinct vertices, for various m (m > 2) satisfying the following conditions:

1. At most one vertex in common on any two edges.
2. Two edges (u1,us,...,u;) and (wy,ws, - ,w,) are considered to be equal if

e r =k and

e cither u; = w; for j =1,2,...,k or uj = wpp1—j, for j =1,2,... k.
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The vertices in a semigraph are divided mainly into three namely end vertices, middle ver-
tices and middle-end vertices, depending upon their location in an edge. For the edge E =
(w1, ws, ..., wy,), wy and w, are called the end vertices of F and ws, ws, - - - w,_1 are called the
middle vertices of E. Also, a vertex which is a middle vertex for one edge and an end vertex
of another edge is called an (m,e)-vertex. An (m,e)-vertex is drawn as a hollow circle with a
small tangent drawn to it indicating it is an end vertex of the other edge and the middle vertex
is drawn as a hollow circle.

Definition 2.2. Adjacent vertices:([10]). Two vertices in a semigraph are stated to be
adjacent if they belong to the same edge.
We define the following types of vertices for a semigraph:

1. w; is said to be a pure end vertex if it is an end vertex of every edge to which it belongs.

2. w; is said to be a pure middle vertex if it is a middle vertex of every edge to which it
belongs.

3. w; is said to be a middle end vertex if it is middle vertex of at least one edge and end
vertex of at least one other edge.

Definition 2.3. Adjacency matrix:([5]).
Let G(V, E) be a semigraph with vertex set V = {1,2, ..k} and edge set E = {e1,eq,...e4}.
Adjacency matrix of G(V, E) is a k x k matrix A = [a;;] which is defined as follows:

1. For every edge e; = (i1,1i2,...i5) of G with 41,19, ..i5 being vertices of V, Vi, € ¢;; r =
1,2,...s

® aj, =7 —1,

° aisir =Ss—T.
2. All the remaining entries of adjacency matrix of G are zero.

Remark 1. (Semigraphs vs. hypergraphs): A hypergraph H = (V,€) has edges that
are unordered nonempty subsets of V; different edges may share more than one vertex, and
adjacency is typically encoded via an incidence matrix or (for uniform hypergraphs) higher-
order tensors. In a semigraph, each edge is an ordered m-tuple (u1,...,uy), any two edges
share at most one vertex, and adjacency entries depend on the positions of incident vertices
(see Def. 2.3). Consequently, the spectral objects and energy notions for semigraphs differ from
those for hypergraphs. (see, for instance, Nandi-Gutman—Nath [6] on the energy of the color
matriz for semigraphs, and Shirdel-Mortezaee—Alaameri [7] on the Randi¢ matrix energy of
uniform hypergraphs).

Definition 2.4. Spectrum of adjacency matrix of semigraph:([5]). If Aj, Ao, -+, A\,

are eigenvalues of a matrix M with multiplicities my,ms,- -+ ,m, then spectrum of adjacency
. . . Al A2 A
matrix of semigraph M is ( ! 2 "
mip Mo ... Mp

Definition 2.5. Nullity:([11]). The nullity of a usual graph n(G) is the algebraic multiplicity
of eigenvalue zero in the spectrum of adjacency matrix of the graph G.

Definition 2.6. (Nullity of a semigraph): The nullity of a semigraph 7(G) is the algebraic
multiplicity of eigenvalue zero in the spectrum of adjacency matrix of the semigraph G. It is
denoted by n(G).
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Definition 2.7. Energy of a semigraph:([12]). Let G be a semigraph with n vertices and its
adjacency matrix be A(G). Let A1, Aa, -+, A\, are eigenvalues of adjacency matrix then Energy
of semigraph G is denoted by F(G) and is defined by

E(G) =)\l
i=1

3 Nullity and energy of non-uniform semigraphs

In this section we define two classes of Non-uniform semigraphs: (i) Non-uniform Path Semi-
graphs, P/

(i) Non-uniform Cycle Semigraphs, C,"""*"
Then we find a recurrence formula to calculate the characteristic polynomial and mention some
properties related to eigenvalues. Also, we find the nullity and energy of these two classes of

semigraphs.

Nk

3.1 Non-uniform path semigraphs, P}/

Definition 3.1. (Non-uniform Path Semigraphs): Non-uniform Path Semigraphs with

k .
D oioq i + 1 vertices v1 1,019, ,V1ny, V21, ,Vkt1,1 and k edges
€1 = (vl,lvvl,%"' 702,1)762 = (v2,17U2,27"' ,03,1)'-' , €k = ('Uk,lyvkgf" ,vkﬂ,l) are denoted
by P/1**""™ and is given in Figure 1.

