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recently unveiled the distinction between Randi¢ and ABC
indices. In this report, we study the link between the difference of
Randi¢ and ABC indices with certain well-studied topological
indices.
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1. INTRODUCTION

Let G resembles a simple graph possessing edge set E(G) as well as vertex set
V(G). Subsequently, let d,, express the degree of vertex u € V(G). Let A(G) and §(G)
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express the maximum and minimum degree of G, accordingly. Then the distance d;(u, v)
between the vertices u and v is described as the shortest path length connecting them for
u,v € V(G). The greatest distance between the vertex v and any other vertices in G is
termed as the eccentricity of v in G and is represented by e(v) with respect to a vertex
v € V(G). Please refer to [37] for any Graph Theory terminologies and notations not
included here.

The topological indices [9] are among the many convenient tools developed by
graph theory for chemists. Molecular graphs are frequently employed to model molecular
and molecules compounds. One of the earliest and extensively utilized descriptors in
QSAR/QSPR research [33] is molecular graphs’ topological indices.

The Randi¢ was suggested by Randi¢ [27] in the year 1975 for evaluating the
branching extent of the saturated hydrocarbons’ carbon-atom skeleton, described as given
below:

R(G) = ZuveE(G) \/ﬁ
The general Randi¢ index, expressed by R, [2] was described as
Ry = Ry(G) = ZuveE(G) (dydy)",
in which a denotes any real number.
The (first) geometric-arithmetic graph index was described in [34] as

2. /dud,
GA = GA(G) = ZquE(G) R

dy+dy
The harmonic graph index was described in [20] as
H(G) = ZquE(G) ﬁ

Explanation regarding the Randi¢ index and the majority of its corresponding
mathematical features may be discovered in [15, 22], the surveys [23, 28] and some recent
papers [19, 21].

Estrada et al. [12] suggested a topological index known as atom-bond connectivity
(ABC for short) index employing Randi¢ modification index. The ABC index of G is

characterised as
dy+dy—2
ABC(G) = ZquE(G) \/;

When the paper [11] was published 10 years later, this index grew popular. The
ABC index's mathematical features have been widely investigated since then. Readers are
referred to the survey [16], the latest papers [6, 10, 14, 32, 38] and related references cited
therein for further information.

In keeping with the popularity of topological indices, several scholars are interested
in investigating the comparison or relationship of topological indices; for instance, refer [7,
8, 30, 40]. Consequently, Ali and Du [1] lately developed several extremal findings for
binary and chemical trees in terms of the difference between the Randi¢ index and ABC
index. Wan Zuki et al. [36] investigated more extremal values of the difference between the
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Randi¢ index and ABC index for chemical trees and obtained an upper bound for such trees
with given number of pendant vertices. Provided that the maximum vertex degree in T is at
most 3 (4, accordingly), it is considered to be a binary tree (chemical tree, accordingly).
For n > 3, provided that G denotes an n-vertex connected graph, the difference of
ABC and Randi¢ indices is expressed by ABC — R index and is characterized as follows:
(ABC = RY(6) = Zuvere) “ 2
Notice that (ABC — R)(G) = 0 with equality attains when G is isomorphic to
P;, the 3-vertex path graph. We consider n > 4 for the remaining part of this paper.
The first Zagreb index may also be represented as a sum over G edges [17],
M (G) = ZquE(G) (dy + dy).
Further results on Zagreb indices please refer to [13, 35, 39], recent surveys [3, 4]
and the references cited therein.
The reciprocal products’ sum degrees of adjacent vertices’ pairs [31] is equal to the
modified second Zagreb index M3 (G), that is,

M3 (G) = Yuver ) ?1(11;'
In [18], the latest version of Zagreb indices is characterized as given below:
Mi(G) = Xuver(s) [e(w) +e()],
M;*(G) = Yuev(e) (e(w))?,
M3 (G) = Xuver(s) e(we).
The disparity between the two topological indices was not taken into
account, considering the apparent cause that it might have positive, zero, or negative values
for structurally similar graphs. We expect to fill up some of the gaps in this work. We

establish some new relations between the difference of ABC and Randi¢ indices with some
well-known topological indices.

2. RELATION BETWEEN THE DIFFERENCE OF ABC INDEX AND RANDIC
INDEX WITH RESPECT TO OTHER TOPOLOGICAL INDICES

This section contains some relations between the difference of ABC index and Randi¢
index (or ABC — R index) with some other topological indices. We will make use of the
following mathematical inequalities of real number sequences.

