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1 Introduction

The energy E of the total m-electron within a conjugated system is calculated using he Hiickel
molecular orbital (HMO) model, and is one of the classical approaches to studying the quantum-
chemical characteristics of large-size polycyclic conjugated hydrocarbons. Details and applica-
tions about this theory can be found in the literature [1-4]. In the HMO model of conju-
gated m-electron systems, quantities such as the total m-electron energy F are derived from the
eigenvalues A1, g, ..., A, of the associated molecular graph [5, 6]. Specifically, for conjugated
hydrocarbons, these eigenvalues represent the orbital energy levels determined by the graph

structure: N
E=> |\l (1)
i=1

where E is measured in units of the HMO carbon-carbon resonance parameter 3.
Equation (1) provides a basis for defining the graph energy. In the HMO model, while E can
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be expressed only in terms of a constrained category of molecular graphs [6], the right-hand
side of Equation (1) is a thoroughly-explained parameter for all graphs. In this sense, graph
energy, F, is defined as the sum of all absolute eigenvalues of the graph. This variation in the
interpretation of Equatin (1) led to significant progress in the study of total m-electron energy;
for further details see |7, 8].

We note that the eigenvalues A1, Ao, ..., A, are just the eigenvalues of the adjacency matrix. The
adjacency matriz A(G) of a graph G is the 0l-matrix with rows and columns indexed by the
vertices of G, such that the zy-entry of A(G) is 1 if and only if x and y are adjacent and 0
otherwise. The eigenvalues of numerous other matrices have also been studied in graph spectral
theory, in which the Laplacian matrix has gained the highest consideration in chemistry and
mathematics [9]. In view of this, another invariant called the Laplacian Energy, denoted by
LE(G), has been considered [10] and defined as:

2m
i— =, 2
i = — (2)

where p;, ¢ = 1,2, ...,n are the Laplacian eigenvalues, m represents the number of edges, and n
denotes the number of vertices in the underlying graph. The right-hand sides of both Equations
(1) and (2) are different. However, both can be interpreted as specific realizations of the general

expression:
n
> |wi — 3)
i=1

where w represents the mean of the eigenvalues of wy, wo, ..., wy,.

It has been proven that several properties of LE coincide with those of E [10-13], whereas
in some others, both energies (LE and E) are considerably different. However, no general
results have been reported that establish the relationship between the two energies. It is well
established that the key parameters determining the total energy of m-electrons are n (= the
number of C' atoms, i.e., the number of vertices of the molecular graph) and m (= the number
of C-C bonds, i.e., the number of edges of the underlying molecular graph) [1, 3].

1.1 LFE and LEL

The concept of LE entails two fundamental disadvantages, as follows: neither does LE(Gy U
Gs) = LE(G1)+ LE(G2) holds in the general case, G1 UG5 being the molecular graph depending
on two disconnected components G; and Gs, nor does the expression LE(G U K1) = LE(Q)
holds, where K is the molecular graph with one vertex. To address these difficulties, J. Liu
and B. Liu developed the LEL invariant (or simply referred to as LEL) LEL(G), defined
as[14].

LEL(G) = Z N (4)

For its basic properties, see[14-16]. Interestingly, the relations LEL(G1 U G2) = LEL(G1) +
LEL(G,) and LE(G U K7) = LE(G) hold.

Now, for clarity, we focus on the following classes of bicyclic and tricyclic molecular graphs
as shown in Figure 1. Here, p,q,7,s,t > 1 represent pendent vertices in the corresponding
molecular graph. The order of 9B,,(p) is n = p+ 5, the order of 98,,(q) is ¢ + 4 = n, the order of
t,(r) is 7 + 7 = n, the order of t,(s) is s + 6 = n, the order of t,(¢) is ¢t + 5 = n and the order
of t,(w) is w+ 4 = n.
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Figure 1: The graphs B, (p), Br(q), t. (1), t.(8), to(t), tn(w), respectively.

In this paper, we give exact expressions for LFE and LEL of the above molecular graphs

along with their complements. Further, we show that LF is strictly greater than LEL for every
class of the above molecular graphs, but for their complements the inequality is opposite.
The paper is organized as follows: In Section 2, we give some known definitions and results.
In Section 3, we calculate the Laplacian energy and Laplacian-energy-like of bicyclic molecular
graphs with exactly 2 and 3 cycles, and show how LE and LEL are related for these classes of
graphs. In Section 4, we calculate the Laplacian energy and Laplacian-energy-like of tricyclic
molecular graphs and establish the relationship between LE and LEL for these molecular
graphs. A brief conclusion is provided in Section 5.

2 Definitions and known results

In this work, only finite, simple, and undirected molecular graphs are taken into account. A
molecular graph G is formally described by two fundamental components: the vertex set V(G)
and the edge set £(G). The order of G refers to the total number of vertices it contains, which
is usually denoted by n = |V(G)|, while the size of G indicates the total number of its edges,
written as m = |E(G)|. For a vertex v € V(G), the degree d(v) is defined as the number of
edges incident with v. A vertex with degree one is called a pendent verter, as it is connected to
the graph through a single edge only. In the study of molecular graphs, pendent vertices often
play a crucial role since they represent atoms that are bonded to the rest of the molecule at
just one point.

