Iranian J. Math. Chem. 13 (3) September (2022) 201- 226

Iranian

>
bl
-
-
=

| J g IrRANIAN JOURNAL OF
imC e Mathematical Chemistry

Mathematical Journal homepage: ijmc.kashanu.ac.ir

University of Kashan

Original Scientific Paper

Resolving Topological Indices of Graphs

BADEKARA SOORYANARAYANA!"*, SOGENAHALLI BORAIAH CHANDRAKALAZ, GUJAR
RAVICHANDRA ROSHINI? AND MALLAPPA VISHU KUMAR*

"Department of Mathematics, Dr. Ambedkar Institute of Technology, Bengaluru, Pin 560
056, India

’Department of Mathematics, Nitte Meenakshi Institute of Technology, Bengaluru, Pin 560
064, India

3Department of Mathematics, Nagarjuna College of Engineering and Technology,
Bengaluru, Pin 562110, India

“Department of Mathematics, Reva University, Bengaluru, Pin 560 064, India

ARTICLE INFO ABSTRACT
Article History: Topological indices are graph invariants most suitable for
Received: 13 June 2021 underlined structures of chemical compounds. Most of the
Accepted: 17 April 2022 topological indices are defined on the well-known graph concepts
Published online: 30 September 2022 such as degree of a vertex, distances, eccentricity of a vertex, etc.
Academic Editor: Ali Reza Ashrafi In this paper, new type of degree of a vertex is defined with the aid
Keywords: of resolving property of the graph as the minimum cardinality of a
resolving set containing that vertex. The mathematical properties
Resolving set of this newly defined degree is established with the help of
Topological index standard graphs and an attempt to analyse its applicability in
Zagreb index chemical compounds are carried by taking silicate structures.

© 2022 University of Kashan Press. All rights reserved

1. INTRODUCTION

Throughout this paper, G(V, E) is a simple, undirected, finite connected graph, with vertex
set I/ and edge set E, respectively. The degree of a vertex a in G is denoted by deg.(a) and
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d(a, b) is the distance between the vertices a and b in G. We use standard terminology of
graph theory. For the terms not defined here we refer to the book [2].

Topological indices (TI) are the numerical invariants of a molecular graph and are
very useful for predicting physico-chemical properties of chemical compounds. A great
variety of such indices are studied and used in theoretical chemistry. The family of Zagreb
indices [3] is one of the oldest degree based TIs given as M;(G) = Y ey ds(a)? =
Yaveeldg(a) +dg(b)] and M,(G) = Y. qpe pdg(a) - dg(b). For related work on indices,
we refer to [5,7,8,9,11].

The concept of metric dimension, based on the resolving set was first studied by Slater
[12] and independently by Harary and Melter [4]. A subset S € V is said to be a resolving
set or locating set if for every pair of vertices a,b € V — S, there exists a vertex x € S such
that d(x,a) # d(x,b). The minimum cardinality of a resolving set of G is called metric
dimension of G, denoted by (G), and all resolving sets of cardinality B(G) is called metric
basis of G. For the related work on resolving sets and metric dimension we refer to
[1,10,13,14].

Recently in 2021, a new degree of a vertex called the domination degree of v, was
introduced in [5] based on domination sets having certain property. In [5], authors have
studied some basic properties of domination degree function and obtained exact values for
domination Zagreb indices of some families of graphs.

In this paper, we define the resolving degree of a vertex a denoted by dgz(a), as the
minimum cardinality of a resolving set of G containing the vertex a. That is, dg(a) =

min{|S,|: S, is a minimal resolving set of G containing the vertex a}. If the resolving degree
of every vertex is r then the graph is said to be resolving regular graph with resolving
regularity r. Let Ag (G) and 65(G) be the maximum and minimum value of resolving degree

of a vertex in G. Then, as the metric dimension of a graph G is at most one less than its order,
for every a € V it follows that;

U

Uy (%3
Figure 1. A graph G with 63(G) = 2, A3(G) = 3.
Example 1. For the graph G of Figure 1, the sets S; = {vq, 14}, So = {v1, U5}, S3 = {va, 14},
S, = {v,, v} are the only resolving sets of minimum cardinalities (such sets are called metric
basis). Thus, dﬁ(v1) = [S1] = [S2] = 2. dﬁ(”z) = |S3] = [S4] = 2, dﬁ(”z;) = [S1] = [S3] =
2 and dg(vs) = |S;| = |S4| = 2. But, the vertex vy is not in any metric basis. Now consider
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the set S5 = {v;, v3, v,} which is a super set of S; and hence a resolving set of G (note that
resolving property is super hereditary) of minimum cardinality containing the vertex vs.
Therefore, dg(v3) = 3.

2 BASIC RESULTS ON RESOLVING DEGREE

We recall the following result of Khuller et al. [6] and Harary et al. [4] for immediate
reference.

Theorem 2.1. [6] A connected graph G of order n has dimension 1 if and only if G = P,.

Theorem 2.2. [4] A connected graph G of order n(= 2) has dimension n — 1 if and only if
G = K,.

From the proof of Theorem 2.1, it is clear that only a singleton set containing one of
the pendent vertices of the path P, is its resolving set of minimum cardinalities. We record
this important fact in the form of the following lemma.

Lemma 2.3. For any vertex a € V(G) in a graph G, dg(a) = 1 if and only if a is a pendent

vertex and G = B,.

Lemma 2.4. A non-trivial graph G is resolving regular graph of resolving regularity 1 if and
only if G = P,.

Proof. Follows directly from Lemma 2.3, and Theorem 2.1. [

Corollary 2.5. 4 path B, is resolving regular if and only if n = 2.

Proof. Since none of the singleton subset containing an internal vertex of a path P, is a
resolving set, dg(v) = 2 for every internal vertex and dg(u) = 1 for an end vertex (by

Lemma 2.3), the graph P, is not resolving regular for any n > 3. Hence the result follow by
Lemma 2.4. u

Lemma 2.6. If G is a resolving regular graph of resolving regularity k, then A(G) < 3%71.

Proof. Let A(G) = [ and v be a vertex in G of degree [. Let a4, a,, ..., a; be the neighbours
of vin G. Let S be a minimum resolving set of G containing v. Then, |S| = dg(v) = k. Let
d(x,v) = a. Then, as |d(x,y) — d(x,z)| < 1 for every adjacent vertex y and z in G for any
x € S, it follows that d(x, a;) € {a,a + 1,a — 1} forevery 1 < i < [. So, x € S will resolve
at most 3 neighbours of v. Therefore, the element in S — {v} collectively resolve at most
3I81=1 neighbours of v. Hence |[N(v)| < 31-1 implies that A(G) = deg(v) = < 3% 1. =
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Theorem 2.7. A graph G is resolving regular of resolving regularity 2 then one of the
following holds.
(1) G is a cycle.
(i1) A(G) = 3, every vertex v of degree 3 lies in an odd cycle C of G such that every
chord of C is parallel to an edge incident with v.