V2yny V2,3 V2,2 V2,1

Uk,1 Vk,2 Vk,3 Uk|ny,

Vk+1,1

Figure 1: Non-uniform path semigraph, P}y "*
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The adjacency matrix A Pl of this semigraph is given by
+1

V11 V12 s Viny V21 V22 T V2n,y V31 Uns Ukl Vk2 Ukny  U(k+1)1
V11 0 1 ny —1 ny 0 0 0 0 0 0 0 0
V12 0 0 0 0 0 0 o - 0 0 0 0 0
V13 0 0 0 0 0 0 o - 0 0 0 0 0
Uln, 0 0 0 0 0 0 0 0 - 0 0 0 0
V21 n ng—1 . 1 0 1 ng—1 ng - 0 - 0 0 0 0
Va2 0 0 - 0 0 0 - 0 0 - 0 - 0 0 - 0 0
V2, 0 0 0 0 0 0 0o - 0 o 0 0 0 0
V31 0 0 0 ng mng—1 --- 1 o - ng—1 --- 0 0 0 0
V32 0 0 0 0 0 0 0o - 0 o 0 0 0 0
Vsns 0 0 - 0 0 0 -~ 0 0 -~ 0 - 0 0 - 0 0
V41 0 0 0 0 0 0 o - 0 - 0 0 0 0
V1 0 0 0 0 0 0 0o .- 0 0 1 eon—1 Nk
. 0 0 - 0 0 0 - 0 0 -~ 0 - 0 0 - 0 0
Uks 0 0 - 0 0 0 -~ 0 0 -~ 0 - 0 0 - 0 0
Vkny, 0 0 0 0 0 0 0 0 0 0 0 0
V(k+1)1 0 0 0 0 0 0 0 0 ng np—1 --- 1 0
Theorem 3.2. Let A be a real symmetric tridiagonal matriz given by
v V2 U3 o Ug-1 Uk Vk+1

V1 0 ny 0 .- 0 0 0

Vo nq 0 Ng -+ 0 0 0

V3 0 N9 0 0 0 0

A=Apa = A :

V-1 0 0 0 0 NE—1 0

Vk 0 0 0 Nk—1 0 ng

Vk+1 0 0 0 0 ng 0 (k1) x (k+1)

where n;’s are non negative integers. Let m =k + 1. Assume that Pp,(\) = det(A,, — Al,) be
the characteristic polynomial of A = A,,. Then,

Pr(\) = =AP_1(X\) —n?

m—1

Ph—o(N)  for m>2,
with initial conditions Py(A) =1 and Py(N\) = —A.
Proof. Take cofactor expansion along the last row of the matrix A,, — \l,,,

U1 V2 U3 o Um—2 Um-—1 Um,

U1 - ny 0 0 0 0

Vg ny =\ ng 0 0 0

V3 0 no - 0 0 0
A=\, = :

U —2 0 0 0 A Ny_o 0

Um—1 0 0 0 Nm—2 —A Nm—1

U, 0 0 0o .- 0 Nm_1  —A

mXxXm
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The expansion gives

-\ ny 0 0

ny - 0 0

0 no 0 0
Pm()\) = (—)\) 'det(Am,1 — )\Imfl) — Nm—1 - det

o o0 .. a 0

0 Y T M2 Mgp

= (_)\)mel()\) — Nm—1 - (nm,1 det(Am,g — AIm,Q))
= AP 1(\) =12, Pm_a()).

The initial conditions follow directly. Py(A\) = det(Empty matrix) = 1 (by convention) and
Pi(\) = det(—A) = —A. n

Theorem 3.3. Let A be the (k+1) x (k+ 1) real symmetric tridiagonal matriz given by

v V2 V3 - Ug—1 Vk Vk+1
(%1 0 ny 0 0 0 0
Vg ny 0 no 0 0 0
V3 0 na O 0 0 0
A= : ' :
V-1 0 0 0 0 Nk—1 0
Vi 0 0 0 L Nk—1 0 Nng
Vk4+1 0 0 0 L 0 ng 0

(k+1)x (k+1)

where n;’s are non negative integers. Then all eigenvalues of A are real. Also the spectrum
is symmelric with respect to the origin, i.e., if A\; is an eigenvalue of A then —\; is also an
eigenvalue of A.

Proof. Since A is a real symmetric matrix then all its eigenvalues are real. Suppose m = k+1,
A= A, and P,,()\) denote the characteristic polynomial of A,,.

First we are going to prove that P, () is an even function of A if m is even, and an odd
function if m is odd. We use the method of induction to prove these cases.
For m = 0, Py(\) = det(Ag—AI) = det(Empty matriz) = 1 (By convention) is an even function.
For m =1, Py(\) = det(A; — AI) = det(—)\) = — X is an odd function.
So the result holds for m = 0 and m = 1.
Assume that the result holds for all integers up to m — 1. We are going to show that result is
true for m.
From Theorem 3.2 we get Py, () = —APp_1(\) —n2,_; Pm_2(\).
If m is even then m — 1 is odd and m — 2 is even. By the method of induction, P, 1 is odd
and P,,_5 is even. So,

P(=3) = ~(=X) P 1 (=A) = 12, Pry_a(=N)
(=P 1(N) = 12,y Pra(N) = Pu(N).
So, Py, () is an even function when m is even.

If m is odd, then m — 1 is even and m — 2 is odd. By the method of induction, P,,_1 is an even
function and P,,_ is an odd function.

Pon(=A) = =(=\)Pu1(=A) = 12,y Prua(~A)
= A(Prc1 (V) = 12,y (= Pruss (V) = —Pr(N).