Let G be a connected molecular graph with n vertices and m edges. The graph G is referred to
as k-cyclic whenever the relation m = n — 14k holds. In the special case k = 0, G corresponds
to a tree, that is, an acyclic molecular graph. The complement of a molecular graph G, denoted
by G, is the graph constructed on the same vertex set as G, that is V(G) = V(G). In G,
two different vertices are considered adjacent precisely when they are not adjacent in G. The
Laplacian matriz of a graph G is written as L(G) = D(G) — A(G), where D(G) represents the
degree matrix and A(G) stands for the adjacency matrix. More explicitly, the degree matrix
has the form D(G) = diag(dy,ds,...,d,), with each diagonal entry d; corresponding to the
degree of the vertex v; € V(QG).

The eigenvalues of the Laplacian matrix £(G) of a graph G are denoted by p; > pg > -+ >
ln—1 > Hn. These values are referred to as the Laplacian eigenvalues of G. It is well known
that all Laplacian eigenvalues are real and nonnegative. In particular, the smallest eigenvalue is
always ., = 0, while the second—smallest, p,,_1, often called the algebraic connectivity, satisfies
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tn—1 < 1. Moreover, the Laplacian spectrum of G satisfies the following two basic relations:

i=1

iu?:2m+id?7 (6)
i=1 i=1

where d; denotes the degree of the vertex v;. These spectral identities are frequently employed
when computing various graph energies. They also serve as a foundation for deriving inequalities
involving Laplacian eigenvalues and degree-based graph invariants.

Lemma 2.1. ([17]). If G is a molecular graph with complement G, then the Laplacian matriz
of G can be expressed as L(G) =nl — J — L(G), where I denotes the identity matriz of order
n and J is the n X n matrix whose entries are all equal to 1.

3 LFE and LEL of %B,(p) and B,(q)

In this section, we determine the LE and LEL values for ®8,,(p) and 9B, (¢) and their comple-
ments. We begin with the following lemma.

Lemma 3.1. For a bicyclic molecular graph G = B,,(p) consisting of precisely two cycles
together having p pendent vertices, the following hold:
(1) The count of edges in G ism=n+1,

s _ n2—3n—2
(2) The count of edges in G is m = "—5"==.

Theorem 3.2. For a bicyclic molecular graph G = B,,(p) with precisely two cycles and p
pendent vertices of order n = p+ 5, the following are true:

(1) LE(G) = 2(n® — 20— ),

(2) LE(G) = 2(n? — 3n —2).

Proof. (1): First, we give the Laplacian matrix of G, (see figure of B, (p) in subsection 1.1).

-1 -1 -1 -1 -1 —1 --- —1
1 2 -1 0 0 0 0
1 -1 2 0 0 0 0
1 0 0 2 -1 0 0
LG)=] -1 0 0 -1 2 0 01>
-1 0 0 0 0 1 0
-1 0 0 0 0 0 - 1|

denote by x(L£(G)), the characteristic polynomial of £(G), by using the definition x(u) =|
L(G) — pl |, we get the following characteristic polynomial of £(G):

X(L(G)) = p(p —n)(u = 3)*(u — 1)" % (7)

Clearly, 0, n, 3 and 1 are zeros of the equation x(£(G)) = 0, and hence are the Laplacian
eigenvalues of £(G) with multiplicities 1, 1, 2 and n — 4 respectively. Since Equation (7) defines
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the characteristic polynomial of £(G). We will use Equation (2 ) to calculate the Laplacian
energy of G.

2n+ 2 2n + 2

n

o (®)

o + 2 o + 2
L‘E(G):‘O— n: ’—l—‘n— nt ’+2‘3— ’+(n—4)’1—

since, n > 6 as p > 1, this implies that |n — %| > 0. Now, Equation (8) takes the following
form

Eg(G):2n+2+n2—2n—2+2(n—2)+(n_4)(n+2)
271 n n n (9)
= g(nz—Qn—G).

(2): First, we give the Laplacian matrix of G.

0 0 0 0 0 0 - 0 T
0 n—3 0 . |
0 0 n-3 0 . |
- 0 -1 -1 n-3 0 -1 . 1
LG)=1o0 -1 -1 -1 n-3 -1 - -1 >
0 -1 -1 -1 -1 n-2 - -1
o -1 -1 -1 -1 -1 - n-2]

denote by x(£(G)), the characteristic polynomial of £(G), by using the definition x(£L(G)) =|

L(G) — pl |, we get the following characteristic polynomials of £(G):

2 2 n—4 e
- e —n+3)(p—n+1)"", if n is even
X(£(G)) = { —p2(p—n+3) 2 (p—n+1)""*  if nis odd.

Clearly, 0, n — 3 and n — 1 are the zeros of the equation x(£(G)) = 0, and hence are the

Laplacian eigenvalues of £(G) with multiplicities 2, 2 and n — 4, respectively. Now, we use
Equation (2) to calculate the Laplacian energy of G.

— 2_3n-2 2_3n-2 2_3n-2
ﬁg(G):()_H‘_,_2’(71_3)_”7?‘_’_(”_4) (n—l)—n nn
2-3n—-2 4 2 2
Zn?m—&——|—(n—4)<nﬁL )
n n n
3, 9
=— —3n —2).
= (n? — 30— 2)
(10)
This completes the proof. |

Below, as a corollary, we give the LEL of 8,,(p) and of the complement of B,,(p).