Proof. Let vy, v4, ..., v,,_1 be the vertices of C, in order. Then, for each 0 <i <n —1, no
pair u, v € {vy, vy, ..., Vp_1} Which are equidistant from both the vertices v; and v;;1(mod n)
and hence, S = {v;, v;,1} resolves Cy. So, dg(v;) = 2 for every 0 < i <n — 1. This shows
that C,, is a resolving regular graph of regularity 2.

Let us assume that G is resolving regular graph of regularity 2. If G is not a cycle,
then G is a path or A(G) = 3. But, by Lemma 2.3 and Corollary 2.5, G can not be a path. By
Lemma 2.6, A(G) < 3. Therefore, A(G) = 3. Let us now consider the graph G with A(G) =
3. Let v be a vertex of degree 3 in G and a4, a,, a; be the neighbours of v. Let S = {v, x} be
a resolving set of G and d(x,v) =a. Then, as in the proof of Lemma 2.6,
{d(x,a1),d(x,a;),d(x,a3)} €S {a,a + 1,a — 1}and d(x,q;) # d(x,aq;)) for1 i <j<3
(Since d(v,a;) =1 for every 1 <i < 3). Thus, {d(x,a,),d(x,a,),d(x,a3)} ={a,a+
1, « — 1}. Without loss of generality, let d(x,a;) = @ and d(x,a,) = a — 1. Then, v and a,
lie in different shortest paths from x. Let P; and P, shortest paths from x to v and x to a4,
respectively. Then, P; and P, together with the edge va, is an odd cycle C of G, and contains
the vertex v and edge va,. Without loss of generality, we assume that C is the smallest odd
cycle containing v (else we can choose new x which is antipodal to both v and a4, in the
smallest odd cycle induced by the vertices of C). If possible, let v;v; be a chord of this cycle

C. Then clearly, both v; and v; cannot lie in the same path. Let d(x, vj) = k. Thend(x,v;) €
{k,k + 1,k = 1}. We first see that (x,v;) # k £ 1. In fact, if d(x,v;) # k £ 1, then the
length of the cycle C":v —a; — -+ —v; —v; — - —a, —visequalto 1 + (a—(k+1)+
1+ ((a -1)— k) +1=2(a—k)+1 is odd, a contradiction to the fact the C is the
smallest odd cycle containing v. Therefore, d(x, v;) = k. But then, d(a,, v;) = d(v, vj) =
a — k and hence, v;v; is parallel to va,. Hence the theorem. ]

Remark 2.8. The converse of the above theorem need not be true in general. For example,
K, satisfies the condition, but K, is resolving regular of resolving regularity 3.

Lemma 2.9. 4 resolving regular graph G of resolving regularity 2 cannot have a sub graph
isomorphic to K.

Proof. If possible, suppose that G has a sub graph H isomorphic to K, and V(H) =
{vi,V2,v5,0,}. Let x be any vertex of G and d(x,v;) =a. Then {d(x,v,),
d(x,v3),d(x,v,) € {a,a—1,a+1}. But |{d(x,v,),d(x,v3),dx,v)}n{a—1, a+
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1}| = 1 and hence |{d(x, v;), d(x,v3),d(x,v4)}| = 2. So, no two-element set will resolve
the vertices in H, a contradiction to the fact that resolving regularity of G is 2. ]

Lemma 2.10. 4 non-trivial graph G is resolving regular graph of resolving regularity n — 1

if and only if G = K,,.

Proof. Follows directly by Theorem 2.2 and vertex transitivity of K,,. [

Lemma 2.11. For every vertex v of a connected graph G,
B(6) < dg(w) < BG) +1,
and dg(v) = B(G) if and only if there is a metric basis containing v.

Proof. Let S be a metric basis of G. Then |S| = B(G) and for each v € S, S is the smallest
resolving set containing v. Also, for each v € S by the property of super hereditary of
resolving sets, the set S U {v} is a resolving set containing v. Thus, for dg(v) = [S| = B(G)

forallv € Sand dg(v) < |S|+1=B(G) +1forallv € V(G) —S. n

3 RESOLVING DEGREE BASED TOPOLOGICAL INDICES

Using the notion of newly defined dg(a), we now formally introduce new TIs called the
resolving topological indices as follows:

Definition 3.1. For a connected non-trivial graph G(V,E), the first resolving Zagreb index
are defined as

BM1(G) = Yaev dﬁ (a)? (2)

sM;(G) = Tapee|dg(a) + dg(b)] (3)
Definition 3.2. For a connected non-trivial graph G(V,E), the second resolving Zagreb
index are defined as

sM3(G) = Taper [dg(a) - dg(D)] 4)
Remark 3.3. In view of Lemma 2.11, the Equations (2), (3) and (4) can be written as
sMi(6) = € (B(®)” + V()] = HBG) +1)? (5)
pMi(G) = 2|[E(G)|B(G) + (1 + 272) (6)
sM2(6) = [E@I(B(6)” + (n1 + 2n)B(6) + 7, (7

where
¢ = |{v:dg@) = B,
m = |{e =uv € E(6):dg(w) = B(6), dp(v) = B(G) + 1},
Ny = |{e =uv € E(G):dg(u) = dg(v) = B(G) + 1}| )
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Note. The indices sM;(G) and ;M7 (G) are not identical. In fact, for the graph of Figure 1,
sM1(G) = 4(2)% + 1(3)2 = 25,
sM;(G) = [2 + 2] + 4[2 + 3] = 24,
sM(G) = [2x 2] + 4[2 x 3] = 28.
However, if dg(a) = deg(a) foralla € V, then ;M,;(G) = zM;(G). The following
proposition shows the existence of such a graph.

Proposition 3.4. For a connected graph G of order n, gM,(G) = gM;(G) and zM,(G) =
lifand onlyif G = P,.

From Lemma 2.4, Lemma 2.10 and Equations (2) and (3), it is clear that for every
non-trivial connected graph G the following hold.

2 < gMy(G), gM;(6) < n(n—1)? (8)

Remark 3.5. The equality in Equation (8) holds only for the complete graphs. In fact
pM;(G) = 2 and the equality hold only if G = K, and gM;(G) < n(n — 1)? holds only for
K,.

We now obtain improved bounds for most general cases.