Theorem 1. (Jensen's inequality [25, 24]) Let p = (p;), i = 1,2,...,n, resembles a
sequence of non-negative real numbers, as well as a = (a;), i = 1,2, ...,n, resembles a
sequences of positive real numbers. Therefore, for any real number r withr > 1 orr <0,

s, piag)
i=1F1
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Theorem 2. ([29, 24]) Let a = (a;) and b = (b;), i = 1,2, ..., n, resembles two sequences
of positive real numbers. With any r > 0,

n airJr1 (Z?=1ai)r+1

S ) @

We develop an upper bound for the difference of Randi¢ and ABC indices in regards
to the first Zagreb index.

Theorem 3. Let G denote a graph with m edges, minimum degree & and the first
Zagreb index M, (G). Therefore
(ABC —R)(G) < \/(Ml(G) —m) g.

Proof. Let G resembles a graph possessing m edges, minimum degree & as well as the first
Zagreb index M, (G). Notice that 6d,A for each v € V(G) and by the Cauchy-Schwarz
inequality, we acquire

Jadutdy—2-1
(ABC — R)(G) = Yuver(o) T ina

2 1
< ZuveE(G) (\j dy+d,—2— 1) ZuveE(G) E
1
= \/ZquE(G) (du +d,—2+1-2{dy+d,— 2) ZUVEE(G) dyd,

1
dydy

< \/ZquE(G) (du + dv - 1) ZquE(G)

< J(Ml(G) -m) 5.
The proof is now completed. [

In regards to the modified second Zagreb index, we now establish lower and upper
bounds for the difference between the Randi¢ and ABC indices.

Theorem 4. Let G resembles a graph having m edges, minimum degree §, maximum
degree A as well as modified second Zagreb index M, (G). Therefore

(V26 -2 - 1)\/M£‘(G) + 2 < (UBC - R)(G) < (VZB -2 - 1) JM;(G) + D

A2 52 ’

having equality if and only if G denotes a regular graph.

Proof. Let G resembles a graph having m edges, minimum degree §, maximum degree A
including the modified second Zagreb index M, (G). We recognise that 25d; + d;2A for
all edges v;v; € E(G) and &d;A for all vertices v; € V(G). By the ABC — R index’s
definition, we obtain
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(JaFd—2-1)°
(ABC = R(G))? = Tuwere) o

di+dj—2—1) (\/dT+dS_2_1

+ ZZuivj;tvrvseE(G) (J Jad; Jdrds )

V2A-2-1 2 V2A-2-1, V2A-2-1
< ZuivjEE(G) % + ZuivjivTvSEE(G) ( 5 )( 5 )

= (Vzh—2-1) (Mz(6) + 2.

Similarly,

2
jdi+d;i—2-1
(ABC — R(G))Z = ZuivjEE(G) ( di]d' )

di+dj—2—1) (\/dr+ds—2—1

+ 2 Zuivj:tvrvseE(G) (\/ Jad; Jdrds )
V26-2—-1 g V26-2-1, N26-2-1
= ZuivjEE(G) % + Zuivj:tvrvseE(G) ( A )( A )
2 -
= (V25 -2-1) (M3(6) +=52).
The equalities are true if and only if d, +d, = 2A = 2§, for each uv € E(G)
indicating that G refers to a regular graph. [

Theorem 5. Let G resembles a graph having n > 3 vertices, m edges, minimum degree &
as well as maximum degree A. Therefore

2 < (ABC - R)(6) < my2B — 2.

Proof. For the lower bound, we obtain

[Ai+dj—2-1 _ Zuw;eEG)yditdj—2-1
ABC — R)(G) = Jyv > .
( )6 = Duwjee®) " g, o et

Provided that 26 < d; + d; < 2A for all edges v;v; € E(G), we acquire
ZuivjEE(G) Jdidj A '

Since
dFd—2-1
Yuw,€EG) ﬁ < Yuwjer) Vi +d; — 2,

and by employing the Cauchy-Schwarz inequality, we get
Yuwjer) Jdi t & —2 < \/ZuivjEE(G) 1 Yuwiere) (di +dj—2).
Provided that 26 < d; + d; < 2A for all edges v;v; € E(G), we obtain
(Bumsero 1 Dus e @+ = 2) < [Suyercor 1 Zupyerr 20~ 2

=mv2A - 2.
The proof is then completed. ]
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Theorem 6. Let G resembles a graph having m edges, p pendant vertices, minimum
degree § as well as maximum degree A. Therefore

Vv26-2-1 vé-1-1 V2A-2-1 VvA-1-1
s (m—-p)+ \/— p<(ABC-R)(G) s —F—(m—p)+—F—

with equality if and only if G resembles a regular graph.