Corollary 3.3. Consider a bicyclic molecular graph G = B,,(p) with two cycles and p pendent
vertices of order n = p+ 5. The following assertions are valid:

(1) LEL(G) = /n+2V3 + (n—4),

(2) LEL(G) =2vn—3+ (n—4)/(n—1).
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Proof. By Theorem 3.2, the Laplacian eigenvalues of G are 0, n, 3 and 1 with multiplicities 1,
1, 2 and n — 4, respectively. Also 0, n — 3 and n — 1 are the Laplacian eigenvalues of G with
multiplicities 2, 2 and n — 4 respectively. Now, by using Equation (4) the result follows. |

Now, we discuss the LE and LEL of the bicyclic molecular graph with exactly three cycles, i.e.,
of B,(q) (for the figure of B, (¢) see subsection 1.1). Note that the graph %B,,(q) has order
n=gq+4 for ¢ > 1 (an integer) pendent vertices. First, we give the following lemma.

Lemma 3.4. Let G = B,,(q) be a bicyclic molecular graph consisting of precisely three cycles
together with q pendant vertices. For this graph, the following are valid:

(1) The count of edges in G is m=mn-+1,

(2) The count of edges in G is m = %

Proof. (1) and (2) hold by Lemma 3.1. ]

Theorem 3.5. Consider a bicyclic molecular graph G = B,,(p) with three cycles and q pendent
vertices, having order n = q + 4. The following must follow:
(1) LEG) = L(2n —4)(n +2),

(2) LE(G) = L(4n? — 10n + ).

Proof. (1): First, we give the Laplacian matrix of G, (see figure of B,,(¢) in subsection 1.1) as:

3 -1 -1 -1 0 0 0
1 2 0 -1 0 o0 0
1 0 2 -1 0 0 0
1 -1 -1 n—1 -1 -1 —1
LG)=10 0o 0 -1 1 0 0
o 0 0 -1 o0 1 0
0 0 0 -1 0 0 1]

Let x(£(G)), denote the characteristic polynomial of £(G). By using the definition x(£(G)) =|
L(G) — pl |, we get the following characteristic polynomials of £(G):

(= 1)" (= 2)(p — 4) (1 — n),
—p2(p = 1)" (= 2) (= 4) (1 — n),

Clearly, 0, 1, 2, 4 and n are the roots of the equation x(£(G)) = 0, and hence are the Laplacian
eigenvalues of £(G) with multiplicities 2, n —4, 1, 1 and 1, respectively. We then use Equation
(2) to calculate the Laplacian energy of G:

if n is even,

X(L(G)) = { if n is odd.

2n + 2
n

2 2 2 2 2 2 2 2
£5(0)|0 ‘+(n4)‘1 ”n+ Mz ”n* le n Mn ”n* . (1)

since, n > 5 as ¢ > 1, this implies that |4 — %‘ = # > 0 and ‘n — 2”;2’ = "2_3"_2 > 0.
Now, Equation (11) takes the following form:

on+2 n+2 2n—2 n2—-2n-—2
= + +

n n

LE(G) +(n—4)
(2n — 4)(n +2)
R Bt
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(2): First, we give the Laplacian matrix of G.

n—4 0 0o 0 -1 -1 1]

0 n-3 -1 0 -1 -1 1

0 -1 n-30 -1 -1 1

- 0 0 0 0 0 0 0
LG)=] 1 -1 -1 0 n-2 -1 ~1
1 -1 -1 0 -1 n-2 ~1
-1 -1 -1 0 -1 -1 - n-2]

Let x(£(G)), denote the characteristic polynomial of £(G). By using the definition x(£(G)) =|

L(G) — pI |, we get the following characteristic polynomials of £(G):

(L(@)) = P —n+1)""*(p—n+4)(p—n+2), if n is even,
X Tl P —n+ )"t (w—n+4)(p—n+2), ifnisodd.

Clearly, 0, n — 2, n — 4 and n — 1 are the roots of the equation x(£(G)) = 0, and hence are the

Laplacian eigenvalues of £(G) with multiplicities 2, 1, 1 and n — 4, respectively. Now, we use
Equation (2) to calculate the Laplacian energy of G-

— n? —3n—2 n? —3n—2 n? —3n—2
LEG) =210 - —— —4 -1)- — )
@ =20~ =222 gy 1) - T - gy -
n? —3n—2
o)y
#lon-g - =2
2 _3n-2 —4)(2 2 2 -2
_n n +(n )(2n + )+n—|— L0
n n n n
1
= —(4n® — 10n — 8).
n
(13)
This completes the proof. |

Below, we give the LEL of B, (¢) and of the complement of B,(q).

Corollary 3.6. Let G = B,,(q) be a bicyclic molecular graph consisting of precisely three cycles
and q pendent vertices of order n = q+ 4. Then the following hold:

(1) LEL(G) = (n —2) + v/ + V2,

(2) LEL(G) = (n—4)vVn— 1+ vVn—4/(n—2).

Proof. By Theorem 3.5, the Laplacian eigenvalues of G are 0, 2, 4, n and 1 with multiplicities
2,n—4,1,1 and 1, respectively. And 0, n — 2, n — 4 and n — 1 are the Laplacian eigenvalues
of G with multiplicities 2, 1, 1 and n — 4, respectively. Now, using Equation (4) the result
follows. |

3.1 LE versus LEL of %8,(p), B,(p), B,(q) and B,(q)
This section provides a graphical interpretation of the LE and LEL of the bicyclic molecular

graphs, i.e., of B,,(p), B, (¢) and of their complements, i.e., of B,,(q), B, (p). The main purpose
of this section is to indicate the minimal and maximal LE and this part of the paper is designed
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to LEL of the aforementioned molecular graphs with 2000000 vertices, for this we have used
Python. The orange line in the graphs indicates LEL, and the blue line indicates LE in the
aforementioned molecular graphs. We have plotted LE and LEL along the x-axis and the
number of vertices along the y-axis.