So, Py () is an odd function when m is odd.
If \; is a root of characteristic polynomial of A = A,,, then P, ();) = 0.
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e If m is even, then P, is an even function. So, Pp,(—\;) = P (A;) = 0.
e If m is odd, then P, is an odd function. So, Py, (—A;) = —F,(A;) = —-0=0.

Therefore, in both cases, if A; is an eigenvalue of P,,,(\) then —\; is also an eigenvalue. So, the
spectrum is symmetric with respect to the origin. This completes the proof. |

Theorem 3.4. Let A be the (k+ 1) x (k+ 1) matriz given in Theorem 3.2.

The characteristic polynomial Pr11(\) = det(Ag11 — M) is given as follows:

If k+1=2r is even, then Pyy1(N) = Y[_o MyAFHD =27,

If k+1=2r+1 is odd, then Py11(\) = =\ (Z;:o Mj)\k_2j) , where the coefficients M;
for Pyy1(X) are defined by:

J
— E 2
Mj - (H(_nzl)> )
1<i) <ig<--<i;<k \l=1
lip—iq|=2 for p#q

forj=1,2,...,7r and My =1.

Proof. Suppose m = k+ 1. We will prove this result by the method of induction applied on k.
Let P, (A) = det(A,, — AI).
Consider m = 1 and m = 2.

e For m = 1: A1 = 0. So, Pi(\) = det(—A) = —A. Also, for m = 1, we have k = 0. So,
Pi(\) = —A\0) = -\

e Form=2: Ay = (O nl). So, Py(\) = det ()\ n1> =A% —n2.

ny 0 niy —-A
Also, for m = 2, we have k = 0. Thus, P(\) = \?> + M;. Here, M; = —n2. So,
PQ()\) = )\2 — n%

Assume that the theorem holds for all integers up to m — 1. We want to prove the result for
m. From Theorem 3.2, we have

Pr(A) = =AP,_1(\) =12 Pr_a(N).

We are going to split k + 1 into two cases.
Case 1: k+1is even. Let k+1=2r. So, k=2r —1isodd and k — 1 =2(r — 1) is even.
By the inductive hypothesis:

r—1
PeA) = = [ Yo PN )
j=0

[y

r—

Pii(\) = ZM](k—l))\lc—l—Qj.

j=

Using the recurrence relation:

r—1 r—1
Pry1(A) = =X *AZM;k))\k’lfzj —nl ZM]@_”)\’C*P%‘

=0 j=0
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r—1 r—1
—\2 ZM;k))\kflej . n% ZMj(k—l)Akflfm
=0 =0

r—1 r—1
_ ZM]@))\’“H*% . anM;k—l)Akquj.
=0 j=0
Reindex the second sum with [ = j+1 (so j = [—1), its general term becomes niMl(ffl))\k_l_Q(l_l) =

27 (k=1)ykt+1-21
ngM;" A .

r—1
Prii () = MEP AR 4 ZM;k)/\kH’Qj

Jj=1

r—1
(S e
=1

r—1

j=1

k k+1 k-1 k+1 k k-1 k+1
We have M = M) =1, —n2m "7V = MY and MY —n2 7Y =m0,
So, we get
Pri(A) = > MFFOAG) =23
§=0

Case 2: k+1isodd. Let k+1=2r+1. Then, k =2riseven and k —1 = 2r — 1 is odd.
By the inductive hypothesis:

Pe(X) = MPA2
j=0

r—1
PN = =X [ Y MmN
j=0

Using the recurrence relation:

r r—1
Prii(A) ==X Z M;k)Ak—% _ ni _)\ZM](k—1)>\k_2_2j
/=0 §=0

T r—1
— Z M](k))\k—Zj . nﬁ ZMJ(k—l))\k—Q—zj
| 5=0 j=0

Reindex the second sum with [ = j 4 1:

Peyi(A) = =X Z M;k))\k72j _ ZniMl(fl—l))\kfm
jZO =1

= XM ST (M — gD a2

Jj=1
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We have Mék) = Mékﬂ) =1, and M;k) — niM](ﬁzl) = M;kﬂ). So, we get

T

Pipi(\) = - ZM](kJrl))\k—Qj
j=0

Hence, the proof is completed. ]
Theorem 3.5. Let G = P,'}"*""""™ be a non-uniform path semigraph with N = Zle n; +1
vertices and k edges with n; > 1 for all i =1,... k. The nullity of G, denoted n(G), is given
by

k o

i—1(ni — 1), if k is odd,
n(G) = 121_1(;% ) f .

+> i 1(n;—1), ifk is even.

k

Proof. Let Ag be the adjacency matrix of the semigraph G = P/}{"*"""*.  Assume that
P(X\) = det(Ag — A1) is the characteristic polynomial of G. The number of pure middle vertices
of G is Zle(ni — 1) in number. Delete these zero rows and corresponding columns in Ag we
get the matrix

0O n, 0 --- 0 O

nn 0 ng -+ 0 O

0 no 0 --- 0 O
Asub = :

0 0 O 0 ng

0 0 O ng 0

Claim:

(A = 0, if k+1iseven,
M) =N itk 4+ 1 s odd.