Theorem 3.6. For any non-trivial connected graph G of order n,

2(2n—3) < gM;(G) <n+ (n—2)B(6)* + 2n— DB(G). 9)
2(2n —3) < pM;(G) < ((n— 1)B(G) + n)A(G) (10)
8(n —2) <23M,(G) < (nf(6G)?* + (2n — 1B(G) + MA(G). (11)

Proof. Let S be a metric basis of G. Then, by Lemma 2.11, dg(v) = f(G) forall v € S and
dg(v) < B(G) + 1forallve S =V(G) -S.
Now substituting these in Equation (2), we get
ﬁM1(G) = Yaev dﬁ(a)z
= Yaes dﬁ (a)z + XYaes dﬁ (a)2

< Yaes BG)? + Zaes (B(G) +1)°
< ISIB(G)? + IV(G) — SI(B(G) + 1)?
ie pMi(G) < B(GIBG)* + (n— BGHBG) + 2
Simplifying this we get Equation (9). Similarly substituting the above degrees in (3) and (4),
yields
gM;(G) = Yaper[ds(a) + dg(h)] = Yaev deg(a) dg(a) < A(G) Yaey dp(a)
= A(G)(Zaes dp(a) + Taes dg(a))
< AG(ISIBG) +1V = SIBG) + D)
= MG (BGBG) + (= BGHEBG) + 1)
= A(G)((n — 1DB(G) + n), which is Equation (10).
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ﬁMz (G) = ZabEE [dﬁ (a) : dﬁ (b)] = %Zaev[dﬁ (a) ZbEN(a) dﬁ(b)]
= % [Zaes(dﬁ (a) ZbeN(a) dﬁ (b)) + 2a€§(dﬁ (a) ZbEN(a) dﬁ (b))]
< 2 [Zaes(B(@) Toen@BG) + D) + Zaer—s[(BG) + 1) Tpen(@(BG) + D]
= [Baes BOLBG) + 1) deg(@)] + Laey-s(BG) + DIB(G) + 1) deg(a)]]
< ZA(G)[Zaes BG)BG) + 1) + Laey-s(B(G) +1)?]
= ~A@IISIBEGBG) + 1) + IV = SI(BG) + 1)?]
= ~A@BGOBEGBG) + 1) + (n = BE)BG) +1)?]

= ;A@)[(n = DPG)* + (2n = DB(G) + 1],
which proves Equation (11).
Lower bounds follows from Lemma 2.3 (since a connected graph on # vertices has at
most two vertices of resolving degree 1 and at least n - 1 edges). [ |

The lower bound in Theorem 3.6 is tight and is justified by the following theorem.

Theorem 3.7. For a path graph B,, gM;(B,) = gM;(B,) =2(2n—3) for n =2 and
gMy(P,) = 4(n — 2) forn = 3.

Proof. In a path P,, dg(v) = 1 only for two of its end vertices and hence dg(u) = 2 for all
the remaining n — 2 internal vertices (by Lemma 2.11). Thus, substituting these in (2), we
get gM1(G) = Ygev dg(@)® = (1)2 X2+ (2)* X (n—2) = 4n — 6.

Also, for each of the 2 pendent edges the resolving degree of its end vertices are 1 and 2,
and for each of the other n — 3 non-pendent edges the resolving degree of each of its end
vertices is 2. Substituting these in (3) and (4), we get

sM;(G) = Tapee|dg(a) + dg(b)]
=[1+2]x2+[2+2]X(n—3)=4n—6,and
M2 (G) = Yaper|dg(a) - dp(b)]
=[1x2]x2+[2%x2]x(n—-3)=4n—8.
Hence the theorem. ]

The following lemma is a direct consequence of definition of resolving regularity of
a graph.
Lemma 3.8. If G is a graph with n,m and r as its order, size and resolving regularity
respectively then, gM,(G) = nr?, pMi(G) = 2mr and gM,(G) = mr2. In particular, if r
= 2 and G is uni-cyclic, then gM;(G) = 4n, gM;(G) = gM,(G) = 4m.

Corollary 3.9. For a cycle graph C,, (n = 3),
3M1(Cn) = [?MI(Cn) = [?MZ(Cn) = 4n.
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Proof. The proof follows from Theorem 2.7 and Lemma 3.8. |
Corollary 3.10. For a complete graph K,, gM;(K,) = gM;(K,) =n(n—1)* and
pM,(K,) = %(n —1)3 forn > 2.

Proof. Follows by Theorem 2.9 and Lemma 3.8. ]

Remark 3.11. For any non-trivial graph G,

1. 3¢ {zM(G), pM;(G), gM,(G)},
2. 4¢{M;(G), pM;{(G)}, and
3. sMy(G) = 4ifand only if G = P.

Theorem 3.12. For the star graph Ky ,,, gM; (Kl,n) =nn?-n+1), gM; (Kl,n) =n(2n —
1) and gM,(K;,) = n?(n—1) forn > 2.

Proof. Let u be the central vertex and v; be the pendent vertices of K; ,,. As each of the
pendent vertices v; is at distance 2 from remaining all other pendent vertices, S, contains
n — 1 pendent vertices including v; and S,, = S,,; U {u}. Thus, dg(v;) =n — 1and dg(u) =
n. Hence, ﬁM1(K1,n) =nn—-1)2+n =n(n?-n+1), ﬁMI(I{n) =n((n—1 +
n) =n(2n—1) and ﬁMz(Kl,n) = n((n—1) xn) = n?(n — 1). Hence the theorem. u
Theorem 3.13. [9] If' S is a metric basis and v be the central vertex of the wheel W ,,, then
vy & S for everyn > 4.

Theorem 3.14. [9] For a wheel Wy ,, n = 3,

_([2n—=2)/5] if n#3,6
ﬁ(G)_{ 3 ifn=3,6

Theorem 3.15. For a wheel Wy ,, n = 3,

(B2 + 1) +n([57])" irm=ss

(). My (Wi ) = 36 ifn=3 >
70 ifn=6
2n-2 .
(4[5]+1)n if n+ 3,6
(). pMi(Win)={ 36 ifn=3 -
78 ifn=6
n[Z2| (2|2 +1) ifn=36
(ii).  pMy(Win) =4 54 ifn=3

126 ifn=6
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Proof. From Theorem 3.13, Theorem 3.14, and Lemma 2.11, it follows (by symmetry) that
for every rim vertex v; (1 < i < n) of the wheel graph

dy(v) = {[(Zn 2)/5] ifn # 3,6

ifn=3,6"
Also, for the central vertex v,

[(2n—2)/5]+ 1 ifn # 3,6
dp(vo)={ 3 ifn=3
4 ifn=6

Therefore, substituting these in Equation (2), gives
pMq (W1 n) Yaev dp (a)? = [dp ()] + X1 1ldp (w)]?