From Figures 2 and 4, we observe that initially LE and LEL coincide, but when the number
of vertices increases, then LE increases for 98, (p) and 9B,(q). On the other hand, we face the
opposite situation, i.e., in Figures 3 and 5, we see that initially the LE and LEL coincide, but
when the order increases, then LE decreases for 98, (p) and B,(q).

4000000 | — LE(8,(p))
LEL(8B,(p))

3500000 -
3000000 -
2500000

X 2000000 -

£
1500000
1000000 4

500000

o

0 250000 500000 750000 1000000 1250000 1500000 1750000 2000000
x-axis: Vertices (n = p+5)

Figure 2: The LFE versus LEL of the bicyclic molecular graph 9%, (p). The data set consists
of the LE and LEL of 8,,(p) with n vertices, where 6 < n < 2000000. Clearly, the data set
shows that LEL is strictly less than LE for 98,,(p) up to 2000000 number of vertices.

— LE(B,(p))

2500000000 LEL(8,(p))
2000000000
£ 1500000000
3
3

1000000000 4

500000000 -

o4

0 250000 500000 750000 1000000 1250000 1500000 1750000 2000000
x-axis: Vertices (n = p+5)

Figure 3: The LE versus LEL of the bicyclic molecular graph 9, (p). The data set consists
of the LE and LEL of %B,,(p) with n vertices, where 6 < n < 2000000. Clearly, the data set
shows that LE is strictly less than LEL for %8,,(p) up to 2000000 number of vertices.
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2000000000000 1 —— LE(B,(q))
LEL(B1(q)

1750000000000
1500000000000
1250000000000

= 1000000000000

S
750000000000
500000000000

250000000000

0

0 250000 500000 750000 1000000 1250000 1500000 1750000 2000000
x-axis: Vertices (n = q+4)

Figure 4: The LE versus LEL of the bicyclic molecular graph %,,(¢). The data set consists
of the LE and LEL of ®8,,(¢) with n vertices, where 5 < n < 2000000. Clearly, the data set
shows that LEL is strictly less than LE for ®8,,(¢) up to 2000000 number of vertices.

— LE, @)

5000000000 LEL@®, (@)

4000000000
£ 3000000000
2

2000000000

1000000000

o

o 250000 500000 750000 1000000 1250000 1500000 1750000 2000000
x-axis: Vertices (n = q+4)

Figure 5: The LE versus LEL of the bicyclic molecular graph %,,(¢). The data set consists
of the LE and LEL of ®8,,(¢) with n vertices, where 5 < n < 2000000. Clearly, the data set
shows that LE is strictly less than LEL of ®8,,(¢) up to 2000000 number of vertices.

4 LE and LEL of t,(r), t,(s), t,(t) and t,(w)

In this section, we find the Laplacian energy and Laplacian-energy-like for some families of
tricyclic molecular graphs as shown in Subsection 1.1.

Lemma 4.1. Suppose G = t,(r) is a tricyclic molecular graph that contains precisely three
cycles and r pendent vertices. We have:
(1) The number of edges in G is m =n + 2,

n?—3n—4

(2) The number of edges in G is m = 5

Proof. (1) and (2) hold by Lemma 3.1. ]

Remark 1. It is not hard to see that t,(s), t,(¢) and t,(w) have m = n + 2 edges, and their

2_ —
complements have m = %

edges.

Theorem 4.2. Suppose that G = t,,(r) is a tricyclic molecular graph that contains precisely
three cycles together with r pendent vertices of order n =r + 7. Then, the following assertions
are valid:
(1) LE(G) = 2(n® + n — 16),
(2) LE(G) = 2(n? —3n —4).
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Proof. (1): First, we give the Laplacian matrix of G, (see figure of t,(r) in Subsection 1.1).

-1 -1 -1 -1 -1 -1 -1 -1 --- —1
-1 2 -1 0 0 0 0 0 0
-1 -1 2 0 0 0 0 0 0
1 0 0 2 -1 0 0 0 0
1 0 0 -1 2 0 0 0 0
LG)=| -1 0 0 0 0 2 -1 0 0
-1 0 0 0 0 -1 2 0 0
-1 0 0 0 0 0 0 1 0
| -1 0 0 0 0 0 0 0 - 1]

Let x(£(G)) denote the characteristic polynomial of £(G). Then, we get the following charac-
teristic polynomial of £(G):

X(L£(@)) = plp = n)(p—3)*(n—1)"°. (14)

Clearly, 0, n, 3 and 1 are the roots of the equation x(£(G)) = 0, and hence 0,n, 3 and 1 are the
Laplacian eigenvalues of £(G) with multiplicities 1, 1, 3 and n — 5 respectively. Note that, one
can verify that the polynomial (14) is the characteristic polynomial of £(G) by using Equation
(5 ) and Lemma 4.1 (1). Now, we use Equation (2) to calculate the Laplacian energy of G.

2n +4 2n + 4

n

. L)

Eé’(G):‘O—2n+4‘+‘n—2n+4‘+3‘3— ’+(n—5)‘1—

since, n > 8 as p > 1, this implies that |n = %| > 0. Now, Equation (15) takes the following

form:
2o, _
ﬁE(G):2n+4+n 2n 4+3<n 4>+(n_5)<n+4)
n n n n

(16)
= %(n2 +n — 16).