Case 1: k+1 is even.
From Theorem 3.4, we get the characteristic polynomial of Ay, as:

Piii(\) = Z MR =2],

=0

where k + 1 = 2r, the coefficients M; for P,11()) are defined by

J
— 2
Mj - E : (H(_nil)> )
1<) <ip<-<i;<k \l=1
|ip—iq|>2 for p#q

for j=1,2,--- ;rand My = 1.
We are searching for a number of zero eigenvalues of this characteristic polynomial Pyiq(A)
when k 4 1 is even. Put A = 0 in the characteristic polynomial, we get:

Py1(0) = My, = (=n2)(—n2)(—n3)---(—n3) #0, since every n; > 0.
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So, the nullity of Ay is zero when k + 1 is even.
Case 2: k+1 is odd.
From Theorem 3.4, we get the characteristic polynomial of A, as:

Pepr(N) = =X [ > MAF—%
§=0

where k + 1 = 2r 4 1, the coefficients M; for Pyy1()) are defined by

J
_ E 2
1<4y <i2<"'<ij§k =1
|ip—iq|>2 for p#q

for j = 1,2,...,7 and My = 1. We are searching for a number of zero eigenvalues of the
characteristic polynomial Py1(\) when k41 is odd. Put A = 0 in the characteristic polynomial,
we get

Pk+1(0) = 0

So, the nullity of Ag,p is at least one. To find the exact nullity, take the derivative of Pyy1()\)
with respect to A\. We get

/

Pl ) ==X oMM — | Y M)
j=0 7=0

Py 1(0)=—M, #0, sincen; > 0.

So, the nullity of A, is exactly one, when k+1 is odd. Hence, the claim is proven. Combining
the above results we get

o If kis odd: n(G) =0+ Zle(ni -1)= Zle(ni -1).
o If kis even: n(G) =1+ Zle(ni -1).
This completes the proof. |

Theorem 3.6. Let G = P,'["*""""" be a non-uniform path semigraph. Let Ay, be the (k +

1) x (k + 1) tridiagonal matriz

0O nn O -~ 0 O

nn 0 ng --- 0 O

0 no 0 -~ 0 O
Asub: . . . . . . 5

0O 0 0 - 0 mng

0O 0 0 - ng O

whose characteristic polynomial is Pi11(N\). The energy of the semigraph G is equal to the
energy of the matriz Agyy and is given by

k+1

(@) =Y I\

where A1, Aa, ..., A\k1 are the roots of the characteristic polynomial Pyy1(N).
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Proof. The energy of a semigraph G is defined as E(G) = vazl |i£i|, where u; are the eigenvalues

of the adjacency matrix Ag and N = Zle n; + 1. The eigenvalues that are zero do not
contribute anything to the sum of absolute values. Therefore, the energy of the semigraph G is
determined entirely by the eigenvalues of the submatrix Ag,p, obtained by deleting zero rows
and corresponding columns of Ag. So

E(G)=EAw)= Y. A
A€Spec(Asub)

Let the eigenvalues of the (k + 1) x (k4 1) matrix Agup be A1, Agy ..., Agr1. So, the energy of
the semigraph is the sum of the absolute values of the roots of the polynomial Py1(A). Thus,

k+1

EG) =)l

Jj=1
]

Corollary 3.7. Let G = P,'}{""""™" be a non-uniform path semigraph. Let Agyy, be the (k +
1) x (k+1) tridiagonal matriz as stated in Theorem 3.6. Then, the energy of the semigraph G
is equal to the energy of the matrix Agypy and is given by

L55 )

E(G) =2 Z R¥IE

where A1, Aa, ..., Ag1 are the roots of the characteristic polynomial Pyy1(X) in increasing order.

Proof. From Theorem 3.6, we have the energy of the semigraph G is equal to the energy of the
matrix Agy,p, and is given by

k+1
E(G) =) _ I\,
j=1
where A1, Ag, ..., Agy1 are the roots of the characteristic polynomial Pyy1(\). From Theo-

rem 3.3, we get the eigenvalues of A, are symmetric about origin. To prove the result we split
the order of matrix into two cases

e Case 1 : £+ 1 is odd. Since k + 1 is odd, one eigenvalue of Ay, is always zero,
which is A e This zero eigenvalue does not contribute anything to the energy of the
semigraph and the remaining eigenvalues are symmetric with respect to origin, we have
[A1] = Ak gy ,|/\§\ = Ag41. S0, we get:

E(G) =2 |\l
j=1

e Case 2: k+ 1 is even. Since k + 1 is even and all eigenvalues are symmetric about

origin, we have |\ = kgt g, J | Akt1]| = Agg1. So, we get
2 2

%
E(G)=2) |\l
j=1

Combining these cases we get the required result. ]
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3.2 Non-uniform cycle semigraphs, C;/""*"" "

Definition 3.8. (Non-uniform cycle semigraphs): Non-uniform cycle semigraph with
k .

Zi:l n; vertices, v1,1,01,2,* , V1,021, ", Vk,n, and k edges

er = (Vi,1,01,2, - ,U21),€2 = (V2,1,022, - ,031) - €k = (Vk,1,Vk2, - ,V1,1), are denoted
by Cpv" ™ "and is given in Figure 2.