([Zn 2] + 1) +n ([Zns_zl)z ifn # 3,6
9(n+1) ifn=3 -
9n + 16 ifn=6

Substituting the above resolving degrees in (3) and (4), gives

sMi(Wyp) = Tapee|dg(a) + dg(b)]
?:1[dﬁ (vo) + dﬁ (vi)]
Y ds(v) + dg (i) + [dp () + dp(v1)]
([2” |41+ =)+ 2n [ ifn =36

6n + 6n ifn=3
7n + 6n ifn==6
( [2” 2]+1) ifn 3,6

~) 12n ifn=3 -
13n ifn==6

sMa(Wy ) = Tapee|dp(a) - dp(b)]
= Z?:l[dﬁ (vo) X dﬁ(vi)]
+ 2 dg (v x dp(vig1)] + [dg (vn) X dg(vy)]

;(([Zn 2 1) - ) m([])” it 3

9n + 9n ifn=3
12n +9n ifn==6
n[%]( [Zn 2]+1) ifn+ 3,6
- 18n ifn=3 -
21n ifn==6
Hence the theorem. [ |

The corona product of two graph G, and G,, denoted by G; © G, is defined as the
graph obtained from G, and G, by taking one copy of G; and |V (G,)| copies of G, and joining
by an edge each vertex from the i**-copy of G, with the i*"-vertex of G;.
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Theorem 3.16. For a comb graph P, © K; (n = 1),

2(2n—=3), ifn=1,2
(1). ﬁMl(Pn OK) = {29, ifn=3,
6(3n—75), ifn=>4
2(2n—=3), ifn=1,2
(i1). ﬁMf(Pn OK)= {23, ifn=3 ,
26n—7), ifn=>4

4(n—2), ifn=12

(ii). MR, O Ky) = {26, ifn=3 .

18n—31, if n> 4

Proof. Let G = B, © K; with V(G) = {v;,u; : 1 < i < n} and (G) = {v;Vi41, ViU, Vpliy,
1<i<n-—1}. Whenn =1, 2, G is a path and hence, the result follows by Theorem 3.7.
For n > 3, it is easy to see that the set {u;, v,,} forany 1 < i < 2 is a metric basis. Hence, by
symmetry dg(v) = B(G) = 2, for all the vertices v € {vq, Uy, Uy, Uy, Up_1,Uy}. Further, as

G has no odd cycles, foreachof v;,2 < i < n—1,dz(v;) = 3 (by Theorem 2.7 and Lemma

2.11). Finally, for each u;, 3 <i <n -3, d(u;, vj42) = d(u;, uj;1) = 3, and (similarly
d(u;, vi—z) = d(ug, ui—g) = 3) d(x,v;42) = d(x,u;41) for every x € {v;,vj,u;:1<j<

i — 1} (similarly d(x,v;_;) = d(x,u;_,) for every x € {v;,v;,u;:i +1 < j < n}). Hence,
dg(u;) > 2 implies that dg(u;) = 3, for every 3 < i <n — 3. Thus, for the graph G, the

parameters

i=fo

ifn=3 (3, ifn=3 _ (0, ifn=3
ifn24”’1‘{4, ifnz4and’72_{2n—7, ifn>4

Substituting these in Equations (5), (6) and (7), gives

pM1(G)

M, (G)

=¢B(6)* + (IV(®)| - H(BWG) +1)?
5(2)%2+(6—5)2+1)?% ifn=3

16(2)2+@2n-6)2+1)? ifn>4

29, if n =3

l6(3n—5), ifn=4.

= 2|E(®I|B(G) + (. + 213)

_(2(2n = 1)2 + (3 + 2(0)), ifn=3
“l2@n-12+@A+22n=7)), ifn=>4
23, ifn=3

2(6n—7), ifn=4
= E@I(BG)) + (11 + 2n)B(G) + 7,

_(@n=-1D@)*+(3+2(0))(2) +0, ifn=3
B {(Zn —D2)2+(4+202n-7)@)+2n-7, ifn=4
3 {26, ifn=3

18n—31, ifn=4

Hence the theorem. [



Resolving Topological Indices of Graphs 211

Theorem 3.17. For the sunlet graph S,, = C,, © K; (n = 3),

' ((8n, if nis odd
@.  pMi(Sp) = 18n, if nis even’
) . _( 8n, if nisodd
(D). pMi(Sp) = 12n, if nis even’
8n, if nisodd
(ii)). pMz(Sy) = 18n, if nis even’

Proof. Since S, is a 3-regular uni-cyclic graph, by Lemma 2.7 and its proof, it is clear that
dg(v) = 3 for every vertex of degree 3 (i.e for the vertices of Cy, in S,,) whenever 7 is even.
Further, for each pendent u vertex the set {u, w} is a resolving set only if {u’, w} is a resolving
set where u’ is the support of u. So, as dg(u') = 3 (support is in C,), get dg(v) = 3, for
every vertex v of S,, whenever n is even. To prove the reverse inequality, let V(S,) =
{fviu;: 0<i<n-—1} and E(S,) = {(ViViy10moan), Vilti : 0 < i <n — 1}. Consider the
sets Sy, = {vi, vi+§ , vi+§_1} and Sy, = {ui, ui+§ ,ui+§_1}. The sets S, and S, are resolving
sets of S,,. Hence, by symmetry, we conclude that dg(v) = 3, for all each vertex v of the
graph S,, whenever n is even.

When 7 is odd, the sets S, = {Vi, Viq|ns2)} and Sy; = {u;, Uiy |n/2)} are clearly
metric basis. Hence, by symmetry, we conclude that dg(v) = 2, for all each vertex v of the
graph S,, whenever 7 is odd.

Substituting these in Equations (2), (3) and (4) gives, gM(S,) = gMi(S,) =

pM;(S,) = mr? = 2n(2)% = 8n for all odd n, gM,(S,) = (2n)3% = 18n, zM;(S,) =
2mr = 2(2n)3 = 12n, and gM,(S,) = mr? = 2n(3)* = 18n for all odd n, proving the

theorem. u

Theorem 3.18. For any connected graph G of order n and size m, and any integer p = 2,

5 3 2 oo
. p>—2(n—1Dp° + (n—1)p, ifn=1
. gM (G Ky) =
M. g 1(G O pKy) (n3p3 —n3p? —n(n—Dp+nn—172, ifn>2
y (2p° —p, ifn=1
. gM;(G K;) =
(D). pMi(G OPK = 150202 4 (2n(m —n) + Dp - 2Gmn—1), if n = 2
3 2 oo
p* —p? ifn=1
. oM, (G K,) = .
(ii). g (G O pKy) (n2p3 + (m —n)np? —m(m—1), if n > 2

Proof. Let G; = G O pK;. Whenn = 1, the result follows by Theorem 3.12. Let n > 2. The
graph G; contains p pendent vertices attached to each vertex of G and hence to resolve G,
each metric basis shall contains exactly p — 1 pendent vertices out of p pendent vertices at
every vertex v of G (since these are the only vertices will resolve the vertex v as well as all
the pendent vertices at v). Thus, 8(G;) = (p — 1)|V(G)| = n(p — 1), also (in G,) for each
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pendent vertex there is a metric basis containing it and no metric basis contains any vertex
of G. Hence, dg(v) = B(G,) + 1 for every non-pendent vertex v of G; and dg(u) = B(G;)
for every pendent vertex u of G;. Thus, for the graph G, the parameters é = n; = p|V(G)| =
np, and 1, = |E(G)| = m. Substituting these in Equations (5), (6) and (7), gives

sM;(Gy) = np(n(p — 1))2 +(mp+1) —np)(n(p -1 + 1)?
=n3p3 —n3p? —n?’(n— Dp + n(n — 1)2.
gMi(Gy) = 2(m+np)(n(p — D) + (np + 2m)
=2n’p?+ 2n(m —n) + Dp — 2(mn — 1).
pMy(G) = (m + np)(n(p — 1))2 +mp+2mn(p—1)+m
=n?p3 + (m — n)np? —m(m — 1).
Hence the theorem. [