(2): First, we give the Laplacian matrix of G, (see figure of t,(r) in Subsection 1.1):

0 0 0 0 0 0 0 0 - 0 ]
0 n—-3 -1 -1 -1 -1 -1 - -1
0 0 n-3 -1 -1 -1 -1 =1 - -1
0 -1 -1 n-3 -1 -1 -1 =1 - -1
B 0 -1 -1 0 n-3 -1 -1 -1 - -1
LG)=1o0 -1 -1 -1 -1 n-3 0 -1 . 1
0o -1 -1 -1 -1 0 n-3 -1 ... -1
0 -1 -1 -1 -1 -1 -1 n-=2 - -1
o -1 -1 -1 -1 -1 -1 -1 - n-2

If x(£(G)) denote the characteristic polynomial of £(G). Then, we get the following character-

istic polynomials of £(G):

X(L(G)) = p?(n—(n = 3))*(u — (n —1))"°. (17)
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Clearly, 0, n — 3 and n — 1 are the zeros of x(£(G)) = 0, and hence 0, n — 3 and n — 1 are

the Laplacian eigenvalues of £(G) with multiplicities 2, 3 and n — 5 respectively. Now, we use
Equation (2) to calculate the Laplacian energy of G.

_ 2 _ —4 2 _ —4 2 _ _4
LE(G) = 0—”3”‘+3 (n—3)—”2”‘+(n—5) (n_l)_%
2?2 —-3n—4 12 on+4
- 2 (n—5)
n n n
4. 5
=— —3n —4).
n(n 3n—4)
(18)
|

Below, as a corollary, we give the Laplacian-energy-like of t,(r) and of its complement.

Corollary 4.3. Let G = t,,(r) be a tricyclic molecular graph that contains precisely three cycles
and r pendent vertices of order n =1+ 7. Then:

(1) LEL(G) = /n+3V3+ (n—5),

(2) LEL(G) =3v/n—3+ (n—5)y/(n—1).

Proof. Because, by Theorem 4.2, we have that 0, n, 3 and 1 are the Laplacian eigenvalues of
G with multiplicities 1, 1, 3 and n — 5 respectively. And 0, n — 3 and n — 1 are the Laplacian
eigenvalues of G with multiplicities 2, 3 and n — 5 respectively. Now, using Equation (4) the
result follows. |

Theorem 4.4. Let G = t,,(s) be a tricyclic molecular graph that contains precisely four cycles

together with s pendent vertices of order n = s+ 6. The following statements are valid:
(1) LE(G) = 2(n® +n —12),
(2) LE(G) = 2(2n? — Bn — 12).

Proof. First, we give the Laplacian matrix of G, (see figure of t,(s) in Subsection 1.1).

-1 -1 -1 -1 -1 -1 -1 —1 - —1]
-1 2 -1 0 0 0 0 0 0
-1 -1 2 0 0 0 0 0 0
-1 0 0 2 0 -1 0 0 0
-1 0 0 0 2 -1 0 0 0
LG)=] 1 0 0 -1 -1 3 0 0 0
-1 0 0 0 0 0 1 0 0
-1 2 -1 0 0 0 0 1 0
| -1 0 0 0 0 0 0 0 - 1]

Let x(£(G)) denote the characteristic polynomial of £(G). Using the definition x(L(G)) =|
L(G) — pl |, we get the following characteristic polynomials of £(G):

X(L(G)) = p(p = 1)" (= 2) (e = 3) (1 — 4) (1 — ). (19)

Clearly, 0, 1, 2,3, 4 and n are the roots of the equation x(£(G)) = 0, and hence 0, 1, 2,3, 4 and
n are the Laplacian eigenvalues of £(G) with multiplicities 1, n — 5,1, 1, 1 and 1 respectively.
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Now, we use Equation (2) to calculate the Laplacian energy of G:

2 4 2 4 2 4 2 4 2 4
EcS(G)‘O nt ‘+(n5)1 nEA g ‘+'3 n ‘+'4 nt ‘
n n n
2n+4 2n+4 n+4 4 n—4 2n—4 n®-2n—4
+|n— = +(n—5) + =+ + +
n n n n n n n
2
= Z(n*+n-12).
n
(20)
(2): First, we give the Laplacian matrix of G, (see figure of t,(s) in Subsection 1.1):
[0 0 0 0 0 0 0 0 0 ]
0 n—-3 0 -1 -1 -1 -1 -1 - -1
0 0 n—3 -1 -1 -1 -1 -1 - -1
0 -1 -1 n-3 -1 -1 -1 -1 ... -1
o -1 -1 -1 w-3 -1 -1 -1 - -1
LG =10 -1 -1 0 0 n-4 -1 -1 .. -1
0 -1 -1 -1 -1 -1 n-2 -1 - -1
0 -1 -1 -1 -1 -1 -1 n=2 - -1
0o -1 -1 -1 -1 -1 -1 -1 - n-2

Let x(£(G)), denote the characteristic polynomial of £(G). Then, we get the following charac-

teristic polynomials of £(G):

X(L(G)) = (= (n = 4)) (= (n = 3)) (1 — (n = 2)) (1 — (n = 1))"~°. (21)
Clearly, 0, n — 4, n — 3, n — 2 and n — 1 are the roots of the equation y(£(G) = 0, and hence

0,n—4,n—3,n—2and n— 1 are the Laplacian eigenvalues of £(G) with multiplicities 2, 1,
1,1 and n — 5, respectively. Now, we use Equation (2) to calculate the Laplacian energy of G.