V1,1
v
1,2 Uk
V1,3 (
Vg2
Ul,nl
Vg, 1
V2,1
kal,nk—l
UQ,Q
)
S V-1

,UQ,TLQ i
V4,1
/1}371 .........
N1, Nk

Figure 2: Non-uniform Cycle Semigraph, C,

The adjacency matrix Acslv”2v'“ .y, of this semigraph is given by

V11 V12 o VUipy V21 V22 ttt V2py V3Lt U3py o Ukl Vg2 o Uk(ng—1)  Vkng
V11 0 1 np—1 m 0 0 0o --- 0 oo np—10 - 2 1
V12 0 0 0 0 0 0 0o - 0 e 0 0 0 0
V13 0 0 0 0 0 0 0o - 0 e 0 0 0 0
Vin, 0 0 0 0 0 0 0o - 0 e 0 0 0 0
V91 ny np—1 1 0 1 ng—1 mng - 0 0 0 0 0
Va2 0 0 0 0 0 0 0o - 0 e 0 0 0 0
Vo, 0 0 0 0 0 0 0o - 0 e 0 0 0 0
V31 0 0 0 ny ng —1 1 0 ng—1 0 0 0 0
V32 0 0 0 0 0 0 0o - 0 e 0 0 0 0
U3n, 0 0 0 0 0 0 0o - 0 e 0 0 0 0
41 0 0 0 0 0 0 0o - 0 0 0 0 0
Vk1 ny, 0 0 0 0 0 0o - 0 o 0 1 o —2 np—1
Vg2 0 0 0 0 0 0 0o - 0 o0 0 0 0
Vg3 0 0 0 0 0 0 0o - 0 e 0 0 0 0

Ukn, \ O 0 0 0 0 0 (U 0 e 0 0 0 0
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Theorem 3.9. Let A be the (k+ 1) x (k+ 1) real symmetric matriz given by

U1 Vg V3 o Vg Vg4
1 0 ng 0 - 0 ngg
V2 ny 0 ng -+ 0 0
R
Vg 0 0 0 L 0 ng

Vg1 \Mk+1 0 0 ng 0

where all n;’s are non negative integers. Let Cri1(N) = det(A — M11) be the characteristic
polynomial of A. Let P be the symmetric tridiagonal matriz obtained from A with ngy1 = 0 ie,

v V2 V3 o Vg Vg4

V1 0 n1 0 s 0 0

(%) ny 0 ng -+ 0 0
S I
Vk 0 0 0 0 ni

V41 0 0 0 ng 0

Then the characteristic polynomial C41(X), with m =k + 1 is given by

Cr(N) = Ppy(N) =12 Pry_o(N) +2(—1)™ "1 ﬁ N,

where, P, (X\) is the m X m principal submatriz of P satisfies the recurrence relation Py, ()
—AP_1(A) = n2,_  Pp_a(\) with initial conditions Py(A\) =1 and Py(\) = —\.

Proof. Consider the characteristic polynomial C,,(\) = det(A — AL,).

A n 0 .- 0 N
ny —A ng - 0 0

0 ng =X --- 0 0

0 0 0 -+ =X N,
Nm 0 0 - Ny —A

Find cofactor expansion along the last row of the matrix A — AL,,.
Om(A) :(_1)m+1nm : det(Mm,l) + (_1)m+(m71)nm_1 : det(Mm,m—l)
+ (=1)" (=) - det(My,.m),
where M; ; is the matrix obtained by deleting row ¢ and column j. Consider the determinant

of each minor.
First, consider the minor M,, ,,. We get
A ng 0 - 0 0
ny —A na s 0 0
M, =0 n A - 0 0

)

0 0 0 0 s =N (o
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and
det(Mm,m) = Pm—l()\)

Then, consider the minor M,, 1,

ni 0 0o - 0 Nm
A nyg 0 -+ 0 0
Mm 1= na - ng - 0 0
0 0 0 —A N1
Expand its determinant along the last column.
-\ ng 0 0 0
no —A ns 0 0
0 ng =X 0 0
det(My, 1) = (=1)* =Yy det . :
0 0 0 N N — 2
0 0 0 S ma, g —X
ny 0 0 0 0
- no 0 0 0
0 -2 n3 0 0
+ (_1)(m—1)+(m—1)nm71 det ) }
0 0 0 N3 0
0 0 0 - N2
We get:
det(Mml) = (fl)mnum_g()\) —+ (n1n2 e Tlm_Q)Tlm_l
m—1
- (_1)mn7rLP7rL—2()\) + H ng.
i=1
Consider the minor M, ,,—1.
—A ny 0 0 Nm
ny —A Up) 0 0
0 no -2 0 0
Mmm’b—l - :
0 0 0 —A 0
00 0 o Nmo2 -1/ 4y m
Expand along the last column we get:
ny - no 0 0
0 no —A ns 0
0 0 ng  —A 0
det(M’m,?n—l) - (_1)1+(m_1)n’rn det . : :
0 0 0 (J 7‘>\
0 0 0 0 N2
D 0 0 0
ny =X ng 0 0
0 ng  —A 0 0
+ (=1)m=DFm=Dp - det : :
0 0 0 i X mpg
0 0 0 . T3 Y