4. SPECIAL CLASSES OF TREES

In this section, the newly defined indices are studied for certain classes of trees. Consider a
tree T which is not a path. Let uq, u,, ..., ux (k = 3) be the end vertices of T. Let P; denotes
the maximal induced path of T containing the vertex u; and exactly one vertex of degree
more than 2in T, for 1 < i < k. Let t; denote the size of the maximal induced path P;. For,
each vertex v € V(T), let y(v) = |[{P;:v € V(P;)}|. Then, clearly S(G) = ¥\ )0y (v) —
1). Further, for every 1 < i < k, each of the 7; vertices of P; with y(v) = 1 lies in a metric
basis containing it if and only if y(u) = 2 for some u € V(P;).

4.1 SUBDIVIDED TREE

The subdivision of a graph G, denoted by S(G), is a graph obtained from G by inserting a
vertex on each edge of G.

Theorem 4.1. For any tree T on n vertices which is not a path,

(). pM(S(T)) = 23M,(T) — (B(T) + 1)%,

(). pMi(S(T)) = gM;(T) +2(n — DB(T) + 2n,.

(D). My(S(T)) = 2pMy(T) — (T,
where & = |{v € V(T) : dg(v) = B(D}I, 1 = |{uv € E(T): |dg(w) — dp(v)| = 1}| and
Ny = |{uv € E(T):dg(u) = dg(v) = p(T) + 1}|
Proof. Let &, n,,7n, be the value of the parameters the given tree T on n vertices. Let &',
N1, N be the same parameters corresponding to the graph S(T). Then, by the definition of
S(T), it is easy to see that & =2¢, n' =|V(S(T))|=2n—1, n{ =ny, 0} =2n,,
|E(S(T))| = 2(n — 1), B(S(T)) = B(T). Now, substituting these in (5), (6), and (7), we get
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gM1(S(T)) = &BESTN? + (IV(SM)] = &)(BEM) + 1)?
= 28B(T)* + (2n — 1= 28)(B(T) + 1)?
=2(B(T)* + (n = (B + 1)?) — (B(T) + 1)?
= 2,My(T) = (B(T) + D)™

pMi(S(T)) = 2|E(S(T)IB(S(T)) + (1 + 2n3)
=2x2n—-1BT) + (1 +2(2n7)
=4(n—1DP(T) + (ny + 412)
= gMi(T) + 2(n — DB(T) + 27,.

Mo (S(T)) = [ESTNI(BESTN)” + (0 + 2n3)B(S(T)) + 1
= (2n = 2)B(T)* + (n, + 4n2)B(T) + 21,
= 2[(n — DB(T)* + (1 + 2n2) B(T) + 121 = n1B(T)
= ZﬁMz(T) —mpB(T) .

Hence the theorem.

4.2 BROOM GRAPH

213

A Broom Graph B, , is a graph of n vertices, which have a path P with r vertices and (n —

r) pendant vertices, all of these being adjacent to one of the end vertex of P.

Theorem 4.2. For a Broom Graph B, ,,n =71 = 1.

(n—1)(n*> —3n +3), ifr=1,2
sM;(B,,) =42(2n-3), ifn—r=01andr >3,
m—r)Y(n?>—nr+2)+1, ifn—-r=>2, and r >3
(n—1)(2n-3), ifr=1,2
sM;(B,,) =42(2n-3), ifn—r=01andr >3,
2n—-1)(n-r)+1, ifn—r=>2, and r =3
(n—1?%(n-2), ifr=1,2
sMy(B,,) ={4(n—2), ifn—r=01andr > 3.

m—-r)n?>—-nr+1), ifn—-r>=2, and r >3

Proof. Let G = B, with V(G) = {v;,: 1 <i<n}and (G) ={v;v;4;: 1 <i<r—1} U
{vyvvj:1<j<n-—r} When r =1, 2 the graph G = K;,_1, so the result follows by
Theorem 3.12. If n =r,r + 1, then G = P,, so the result follows by Theorem 3.8. For n >
r+ 2 >4, it is easy to see that u; = vy, Uy = Vypq, Uz = Vpyo,ees, Un_pp1 = Up_p are the
end verticesof G,sok =n—r+1,7; =r —1,7; = 1,forall 2 < i < k. Further, the vertex

v, lies in every P; path and r(v,.) = k > 1. Hence, every vertex in P;, except v, lies in a
metric basis for every 1 <i < k. Therefore, { =n—1, ny=k=n—-r+1, n, =0,
B(G) =X m>o(y(v) —1) =y(».) —1=k —1=n—r. Hence, Equations (5), (6) and

(7), gives
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gMi(G) = (n—D(n—1r)*+ (n—(m-1))n—-r+1)?
=m?>—nr+2)(n—7r)+1.
sMi(G) =2(n—D(n—1)+ (n—r+1+2(0))
=2n—-1Dn-r)+1.
M) =(n—1D(n-7r)’+m-r+1+0)(n~-1r)+0
=m?>—nr+1(n-r).
Hence the theorem. u

4.3. DOUBLE STAR GRAPH

A double star DS,  1s a graph obtained by adding an edge between a central vertex v, and a
central vertex u, of the star graphs K, ,. and K ¢, respectively.

Theorem 4.3. For the givenr,s € Z* withr < s, and the double star DS, s,
10, ifr=s=1
(i). gMy(DS,) =425 ifr=1s5=2
r+s)3—-20+s)?>+2, ifr,s=> 2
10, ifr=s=1
(ii). pM;(DS,s) =419, ifr=1s5=2
2r+5)2 = (r+s)—2,if r, s>2
8, ifr=s=1
(ii). pM,(DS,s) =422, ifr=1s=2
r+s)3-20r+s)?+1, ifr, s>2
Proof. Let G = DS, ;. When s = 1, the graph G is isomorphic to P, and hence the result
follows by Theorem 3.8. When r = 1 and s = 2, it is easy to see that for every vertex v of
degree at most 2, the set S = {u, v} is a metric basis, where u is a pendent vertex not adjacent
to v. Also, for the vertex of degree 3, at least two of its neighbours are equidistant from every
other vertex. Thus, dg(v) = 2 for the vertices of degree at most 2 and dg(v) = 3 for the
vertex of degree 3. Hence,