_ 2 34 2 _3n-4 2 34
R R
2 _ —4 2 _ —4
(n_Q)_w+ (n —5) (n_l)_"?’"‘
2(n?—=3n—-2) n—-4 4 n+4 2n+4
= + +=+ +(n—5)
n n n n
= 2(27127571712)
== ,
|

Corollary 4.5. Let G = t,(s) be a tricyclic molecular graph that contains precisely four cycles
and s pendent vertices of order n = s+ 6. Then the following hold:

(1) LEL(G) =n+n+V3+V2-3,

(2) LEL(G)=vn—3+vVn—4+vn—2+(n—-5)vn—1.

Proof. Because, by Theorem 4.4, we have that 0,1,2,3,4 and n are the Laplacian eigenvalues of
G with multiplicities 1, n — 5, 2,3,4 and n, respectively. And 0, n—4,n—3, n—2 and n— 1 are
the Laplacian eigenvalues of G with multiplicities 2, 1,1,1 and n — 5 respectively. Now, using
Equation (4) the result follows. [ ]
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Theorem 4.6. Let G = t,,(¢t) be a tricyclic molecular graph that contains precisely siz cycles
together with t pendent vertices of order n =t + 5. Then, the following hold:
(1) LEG) = 2(n? 1 n - 8),

(2) LEG) = 3(n2 — 20— 6).

Proof. (1): First, we give the Laplacian matrix of G, (see figure of t,(¢) in Subsection 1.1):

-1 -1 -1 -1 -1 -1 —1 ... —1
-1 2 0 0 -1 0 0 0
-1 0 2 0 -1 0 0 0
-1 0 0 2 -1 0 0 0
Ley=| -1 -1 -1 -1 4 -1 0 0
-1 0 0 0 0 1 0 0
-1 0 0 0 0 1 0
-1 0 0 0 0 0 0 - 1]

Let x(£(G)) denote the characteristic polynomial of £(G). We get the following characteristic
polynomial of £(G):

X(L(G)) = p(p — 1)" 2 (1 = 2)* (= 5) (1 — n). (23)

Clearly, 0,1,2 5 and n are the roots of the equation x(£L(G)) = 0, and hence 0,1,2 5 and n are
the Laplacian eigenvalues of £(G) with multiplicities 1, n — 5, 2,1 and 1 respectively. Now, we
use Equation (2) to calculate the Laplacian energy of G:

2 4 2 4 2 4 2 4 2 4
.ce(c:):‘o- nt ‘+(n—5)’1— ”: ‘+2‘2— nt ’+‘5— n ’—F‘n— nt ‘
2n+4 n+4 24 3n—-4 n?-2n-4
= + (n—25) + — 4+ +
n n n n
2
= — -8
2 (00— §)

(24)

(2): First, we give the Laplacian matrix of G, (see figure of t,(¢) in Subsection 1.1):

0 0 0 0 0 0 0 0
0 n—-3 -1 -1 0 -1 -1 - -1
0 -1 n-3 -1 0 -1 e T |
0 -1 -1 n-3 0 -1 -1 - -1
L(G) = 0 0 0 0 n—5 -1 -1 - -1
0 -1 -1 -1 -1 n-2 -1 ... -1
0 -1 -1 -1 -1 -1 n-2 ... -1
0 -1 -1 -1 -1 -1 -1 - n-2]

Let x(£(G)) denote the characteristic polynomial of £(G). We get the following characteristic

polynomials of £(G):

X(L(G)) = (1 = (n = 5)) (= (n = 2))*(p — (n = 1))" 7", (25)
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Clearly, 0, n—5, n—2 and n— 1 are the roots of the equation X(L(G)) =0, and hence 0, n — 5,

n — 2 and n — 1 are the Laplacian eigenvalues of £(G) with multiplicities 2, 1, 2 and n — 5,
respectively. Now, we use Equation (2) to calculate the Laplacian energy of G.

2 —4 2 _ —4
,cg(G):2‘o—M’+(n_5)_m
n n
2 _ —4 2 _ —4
2(n—2)—”3”‘+(n—5) (n—l)—”?’”‘
" (26)
2(n* —=3n—2) 2n—4 2(n+4) 2n +4
= + + +(n—5)
n n n n
4 2
= —(n*—-2n—06).
n(n n — 6)
]

Corollary 4.7. Let G = t,(t) be a tricyclic molecular graph that contains precisely sixz cycles
together with t pendent vertices of order n =t + 5. Then, the following hold:

(1) LEL(G) = n+n+ V5 —5+ 22,

(2) LEL(G)=+vVn—=5++vVn—2+(n—5)y/n—1.

Proof. Because, by Theorem 4.6, we have that 0, 1, 2, 5 and n are the Laplacian eigenvalues of
G with multiplicities 1, n — 5, 2, 1 and 1, respectively. And 0, n — 5, n — 2 and n — 1 are the
Laplacian eigenvalues of G with multiplicities 2, 1, 2 and n — 5, respectively. Now, by using
Equation (4) the result follows. ]

Theorem 4.8. Consider G = t,,(w) is a tricyclic molecular graph that contains precisely seven
cycles together with w pendant vertices of a given order n = w + 4. Then, the following hold:
(1) LE(G) = 2(n® +2n — 12),

(2) LE(G) = £(n® —2n —38).