Finally, we obtain:

det(Myym—1) = (=1)™nm(ning - npm—2) + N1 Pr—2(A).
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Substitute these determinants back into the expansion for Cy, (). We get

i=1
m—2
— N1 [(—1)’%”1 LI ni + nm1 P2 (V)| = APr_a (V).
i=1
Arrange the terms
m—1
Crn(A) = (=1)*" 02, Py o(N) + (=1)" ', [
i=1
m—2
- nm—l(_l)mnm H n; — nfn—lpm—Q(A)
i=1

— APp_1(N)
= (“APuot(N) = 02 Pra(N) —n2, P_a(M)

This is P, (\) by the recurrence
m m
+ (=)™ e = 0™ [ [
i=1 i=1

= Pru(A) = 02, Prua(N) + (1™ [ e + (1™ [ e
=1 =1

= Pn(N) = nf Pm_a(N) + 2(=1)" " [ ] na.
=1

This completes the proof.

Theorem 3.10. Let A be the m x m real symmetric matriz defined by

U1 V2 U3 s UV Vk+1
(% 0 ny 0 R 0 Nk+1
(%] nq 0 N9 e 0 0
A= V3 0 N9 0 e 0 0 7
. . . . nEg—1 0
Vk 0 0 0 Nk—1 0 nk
Vk41 \ k41 O O -+ N 0

where m = k + 1. Then all eigenvalues of A are real. Furthermore, the spectrum is symmetric
with respect to the origin if and only if the order of the matrix is even.

Proof. Since A is a real symmetric matrix, all its eigenvalues are real by the Spectral Theorem.
To prove the spectral symmetry property, we will show that C,,()) is an even function if and
only if m is even. This implies that if \; is a root, then C,,,(—X;) = Cp,(A;) =0, so —A; is also
a root.

From Theorem 3.9, we have

C(N) = P(N) — 02, P_s(N) 4+ 2(—1)m+ ﬁ ;.
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Also, from Theorem 3.3, we have
e P, (A) is an even function if m is even (P, (=\) = P (N)).
e P, ()\) is an odd function if m is odd (Pp,(—=X) = =Py, ().

We are going to divide m into two cases, even and odd.

Case 1: m is even.

Let m = 2r for some integer r > 1. Then, m is even and m — 2 is even. Therefore, P,,()\) and
P,,_2(\) are both even functions.

Co(—X) = P (=) — 12, P 2(~X) +2(-1" [ [
i=1
= P,(\) — nZ Pp_o()\) +2(—1)**! ﬁ ni
=1
=P, (\) —nZ Pp_o()\) =2 ﬁ n;.
=1
when m = 2r, Cp,(N) is
Crn(N) = Ppy(N) = n2 Pro(\) +2(—1)2" 1 ﬁni =P, (\) —nZ Pp_o()\) —2 ﬁ ni.
i=1 =1

Since Cp,(—A) = Cp, (), the characteristic polynomial is an even function when m is even.
Thus, the spectrum is symmetric with respect to the origin.

Case 2: m is odd.

Let m = 2r + 1 for some integer r > 1. Then, m is odd and m — 2 is odd. Therefore, P,,(\)
and P,,_o(\) are both odd functions.

O3 = Po(—) — 2, Pya(—3) 4 2(-1)" [ s
=1
= (CPN) — (PN 21 T
=1
= —Pn(A) +nZ Ppa(N) +2 ﬁ n;
1=1

=— (Pn(A) = n2,Pra(N) +2 ﬁ n;.

=1

The original expression for Cy,(\), when m = 2r + 1, is
Crn(N) = Ppu(N) =12 Pry_o(N) +2(—1)27+2 ﬁ ni = Pp(X) — n2 Pp_o()\) +2 ﬁ n;.
i=1 i=1

Since Cyp(—A) # Cp(A) and Cp(—A) # —Cp(A) the characteristic polynomial is neither an
even nor an odd function. Therefore, its roots are not symmetric with respect to origin. We
conclude that the spectrum is symmetric if and only if m is even. |
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Theorem 3.11. Let A be the m X m matriz defined by

V1 V2 V3 cee Um—1 Um,
V1 0 nq 0 0 Mm
V2 ny 0 ma 0 0
U3 0 na O 0 0
A = . . )
Vm—1 0 o 0 --- 0 Nm—1
Um Ny 0 0 - nypo 0

The characteristic polynomial Cy,(A) = det(A — XI) is defined as: If m = 2k is even,
then Cp,(A) is Cpp(X) = N + MIA™ ™2 + MoA™ ™% + .. + M), = Z?:o M;N"=2. If m =
2k + 1 is odd, then Cp(N) is Cpn(A) = =X (A" MIA 3+ M) + 20 g =
- (Z?:o Mj/\m’1’2j> + 2[1% | ni, where the coefficients M; are defined by

W=y @ﬁ«nm),

1<i1<ia<--<i;<m \l=1
lir—1s|>2 for r#s

where j =1,2,--- ., m—1 and My = 1.