pM1(G) = Toey dp(a)? = 4 x 22 +1 x 3% = 25,
sM;(G) = Tapee|dg(a) + dg(b)] =1x [2+2]+3 x[2+3] =19,

sM;(G) = Taper|dg(a) - dg(b)] = 1 x [2 X 2] + 3 X [2 X 3] =22.
Let us now consider the case 7,5 = 2. Let vq, v, ..., v, be the end vertices of K ,- and
Uy, Uy, ..., Ug be the end vertices of K ;. Then these are the only end vertices of G, so k =
r+s.Also,t; =1, forall 1 <i <r, v, is common to all P;s fori =1,2,...,r, and u, is
common to all Pj's forj = 1,2, ..., s. Therefore, v lies in a metric basis for every v € V(G) —
{vo, wo}; y(vg) =r and y(uy) =s.S0, E=|V(G)|—2=r+s,mm=k=r+s,1n,=1
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(the edge Vouo), B(G) = Tywmo(r () — 1) = y(e) = 1+ () =1 = (r = 1) + (5 —
1) = r + s — 2. Hence, Equations (5), (6) and (7), gives
gMi(G) =(r+s)r+s=2+((r+s+2)—(T+s)r+s—-2+1)°
=(r+s)r+s—2)2+2(r+s—2+1)>
= +s5)>3-2(r+s)?+2,
gMi(G) =2(r+s+ D +s—-2)+ (@ +s+2(2)
=2(r+s)*—-(r+s) -2,
sM(G) = r+s+Dr+s—-2)2+(r+s+22Q))r+s—-2)+2
= +s)>3-2(r+s)?+1.
Hence the theorem. u

4.4. GENERALIZED BROOM GRAPH

A generalized broom graph, denoted by B, ,(v), is a graph on n vertices obtained by
attaching n — r > 2 pendant vertices to an internal vertex v of the path P,.

Note. If v is an end vertex of P, then B, ,(v) = B, ,. Therefore, we consider a non-pendent
vertex v in the following theorem.

Theorem 4.4. For the given n,v € Z* and the generalized broom graph By ,,(v),
(). My (B, (v)) = n(n—r+1D?+2(n—-r+1)+1,
(). pMi(By,(»))=QRn—-Dn-r+1)+1,
(iii). pMy(Bn,(v))=n(n—r+1)?+ n—7r+1).

Proof. Let vy, vy, ..., v, be the vertices of the path P, in order. Let = B, (v;), 2 < i <1 —
1. Then, G has n — r + 2 pendent vertices and only one vertex namely v; is of degree more
than 2 which is adjacent to two vertices of pat. Thus, similar to the broom graph, B(G) =
n—-r+1,¢{=Mn-r)+(r—-1)=n—-1,n, =n—r+2,n, = 0. Hence, Equations (5),
(6) and (7), gives
M) =(n—Dn-r+1D?+(n—(n—-1))n—-r+2)
=nn—-r+1?+2(n—-7r+1)+1,
sMi(G) =2(n—D(n—r+ 1D+ (n—7r+2+2(0))
=@2n-1Dn-r+1)+1,
M) =(n—D(n—r+1D?*+(n-r+2+20)(n—r+1)+0
=n(n—-r+1*+(n—-r+1).
Hence the theorem. [

4.5 DOUBLE BROOM GRAPH
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A double broom graph denoted by B,, ;. ,, is a graph on n + 17 + 1, vertices obtained from

P, by attaching r; pendent vertices to one of its end vertices and attaching r, pendent vertices
to another end vertex.

Theorem 4.5. For the given n, 1y, 15, € Z¥ withr,1, = 2,

(). ﬁM1(Bn,r1,rz) = (n+nr)P+ M- +1)*+2Q2 -n)(ry + 1) +n,

(i)- pMi(Byr,r,) = 2[(r +1)% + (0 — D (11 + 1) + 1],

(iii). pMy(Bpryr,) =2(rn +12)3 4+ 2n—9)(r, + 12)? —6(n— 2)(ry + 13)
+5(n —1).

Proof. Let G = B, r,. Since 14,7, = 2, each pendent vertex of G are in some metric basis.
Also, no vertex of P, is in any metric basis (since deletion of such vertex from a resolving
set still resolve the vertices of G). Thus, similar to the broom graph, (G) =1, + 1, — 2,& =
rn +1,1n =1 +1, 1, =n—1 (for the edges of B,). Hence, Equations (5), (6) and (7),
gives
pMi(G) = +r)n+n—-22+(n+r+r—(n+1r)) +r—1)?
=+ + 1, =2)2 + (M) + 1, — 13,
gMi(G) =2(n+r+1r,—-2)(n+rp,— 1)+ (r1 +7r,+2(n— 1))
=2[(n +1)*+ (n— Dy + 1) +1],
sMx(G) =2+ +r, =D+, =22+ +1+2n-2)(n+nr,—2)+n—-1
=2 +1)2+02n—-9)(r +1n)?2—6(n—-2)(r, +1r,) +5(n—1).
Hence the theorem. ]

4.6. THORN STAR GRAPH

A Thorn Star, denoted Sy, is a graph obtained from a star K; ; by attaching t — 1 terminal
vertices to each of the star arms.

Note. For the case k = 1, the graph Sy, is isomorphic to double star. Hence, we consider the
case k = 2.

Theorem 4.6. For the given k.t, € Z+ with k,t = 2,

2k3—3k2+2k, ift=2
i), M;(Si:) = ’
(1) B 1(Skr ) k(t—2)[(t—2)tk? +tk+2]+k+1, ift >3
) ) _ (k(4k + 1), ift=2
@) pMi(Ske) = o0t — 29k2 4+ (t+ Dk, if 0> 3"
(ke — 1Dk + 1), ift=1
(ii).  gMz(Ske ) = k[2t(t —2)%k* + (¢ + 1)(t —2)k + 1], if t = 3°

Proof. Let G = Si .. When t = 2, the graph is subdivision of K;; and hence the result
follows by Theorem 4.1 and Theorem 3.12.
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2
gM1(Sir ) = 25My(Kyx) — (B(Kix) +1)
=2k(k?-k+1)—(k—1+1)?
= 2k3 — 3k? + 2k.
gMi(Sie) = pMi(Kyy) + 2(n — DB Ky ) + 2n;
=kQRk—-1+2(k+1-1(k—-1)+2(0) = 4k? + k.
pM; (Sk,t) = zﬁMz(Kl,k) —mB(Kik)
=2k?(k—1)+k(k—1) =k(k -1k + 1).