Proof. (1): First, we give the Laplacian matrix of G, (see figure of t,(w) in Subsection 1.1):

(3 -1 -1 -1 0 0 0 0]
-1 3 -1 -1 0 0 0 0
-1 -1 3 -1 0 0 0 - 0
-1 -1 -1 n—1 -1 -1 —1 --. —1
e =10 0 0 -1 1 0 0 0
0o 0 0 -1 0 1 0 0
o 0 0 -1 0 0 1 0
(0 0 0 -1 0 0 0 - 1]

Let x(£(G)) denote the characteristic polynomial of £(G). We get the following characteristic
polynomial of £(G):

X(L(@)) = plp = 1) — 4)* (1 — ). (27)

Clearly, 0, 1, 4 and n are the roots of the equation x(£(G)) = 0, and hence 0, 1, 4 and n are
the Laplacian eigenvalues of £(G) with multiplicities 1, n — 4, 2 and 1, respectively. Now, we
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use Equation (2) to calculate the Laplacian energy of G.

2n+4

zaayzb— bwn—4w1_

o + 4 4 on—4 n2-2n—4
Y P K R el (28)

2
= Z(n?+2n—12).
n

(2): First, we give the Laplacian matrix of G, (see figure of t,(w) in Subsection 1.1).

n —4 0 0 0 -1 . |

0 n-4 0 0 -1 -1 - -1

0 0 n-40 -1 -1 - -1

_ 0 0 0 0 0 0 - 0
LG)=] 1 1 -1 0 n-2 -1 - -1
1 -1 -1 0 -1 mn-2 - -
-1 -1 -1 0 -1 -1 - n-2]

Let x(£(G)) denote the characteristic polynomial of £(G). We get the following characteristic

polynomials of £(G):
X(L(G)) = p(p = (n = 4)*(p — (n = 1))~ (29)

Clearly 0, n — 4 and n — 1 are the zeros of X(LG) = 0, and hence 0, n — 4 and n — 1 are the

Laplacian eigenvalues of L(G) with multiplicities 2, 2 and n — 4, respectively. Now, we use
Equation (2) to calculate the Laplacian energy of G.

2_ _ 2_ _ 2_ _
£S(G):2’O—n3n4‘+2 (n_4)_W‘+(n_4) (n—l)—LnnLl
2— pa—
_ 2(n* —3n —4) N 2(3n) b (n—4) <2n—|—4)
n n n

:%m—@m+m.
(30)

Corollary 4.9. Let G = t,(w) be a tricyclic molecular graph with precisely seven cycles together
with w pendent vertices of order n = w + 4. Then, the following hold:

(1) LEL(G) = v/n+n,

(2) LEL(G) =2vn—4+ (n—4)/n—1.

Proof. According to Theorem 4.8, we have that 0, 1, 4 and n are the Laplacian eigenvalues of
G with multiplicities 1, n — 4, 2 and 1, respectively. And 0, n —4 and n — 1 are the Laplacian
eigenvalues of G with multiplicities 2, 2 and n — 4, respectively. Now, by using Equation (4)
the result follows. |
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4.1 LFE versus LEL of t,(r), t,(s), t,(t) and t,(w) and of their comple-
ments

In this section, we will give a graphical representation of the Laplacian energy
(LE) and Laplacian-energy-like of the tricyclic molecular graphs, i.e., of t,(r),
t.(s), t,(t) and t,(w), and of their complements, i.e., of t,(r), t.(s), t,(t) and
t,(w). The main purpose of this subsection is to indicate the minimal and maxi-
mal LE and LEL of the aforementioned molecular graphs with 2000000 vertices,
for this we have used python. The orange line in the graphs indicates LFE L and
the blue line indicates LFE in the aforementioned molecular graphs. We have
plotted the LE and LEL along the x-axis and the number of vertices along the
y-axis.

From Figures 6, 8, 10 and 12, we observe that initially LE and LEL coincide,
but when the number of vertices are increasing, then LFE is increasing by LEL
of t,(r), t.(s), t.(t) and t,(w). On the other hand, we face opposite situation,
ie., in Figures 7, 9, 11 and 13, we see that initially the LE and LEL coincide,
but when the number of vertices are increasing, then LFE is decreasing by LEL

of t,(r), t,(s), t,(t) and t,(w).

4000000 o

3500000 1

3000000

2500000 1
% 2000000
>

1500000 1

1000000

500000 -

o

0 250000 500000 750000 1000000 1250000 1500000 1750000 2000000
x-axis: Vertices (n = r+7)

Figure 6: The LE versus LEL of the tricyclic molecular graph t,(r). The data set contains of
the LE and LEL of t,(r) with n vertices, where 8 < n < 2000000. Clearly, the data set shows
that LEL is strictly less than LE for t, () up to 2000000 vertices.
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— LE@(r)

2500000000 1 LEL(tn(r)

2000000000 4

1500000000

1000000000 4

500000000

oA

0 250000 500000 750000 1000000 1250000 1500000 1750000 2000000
x-axis: Vertices (n = r+7)

Figure 7: The LE versus LEL of the tricyclic molecular graph t,(r). The data set consists of
the LE and LEL of t,(r) with n vertices, where 8 < n < 2000000. Clearly, the data set shows
that LE is strictly less than LEL for t,(r) up to 2000000 vertices.

4000000 1 — LE(t,(s))
LEL(tn(s))

3500000
3000000
2500000

% 2000000

IS
1500000
1000000

500000

0

o 250000 500000 750000 1000000 1250000 1500000 1750000 2000000
x-axis: Vertices (n = s+6)

Figure 8: The LE versus LEL of the tricyclic molecular graph t,(s). The data set consists of
the LE and LEL of t,,(s) with n vertices, where 7 < n < 2000000. Clearly, the data set shows
that LEL is strictly less than LE for t,(s) up to 2000000 vertices.