Proof. Provided that 26 < d; + d; < 2A for all edges v;v; € E(G) and 6§ < d; < A for all
vertices v; € V(G). In addition to from the ABC — R index’s definition, we obtain

d+d;—2-1 di+d,—2-1
(ABC — R)(G) = YuwetG) =+ Juw cE(G)
j fa.d: iVj d.d;
dydj#1 id; di=1 4]
VZA—2-1 1+d;—2-1
< ZuivjEE(G) — T ZuivjEE(G) —\/%
dpdi#1 di=1 /
aj i
V2A-2-1 Vvi+A-2-1
< ZuivjEE(G) + Zu v]EE(G) \/—
di,dj#tl d;i=1
_V2A=2-1, + VA-1-1
Similarly,
di+d,—2-1 di+d,—2-1
(ABC - R) = Zuiv-EE(G) 7 + Zu-v-EE(G) =
j [d:d; iVj d.d.
di,djil dld} d;=1 dld]
V26-2-1 1+d;—2-1
= ZuinEE(G) A + ZuinEE(G) #
di,djil d;=1 J
VZ(S -1 V1i+6-2-1
= ZuivjeE(G) + Zu i{V;€E(G) JA
di,djil d;=1
V26-2-1 Vvé—-1-1
=—F (m-p)+ r p-

The equalities are true if and only if d,, + d,, = 2A = 26, for every uv € E(G) indicating
that G resembles a regular graph. [

We now determine an upper bound for the difference of Randi¢ and ABC indices
with respect to Randi¢ index.

Theorem 7. Let G resembles a tree having n vertices. Therefore
(ABC —R)(G) <R(G)(Vn—-2-1),

with equality if and only if G denotes a star graph.

Proof .Provided that d; + d; < n, for every u;v; € E(G). Moreover, from the ABC — R
index’s definition, we obtain
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di+d;—2-1 <3y Vn-2-1
\/Wdf u;v;€E(G) \/Td]
— 2= 1%upwiee@) \/d;i—dj
= (Vn=2-1)R(G).
The equality is true if and only if d, + d,, = n, for every uv € E(G), implying that G
expresses a star graph. [

(ABC — R)(G) = ZuivjEE(G)

Theorem 8. Let G resembles a graph having m edges, minimum degree & as well as
maximum degree A. Therefore

(ABC —R)(G) <m (@‘1).

with equality holds if and only if G denotes a regular graph.

Proof. By the ABC — R index’s definition and from Cauchy-Scharwz inequality, we obtain

2
di+di—2-1
(ABC — R(G))? = (Zuivje;s(c) ﬁ)

di+dj—2—1 2

< M YuwieE(6) T jaa

V2A-2-1 2
< mzuinEE(G) ( S )

V2A-2-1 2

— 2
-m ( B ) '
The equalities are true if and only if d,, + d, = 2A = 2§, for every uv € E(G), implying
that G resembles a regular graph. [

Lemma 1. (Pdlya-Szego inequality [26]). Given that 0 <m, < x; < M; as well as
0<my, <y, <M, forl<i<n.Then

oo o Bl v 5 (e 4 \/’;ﬁ) (s X ©)

mim;

Theorem 9. Let G resembles a graph having m edges, minimum degree & as well as

maximum degree 4 > 1. Therefore
mm-l
(ABC — R)(G) = 4

1| |A(zZE—2-1) a(m-l)'
2\ [6(V26-2-1)  |A(V2B—2-1)

with equality if and only if G denotes a regular graph.
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A
Inequality (3), we have

IFd=I-1 1< B s\
ZuivjeE(G) ( m Zu v]eE(G) 5( 26 —2— 1) A( /—ZA—Z—l)

Proof. For x; =

2
di+di—2-1
(Zuiujezs(c;) W) : 4)
Furthermore, provided that 26d; + d;2A for all edges v;v; € E(G), we now obtain
di+d;—2-1 \/T 1
Zuiv-EE(G) —J Zu iVi€EE(G) 12u iViEE(G) Zuiv-EE(G) 1
J [did J J J
26—2—-1
— 2
= m? (22 ) . (5)

Now the proof follows immediately from Inequalities 4 and 5. The equalities are
true if and only if d,, + d,, = 2A = 24, for every uv € E(G), implying that G resembles a
regular graph. [

Thus, we now give an upper bound for the difference of Randi¢ and ABC indices in
respect to general Randi¢ index R, when a« = —1.

Theorem 10. Let G resembles a connected graph having m edges. Therefore

(ABC — R)(G) < Jm(m - 1) (B52 - RL(G).