For t > 3, the graph G has k(t — 1) end vertices and only for these end vertices
dg(v) = B(G) = k(t — 2). Thus, & = k(t — 1). Further, for only t —1 pendent edges
attached at each of the k end vertices of K; j, the difference in their resolving degree is 1 and
hence n; = k(t — 1). Finally, for the k edges incident with the central of K; ; in G degree of
both of its end vertices is £(G) + 1 and hence 1, = k. Hence, Equations (5), (6) and (7),
gives

M1 (G) = k(t — D[k — 2)]* + [(kt + 1) — k(t — D][(k(t = 2) + 1]?
=k(t—2)[(t—2)tk? +tk+2]+k+1,
gMi(G) = 2(kt)k(t —2) + k(t — 1) + 2(k)
=2t(t—2)k* + (t + Dk,
sMy(G) = 2(kt)k?(t —2)* + [k(t — 1) + 2k]k(t —2) + k
= k[2t(t —2)%k? + (t + 1)(t — 2)k + 1].
Hence the theorem. |

5. SILICATE STRUCTURE

In this section, the newly defined indices are applied for the study of different silicate
structures. Silicates are abundantly available minerals which are very essential in a vast array
of industries, the main ones being the glass, foundries, construction, ceramics, and the
chemical industry. For rock forming minerals, silicates serve as the building blocks. All
silicates contain Si0, tetrahedron structure, which is shown in Figure 2, in which red vertices
represent oxygen ions and grey one is the silicon ion. Molecular graph of Si0O, is as shown
in Figure 3, where oxygen atom represents the vertices of the graph. When » tetrahedrons
augmented linearly with other, then a single-row silicate chain is obtained and is denoted as
SL(n). Figure 5 shows the molecular graph SL(5) which contains 5 silicates tetrahedrons.

Figure 2. Si0, molecule and its 2-dimensional representations.
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5.1 SILICATE MOLECULAR GRAPH

Figure 3. Molecular graph of Si0,.

Silicate molecular graph is a complete graph K, which is a 3-resolving regular graph.
Hence M;(G) = 4(3)% = 36, M;(G) = 6(3 + 3) = 36 and M,(G) = 6(3 x 3) = 54.

5.2 SILICATE PAIR

Figure 4. Silicate Pair (Si,0,)% known as Pyrosilicate.

For the Silicate pair graph G, every metric basis S of G shall contains exactly two
vertices of degree 3 from each copy K, in G. Thus, it is easy to see that S(G) = |S| =
2X2=4,ds(v) = B(G) = 4 for every v with dg(v) = 3,

¢ ={vidp(w) =3} =6,

m = [{uv € E(G): |dp(w) — dp(v)| = 1}| =6,

n2 = |{uv € E(G): dg(u) = dg(v) = B(G) + 1}| =0.
Therefore, Equations (5), (6) and (7) gives,

sM.(G) = 6(16) + (7 — 6)(25) = 121,
sM;(G) = 2(12)(4) + (6 + 0) = 102,
sM,(G) = (12)(16) + (6 + 0)(4) + 0 = 216.
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5.3 SILICATE RINGS (6-FOLD)

Figure 5. Most general Silicate Ring (Sig0,5)%~ (Cyclosilicate).

For the Silicate ring graph G, every metric basis S of G shall contains exactly one
vertices of degree 3 from each copy K, in G. Thus, it is easy to see that S(G) = |S| =
1x6=06,ds(v) = B(G) = 6 for every v with d;(v) = 3,

§ =Hv:idg(v) = 3}| = 12,

N = |{uv € E(G):dg(u) # dg(v)}| = 4 X 6 =24,

n2 = {uv € E(G): dg(w),ds(v) > 3}| = 6.

Therefore, Equations (5), (6) and (7) gives,
gM;(G) = 12(36) + (18 — 12)(49) = 726,
pMi(G) = 2|E(G)|B(G) + (11 + 2n2) = 2(36)(6) + (24 + 12) = 468,
pM,(G) = (36)(36) + (24 + 12)(6) + 6 = 1518.

Similarly for other known Silicate rings having k-member, the corresponding
invariants are computed and are shown in the Table 1.

Table 1. The graph invariants and topological indices of k~-member Silicate rings.

k | Figure G Formula [V(®)| |[E(@)]| B(&) N1 | n2 | gM1(G)| gM1(G) | M,(G)
3 (Siz04)6” 9 18 3 12 |3 102 126 219
4 (Si,0,,)% | 12 24 4 16 | 4 228 216 484
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6 (Sig0:1)"%> | 18 36 6 | 12|24 |6 | 72 468

1518

9 (Sig0,,)8 | 27 54 9 18 | 36 | 9 2358 1026

4869

5.4 SILICATE CHAIN

Figure 6. The graph SL(5) of Silicate (single) chains (Si0%~ )5 (Inosilicates) of period
5 and length 5.

Figure 7. The graph SL(6) of Silicate (single) chains (Si03~)4 (Inosilicates) of
period 2 and length 6.

The number of blocks (K, copies) in SL(n) is n and the number of vertices is 3n + 1

Theorem 5.1. For a graph = SL(n) (n = 3),
(). pMy(G) = 3n®+15n* +19n -1,
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(i). gM;(G) = 12n? +30n — 6,
(ii). gM,(G) = 6n® + 30n2 + 31n — 14.

Proof. The graph G is connected, contains n copies (blocks of 4 oxygen atom) of K, such
that two of them have at most one vertex (cut vertex) in common and the sub graph induced
by the cut vertices is a path P,,_;. The vertices of each copy of K, ,, which is not common to
any other copy are their private vertices. Each pair of private vertices of a copy of K, 4 are
equidistant from every other vertex in G. Let p; denotes the number of private vertices of it"-
copy of Ky 4 in SL(n). Thus, p; = 3 if i = 1,n; p; = 2 for 2 < i < n, and every resolving
set shall include p; — 1 private vertices of each copy of K; 4. Hence, we conclude that § =
{Pi0iy Py Py PryiJ = 2,3, ...,m — 1} is a metric basis for G, where p; denotes mth
private vertex of [“"-copy of K 4 in G. Therefore, we conclude, due to vertex transitivity of
private vertices with each copy, that dg(v) = f(G) =2+ (n—2) + 2 =n+ 2 only for
(each) private vertex v and hence ¢ = number of private vertices= 3+ 2(n—2) + 3 =
2n+ 2,n, = |{uv € E(G): u is a private vertex and v is an adjacent cut vertex G}| = (3) +
(n—2)4)+ (3) =4n—2 and n, = |{uv € E(G): u and v are cut vertices of G}| =n —
2. Finally, |V(G)| = 3n + 1 and |E(G)| = 6n. Substituting these in (5), (6) and (7), gives

sMi(G) = (2n+2)(n+2)*+ (Bn+1-2n-2)(n+3)*

=3n3 +15n% + 19n — 1,
pM;(G) = 2(6n)(n+2) + (4n— 2+ 2(n—2)) = 12n* + 30n — 6,
My (G) = (bn)(n+2)* + (4n—2+2(n—-2)(n+2) +n—2
= 6n3 + 30n? + 31n — 14.
Hence the theorem. |

5.5 SILICATE DOUBLE CHAIN: SL(2, n)

There are three types of double chains.