Proof. From Theorem 3.9, we have
Crn(A) = Pm(X) = 03, Pr_a(A) + 2(=1)" ™ [ [ .
i=1

Let M;P’k) be the coefficients of the polynomial Py(\). We are going to divide m in to two
cases, even and odd.

Case 1: m is even.

Let m = 2k. From the Theorem 3.2, we have

k
Pa(h) = 3 M 2k,
7=0
k—1 4
ng,Q()\) = Z M;PVZk*Q)AQk—2—2J.

Jj=0

Substituting these into the recurrence relation for Coy(\) we get

k k—1 2k
C2k(>\) _ ZM;RWC))\Zkf% . ngk Z M;P72k—2)/\2k7272j + 2(71)2%1 an
j=0 j=0 i=1
k k—1 2k
P2k _2; P2k—2 _o(4
=N MPEIN2 2 N PR N2GH) o T .
j= j=0 i=1

Reindex the second sum by setting = 5 + 1:

k k 2k
CQk()\) — Z MJ(PVZk))\Zk—Qj _ ngk Z Ml(fi2k72))\2k'—2l —92 H n;.
=1 i=1

=0
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Arrange, it we get:

k 2k
Con(\) = MéP,Qk)/\Qk n Z (M;P,2k) _ n%ij(f,lzk—m) A\2k—25 QHni'

j=1 i=1
This is an even polynomial in A with
MO = P 2 PP for 1 < j <k -1,

and the constant term as:
M,EC’%) _ M,EP’%) M sz 2) _o an'

So, the result is true for even m.
Case 2: m is odd.
Let m = 2k 4+ 1. From the Theorem 3.2, we have:

k
(P2k+1)
Pop11(A /\E M N2k
7=0

k—1
Pyoi(A) = —A Y MU0

7=0
Substituting these into the recurrence for Copy1():

k k—1
Cori1(N) = | =\ Z M;P,2k+1))\2k—2j _ n%kﬂ ) Z M;P72k*1))\2k—2—2j
j=0 Jj=0
2k+1

1>2k+2 H n;
i=1

k k—1 2k+1
R e, TSRSt FPY | o
j=0 j=0 =1

Reindex the second sum with [ = j 4 1:

k k 2k+1
CQk—i—l(A) Y Z M](P72k+1))\2k*2j _ ngk-i-l Z Ml(fiQk_l))\Qkal +2 H n;.
=0 =1 ;

Combining the sums we get:

k 2k+1
e Y S DIV NN Pl e )

-
j=1 i=1
We have M;C’%H) = (M;P’%H) 2k+1M(P k= 1)). This expression has the exact form

required by the theorem. This completes the proof. |
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Theorem 3.12. Let G = C;/""™""""™ be a non-uniform cycle semigraph with N = Zle N
vertices and k edges with n; > 1 for alli =1,...,k. The nullity of G, denoted n(G), is given

by
k
24> (n;—1), ifk=0 (mod4) and
i=1
k/2—-1 k
n(G) = _Hl n%j—l (nf_y +ni) =2 'H1 ni,
= s

1=

k
S (n; — 1), otherwise.
i=1

Proof. Let Ag be the adjacency matrix of the semigraph G = C;/V" 7™ Zle(ni — 1) zero
rows are present in Ag. Deleting these zero rows and their corresponding columns yields the

k x k submatrix Ag,p,

V1,1 V21 U1 ot Vgl

V1,1 0 ny 0 s ng

V2,1 ny 0 %) R 0

Asub = V31 0 ) 0 0
Nk—1

Vk,1 ng 0 0 R 0

So, the nullity of G is
k
i=1

From Theorem 3.9, the characteristic polynomial of the k X k matrix A, is given by
k
Cr(A) = Pu(A) = nj Pe_a(N) + 2(=1)* T ] i
i=1

where, P,,()\) satisfies the recurrence relation P, (\) = —AP,_1(\) — n2,_;Ppn_2()\) with
Py(A) =1 and Pi(\) = —A. Now, we are going to evaluate Cj(0). Divide k in to two cases
even and odd.

Case 1: k is odd. Let k = 2r + 1. Then k — 2 = 2r — 1 is also odd. From Theorem 3.4,
Pk(O) =0 and Pk_Q(O) = 0.

k k k
Cr(0) = 0 —n2(0) + 2(—1)*+1 Hnl =2(—1)%+2 an =2 Hnl
i=1 i=1 i=1

Since n; > 1 for all 4, C(0) # 0. Therefore, the nullity of Ag,p is 0.
Case 2: k is even. Let k = 2r. Then, k — 2 = 2r — 2 is also even. From Theorem 3.4, we

have Py, (0) = (—1)" H§:1 n%j—l and Py, —(0) = (=1)"" H;: ngj—l'

k
Cr(0) = Pp(0) — n2 Pr_(0) 4 2(—1)F+1 Hn

r r—1 2r
= (=1 H n3;_q —nj, [ (=) H ndi_q | +2(=1)**! H n;
j=1 j=1 i=1
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T r—1 2r
_ r 2 2 2 ,
=(-1) H naj—1 + Ny H naj—1 | — Zan
j=1 j=1 i=1
r—1 2r
_ r 2 2 2 .
=(-1) H nyj_1 | (ng,_y +n3,) —2 an~
j=1 i=1

If r is odd, then C(0) # 0. Thus, n(Asuw) = 0 when r is odd, i.e., if kK = 2 mod 4, then
n(Asub) =0.