Proof. Setting r =2, ay, = \/ﬁ and py, =+d,+d,—2—1 for every uve
E(G), applying Theorem 1 as well as definition of ABC — R index, we obtain

2A—

,/du+d,, 2 1
5z —R-1(6) 2 YuveEG)

ZquE(G) dydy

=y du+d,,— -
— LuveE(G) dydy

dytd,—2-1
= YuveE () N

Jadutdp-2-1

2uveE(G) T
= Zu‘UEE(G) (\/ du + dv —-2- 1) - 1;2_1

ZuveE(G) dytdy

(Z ,/du+dv—2—1)2
_ UvEE(G) m
ZuveE(G) (\/ dy+dy—2-1)

(ABC—R)?

- YuveE(G) vV Autdv—2-YuverG) 1




Difference of Two Topological Indices 27

(ABC-R)?
~ m(vV2a-2-1)’
which implies the desired bound. [

An upper bound for the difference of Randi¢ and ABC indices in respect to general
Randi¢ index R, when a = —i is given below.

Theorem 11. Let G resembles a connected graph having m edges as well as minimum
degree §. Thus

(R_1(6))*V28-2
(ABC —R)(G) = ———,

m

Proof. Setting r = 1, a,, = Lvd;_d and by, = ﬁ for every uv € E(G), applying
Theorem 2 and definition of ABC — R index, we obtain

2
(2s)
4
(ABC — R)(G) = Suver(c) —o
Jady+dy—2—-1

1 2
<ZuveE(G) ‘ﬁ/ﬁ)
- (ZquE(G)

)
dytdy—2-1

2
4

1
(ZWEE(G) ,/du+dv—2—1)

2
()
> 4

(EuveE(G)\/ﬁ)
(R_1(6))?
> —4—
V252
as well as implying the desired bound. [

)

Therefore, we introduce a relation between the difference of Randi¢ and ABC
indices with geometric-arithmetic index.

Theorem 12. Let G resembles a connected graph having § > 2 edges and geometric-
arithmetic index GA(G). Therefore

(ABC — R)(G) < (GA(G))2/3A23(\2A=2-1)

§5/3
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Proof. Setting r = 2, ay,, = —Vdvzd_’gz_l and by, = ZdV i“;" for every uv € E(G), applying

Theorem 2 as well as definition of ABC — R index, we obtain
(Vza=2-1)° A2 - (JTutdy—2-1)" (dy+dy)?
T = ZquE(G) 43 ()’
(W—1)3
Jaudy
()

dy+dy

= ZuveE(G)

(E ‘/du+d,,—2—1)3
S uveE(G) m

21/dud1,)2

(ZquE(G) dy+dy
_ ((ABC—=R)(6))®
T (GA(G)?

as well as implying the desired bound. [

Relation between the difference of Randi¢ and ABC indices with Harmonic index is
provided below.

Theorem 13. Let G resembles a graph having m edges, minimum degree § and maximum
degree 4, as well as Harmonic index H(G). Therefore

(ABC — R)(G) = ™2

A-2
1)

— H(G).

Proof. By using geometric and arithmetic inequalities and definition of ABC — R index, we
pOssess

dy+d,—2—-1
(ABC — R)(G) = Yuver(c) v
2\/dy+d,—2-2
= YuveE(G) T aid
2. /dy+d,—2 2
= YuveE(6) “ardn YuweE@) T
mv2A-2
2———H (@),
as well as implying the desired bound. ]

3. CONCLUSIONS

We derived some bounds for the difference of Randi¢ index and atom-bond connectivity
ABC index (shortly called ABC — R index) in this research, as well as its connection with
certain other topological indices. Given the amount of study done on the Randi¢ and atom-
bond connectivity indices, it is suprising that these two well-known indices were not
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compared directly. Hence, this study fills the gap and may act as an eye-opener for further
research into the characterization of graphs with maximum or minimum values for the
difference of Randi¢ and ABC indices. Moreover, Chen and Guo [5] demonstrated that
when one edge is removed from a graph, the ABC index of the graph reduces. It is also
worth looking at what occurs to the ABC — R index when an edge is removed.

To round off the paper, we suggest the following open issues:

Problem 1. Does the bound to be obtained better than the existing ones and it is possible to
sharpen the bounds to be obtained?

Problem 2. Characterize the graphs with maximum or minimum values for the difference
of Randi¢ and (ABC) indices with certain parameters, for instance, matching
number, chromatic number, domination number etc.

Problem 3. Study the behaviour of the ABC — R index either increase or decrease when
any edge is deleted.

ACKNOWLEDGEMENT. The authors would like to thank the anonymous referee for his/her
constructive and valuable comments which improved the paper. A very deep appreciation
to Dr. Akbar Jahanbani from Azarbaijan Shahid Madani University, Tabriz, Iran for fruitful
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