5.2.1 TypPE-I: SL{(2,2k + 1)

Figure 8. Silicate 5-periodic double chain SL,(2,5).
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The graph G =SL;(2,2k+ 1) is connected, contains 4k + 2 copies
G11,G12) 0 G1ok+1, G211, G2y oovy Go k41 (clique of 4 0xygen atom) isomorphic to K, such
that G; ; and Gy, have a vertex in common if and only if either (i) i = k and |l — j| = 1, or
(ii) |i — k| = 1, and j = l = odd integer. The number of private vertices (not common to any
other copy of K,) in the sub graph G; ; is denoted as p; ;. Two private vertices in a copy G; ;

are at equidistant from every other vertex in G. Therefore, no pair of two private vertices of
the same copy lie in S for any metric basis S of G.

Theorem 5.2. For the graph G = SL,(2,2k + 1), k € Z*,
ﬁMl(G) = 44k3 + 232k? + 347k + 103,
sM; (G) = 96k? + 276k + 96 ,
pM;(G) = 96k> + 504k + 734k + 184.

Proof. The number of private vertices p;; of the graph G for i = 1, 2 is given by
2 forj=1,2k+1
pij =12, for2 <j<2kandjiseven
1, for3<j<2k—1andjisodd
Therefore, every resolving set shall include p; ; — 1 private vertices of each copy G;
of K, 4. Hence, we conclude that metric basis of S of G contains exactly one private vertex
from each G; ; where i € {1,2} and j € {1,2k + 1JU{2l: 1 € Z*,1 < | < k}.
Hence; B(G) = Xi1Xp, 51(Pij — 1) =2%p, s1(pij— D = ISI=2[2-1)+
2-1)+k(2-1)] =2(k+2)and
§=Xi1Xp 5100 = 2Xp, 51D = 2[2+ 2+ k(2)] = 4(k + 2),
m = [{uv € E(G):|dp(w) — dg(v)| = 1}| = 2(4 + 4 + k(4)) = 8(k + 2),
N, = |{uv € E(G):dg(u) = dg(v) = B(G) + 1}|
=2(1+1+ k() + (k—1)(6)) =2(7k —4).
Finally, |V(G)| = 11k + 7 and |E(G)| = 12(2k + 1). Substituting these in (5), (6)
and (7), gives
sMi(6) = £ (B(6))" + (VO] - O)(B(G) + 1)?
=4k +2)4(k +2)*> + (11k + 7 — 4(k + 2))(2k + 5)?
= 44k3 + 232k?* + 347k + 103,
pMi(G) = 2|E(G)|B(G) + (11 + 212)
=212k +1))2(k + 2) + (8(K + 2) + 4(7k — 4))
= 96k? + 276k + 96,
sMy(6) = [E@I(B®))” + (11 + 20,)B(6) + 15
=12k + 1)2(k +2)*> + (8(K + 2) + 4(7Tk — 4))2(k + 2) + 2(7k — 4)
= 96k> + 504k?* + 734k + 184.
Hence the theorem. [
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523 TyPE-1I: SL,(2,2k + 1)

Figure 9. Silicate double chain SL,(2,5).
The graph G =SL;(2,2k+ 1) is connected, contains 4k + 2 copies

G11,G12) - G1ok+1, G211, Go 2y vy G2 2k 41 (clique of 4 0xygen atom) isomorphic to K, such
that G; ; and Gy, have a vertex in common if and only if either (i) i = k and |l — j| = 1, or
(ii) |i — k| = 1, and j = | = even integer.
Theorem 5.3. For the graph G = SL,(2,2k + 1), k € Z™,

M1 (G) = 44k + 324k* + 679k + 288,

pM;(G) = 96k? + 372k + 144,

sM,(G) = 96k> + 696k? + 1382k + 430.

Proof. The number of private vertices p;; of the graph G for i = 1,2 is given by
3 forj=12k+1
pij =11 for2 <j<2kandjiseven
2, for3<j<2k-—1andjisodd
Therefore, similarly in the proof of previous theorem, we get f(G) = |S| =2[2 + 2 +
(k —1)(1)] = 2k + 6. and,;
§=2B+3+k—-1(2)) =212k+4),
N1 =2CB3+3+ (k—1)(4)) = 2(4k + 2),
n2 = 2((k = D) + (K)(6)) = 2(7k — 1).
Also, |V(G)| = 11k + 8 and |E(G)| = 12(2k + 1). Substituting these in (5), (6) and (7),
gives
pMi(G) = 22k + 4)(2k + 6)* + (11k + 7 — 2(2k + 4)) 2k + 7)?
= 44k3 + 324k? + 679k + 288,
gMi(G) = 2(12(2k + 1))(2k + 6) + (8k + 4 + 28k — 4)
= 96k? + 372k + 144,
M, (G) = (12(2k + 1))(2k + 6)* + (8k + 4 + 28k — 4)(2k + 6) + 2(7k — 1)
= 96k3 + 696k? + 1382k + 430.
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Hence the theorem. [

5.2.4 TYPE — I1I: SL(2, 2K) SILICATE TORI

Figure 10. Silicate chain SL(2,6).

The graph G = SL(2,2k) is connected, contains 4k copies G; 1, G132, ..., G121 G21, G222,
..., G321 (clique of 4 oxygen atom) isomorphic to K, such that G; ; and G ; have a vertex in
common if and only if either (i) i = k and |l — j| = 1, or (ii) |i — k| = 1, and j = | =even
integer (or equivalently j = [ = odd as the graphs are isomorphic).

Theorem 5.4. For the graph G = SL(2,2k), k € Z*,
pM1(G) = 44k> + 212k* + 255k — 4,
sM; (G) = 96k? + 228k — 18,
sMy(G) = 96k? + 456k? + 506k — 84.

Proof. The number of private vertices p;; for i = 1,2 are
3 forj=1
2 forj =2k
Pii =32 for3 <j<2k-—1andjisodd °
1 for2<j<2k—2andjiseven
Therefore, B(G) = 2[2+ 1+ (k—1)(1)] = 2(k + 2) and
E=2[3+2+(k—1)(2)] =22k +3),
N =2[3+4+(k—-1)4)]=24k+3),
N, =20+ k-1D)6)+k-1)(Q)+1) =2(7k—6).

Also, |V(G)| = 11k + 2 and |E(G)| = 24k. Substituting these in (5), (6) and (7),
gives
M1 (G) = 22k +3)(2k + 4)* + (11k + 2 — 2(2k + 3))(2k + 5)?
= 44k3 + 212k? + 255k — 4,
sMi(G) = 2(24k) (2k + 4) + (2(4k + 3) + 2(14k — 12))
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= 96k? + 228k — 18,

sMy(G) = (24k) (2k + 4)% + (2(4k + 3) + 2(14k — 12))(2k + 4) + 14k — 12

= 96k3 + 456k? + 506k — 84.

Hence the theorem. n
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