— LE(EED

2500000000 4 LEL(ty(s))

2000000000
£ 1500000000
3
S

1000000000 -

500000000

04

0 250000 500000 750000 1000000 1250000 1500000 1750000 2000000
x-axis: Vertices ( n = s+6)

Figure 9: The LE versus LEL of the tricyclic molecular graph t,(s). The data set consists of
the LE and LEL of t,(s) with n vertices, where 7 < n < 2000000. Clearly, the data set shows
that LE is strictly less than LEL for t,(s) up to 2000000 vertices.
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8000000 { — LE(t,(t)
LEL(t(1)

7000000
6000000
5000000

% 4000000
3000000
2000000

1000000

0

4 250000 500000 750000 1000000 1250000 1500000 1750000 2000000
x-axis: Vertices (n = t+5)

Figure 10: The LE versus LEL of the tricyclic molecular graph t,(¢). The data set consists of
the LE and LEL of t,(t) with n vertices, where 6 < n < 2000000. Clearly, the data set shows
that LEL is strictly less than LE for t,(¢) up to 2000000 vertices.

—— LE(tD)

2500000000 4 LEL(ta(t)

2000000000 -
21500000000 -
3
S

1000000000

500000000

oA

0 250000 500000 750000 1000000 1250000 1500000 1750000 2000000
x-axis: Vertices ( n = t+5)

Figure 11: The LE versus LEL of the tricyclic molecular graph t,(¢). The data set consists of
the LE and LEL of t,(t) with n vertices, where 6 < n < 2000000. Clearly, the data set shows
that LFE is strictly less than LEL for t,(t) up to 2000000 vertices.

4000000 1 —— LE(ta(w))
LEL(tn(w))

3500000 4

3000000 -

2500000 4
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2000000 -
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1500000 4

1000000 4

500000
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[ 250000 500000 750000 1000000 1250000 1500000 1750000 2000000
x-axis: Vertices ( n = w+4)

Figure 12: The LE versus LEL of the tricyclic molecular graph t, (w). The data set consists of
the LE and LEL of t,(w) with n vertices, where 5 < n < 2000000. Clearly, the data set shows
that LEL is strictly less than LE for t,(w) up to 2000000 vertices.
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— LE(ts(w))

2500000000 LEL(ta(w))

2000000000
% 1500000000
L

1000000000

500000000

0

o 250000 500000 750000 1000000 1250000 1500000 1750000 2000000
x-axis: Vertices (n = w+4)

Figure 13: The LFE versus LEL of the tricyclic molecular graph t,,(w). The data set consists of
the LE and LEL of t,,(w) with n vertices, where 5 < n < 2000000. Clearly, the data set shows
that LE is strictly less than LEL for t,(w) up to 2000000 vertices.

4.2 Application of LE and LEL

In addition to its classical use in chemical studies, stemming from its relation to
the energy the HMO total m-electron energy, LE and LEL i.e., Equations (1),
(2) and (4) have found unexpected applications in other areas of science.

The utilization of LE(G), LEL(G), and E(G) in QSPR/QSAR studies has

been investigated in several contexts. In particular, connections between graph
energies and entropy have been established. Graph-energy-related descriptors
have also been employed to model biologically relevant properties of proteins.
Furthermore, these measures have been applied in research on the genetic basis
of Alzheimer’s disease and in modeling epidemic spread. In addition, several
studies have proposed biochemical applications of LE(G), LEL(G), and E(G).
Applications of LE(G), LEL(G), and £(G) have also been explored in fields such
as pattern recognition and image analysis, with further attempts made to employ
them in medical studies of brain activity. These diverse biochemical, technical,
and medical applications highlight the broader relevance of graph energies and
provide justification for their development, which initially arose from abstract
and theoretical mathematical considerations. Such transitions from theory to
application are a recurring phenomenon in scientific research.
In Sections 3 and 4, we have obtained the exact formulas for LE and LEL for
specific families of bicyclic and tricyclic molecular graphs and their complements,
described in terms of the vertex count n, this means that if we have just the
number of vertices for these molecular graphs then we can exactly calculate the
LE and LEL immediately. In Subsections 3.1 and 4.1, we have presented the
graphical interpretation of these molecular graphs and of their complements, and
by these graphs we can see immediately which molecular graph has maximum
and minimum LFE and LEL.
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5 Conclusion

In [18] Radenkovi¢ and Gutman investigated the energy and LFE of acyclic molec-
ular graphs up to 14 vertices. In this paper, we have investigated the LE and
LEL of some classes of bicyclic (i.e., bicyclic molecular graphs with exactly 2 and
3 cycles, respectively) and tricyclic (i.e., tricyclic molecular graphs with 3, 4, 6
and 7 cycles) molecular graphs and obtained the exact formulas for LE and LEL
for these classes of graphs in terms of their orders. In Subsections 3.1 and 4.1
with the help of graphical interpretation, we showed that LE is strictly increas-
ing while the LFE L is decreasing up to 2000000 vertices. Furthermore, we showed
that LE is strictly decreasing while the LEL is increasing up to 2000000 vertices
for the complements of these bicyclic and tricyclic molecular graphs.

Conflicts of Interest. The authors declare that they have no conflicts of inter-
est regarding the publication of this article.
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