If r is even then C%(0) can be zero if (H;;i ngj_l) (n3,_, +n%) = 2[[2, ni. ie., if k=0
mod 4 and (Hfgil ngj_l) (n2_, +ni) = 21_[?:1 n; then n(Agyup) > 1. We need to find exact
nullity of Agsyp, so consider C}(A) when A = 0. C},(0) = 0 because C},(\) is an odd function. So

n(Asub) 2 2.
To show the nullity is exactly 2, we must show that C}/(0) # 0.

Ci(A) = P{(N) —ng Bl 5(A) = C{(0) = P/(0) — ni P, (0).

Since k and r are even either we get P;/(0) > 0 or P}/(0) < 0. If P}/(0) < 0 then P}/ ,(0) > 0 and
P//(0) > 0 then P} ,(0) <0. So, C}/(0) # 0 in both cases. Since C}/(0) # 0, the multiplicity of
the eigenvalue A = 0 is exactly 2. Thus, n(Asup) = 2.

Combining the cases we get

e If kis odd or £k =2 (mod 4), then n(Asup) = 0.

e If k=0 (mod 4) and (Hk/%l n%jq) (ni_,+ni)= QHLI n; then we get n(Agsup) = 2.

j=1
|

Theorem 3.13. Let G = C;V"""" be a non-uniform cycle semigraph. Let Ay, be the kX k
matriz defined by

v V2 U3 - Vg Vk+1

U1 0 n1 O . 0 ng

V2 ni1 0 No e 0 0

U3 0 U 0 . 0 0

Asub = . .
Vk 0 0 0 s 0 NE—1

Vk+1 Nng 0 0 tee Nk—1 0

Then, the energy of the semigraph G is equal to the energy of the matriz Asyp.
k
E(G) = E(Asw) = Z A5l
j=1
where A1, Ao, ..., A are the eigenvalues of Agyp, which are the roots of the characteristic poly-

nomial Ci(N).

Proof. The energy of a semigraph G with N vertices is defined as F(G) = Ef\il |pei], where p;
are the eigenvalues of the adjacency matrix Ag and N = Zle n; . The pure middle vertices
contribute Zle(ni — 1) zero eigenvalues to the spectrum of Ag. Since zero eigenvalues do not
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contribute anything to the sum of absolute values, the energy of G is determined entirely by
the non-zero eigenvalues, which are the non-zero eigenvalues of Agyp. So,

EG = > =Y N=EAuw).

pESpec(Ag) A€Spec(Asup)

If A\1,..., \; are the eigenvalues of Ay, then the energy is

k
B(G) =Y .

Corollary 3.14. Let G = C/""™""™ be a non-uniform cycle semigraph. Let Agyp be the k< k
matriz with k even, defined in Theorem 3.13. Then, the energy of the semigraph G is equal to
the energy of the matriz Agyp.

k
E(G) = E(Aup) =2 _ |\,
j=1

where A1, Ag, ..., /\é’ <+, Mg are the eigenvalues of Agyp in the increasing order, which are the
roots of the characteristic polynomial Cy(X).

Proof. From Theorem 3.13, the energy of the semigraph G is equal to the energy of the matrix
Asub-

k
E(G) = E(Asub) = Z |)‘j‘7

where A1, Ag, ..., A\r are the eigenvalues of Ay, which are the roots of the characteristic poly-
nomial Ci()). Since the eigenvalues of matrix Ag,, is symmetric with respect to origin from
Theorem 3.10 we have if ) is an eigenvalue of Ag,, then —\ is also an eigenvalue. So, we get

j=1

4 Conclusion

In this paper, we have conducted a detailed spectral analysis of non-uniform Path and Cycle
Semigraphs. We successfully derived formulas for their nullity and energy. During that process
we used the core matrix to derive the results concisely. Our work demonstrates that the spectral
properties of usual graphs can be extended to these more generalized graph structures called
semigraphs.

The key findings for the Non-Uniform Path Semigraph, P,"}; """, revealed that its spectrum
is always symmetric about the origin. This fundamental property led to a concise formula for
its nullity. For the Non-Uniform Cycle Semigraph, C;'*~"*, the analysis proved to be more
complex. We found that its spectrum is symmetric only when the number of segments is even.
The nullity is typically equal to the number of pure middle vertices, > (n; — 1). However, a
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particularly interesting phenomenon occurs when the number of segments is a multiple of four;
in this case, the nullity increases by two, provided a specific multiplicative condition on {n;} is
satisfied.

This research opens several avenues for future investigation. One natural direction is to
extend this analysis to other families of semigraphs. Another promising area is the study of
other spectral invariants, like the Laplacian spectrum, Laplacian energy etc. Exploring applica-
tions of these non-uniform models in physics, chemistry, or computer science could reveal new
connections between their spectral properties and real-world phenomena.

Conflicts of Interest. The authors declare that they have no conflicts of interest regarding
the publication of this article.
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