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1. INTRODUCTION

Most graphs presented in the current research are deemed connected and simple. Consider
G = (V,E) as a graph having V =V (G) and E = E(G) as its vertex and edge sets,
respectively. Here, uv represents an edge in the graph G that connects two vertices given by
u and v. Moreover, the amount of edges incident having u in graph G is indicated by deg (u),
which is also known as the vertex degree, u. Given that deg(u) = 1, a vertex u in G is
termed pendant or leaf. In a G graph, the greatest vertex degree is expressed with the notation
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of A(G) (or simply A). The open neighbourhood of each vertex v € V denotes the N(v) =
{u € V|uv € E} set. Meanwhile, the closed neighbourhood denotes the N[v] = N(v) U {v}
set. The cycle and the path on n vertices are expressed as C,, and B,, accordingly. Assume T
is a tree. Then, the longest path that exists between the two leaves defines a tree's diameter.
Provided that v;, v,, ..., v; denotes a path in which the diameter is obtained, we may state
that it resembles a diametrical path in T. To designate the forest generated by T via
eliminating the vertices of uq, u,, ..., u; or the edges ey, ey, ...,e, in T, we employ T —
{uy, uy, ...,ur} or T —{eq, ey, ..., e, }. For other notation and terminologies which are not
defined here, please refer the book by West [12].

Provided that every vertex V (G)\D possess a neighbour in D, then the subset known
as D € V(@) is termed a dominating set that belongs to G. On the other hand, the minimal
cardinality referring to a G dominating set is termed as the domination number, represented
by y(G). If every vertex G has a neighbour in D, a subset known as D € V(G) is termed as
the total dominating set, expressed as TDS. For example, Cockayne et al. [3] established the
TDS of G, indicated by y;(G), as the minimal cardinality of a G TDS. Please see [5] for a
summary of selected latest findings on total domination number in graphs. Domination in
graphs has been an active research area in graph theory [8, 9].

The Randi¢ index of a graph G was established by Randi¢ [7], defined as follows:

1
R(G) = Xuver(o) TTeotdeo®)’

in which deg(v) and deg(u) resemble the vertices degrees v, u € V(G) while uv refers to

the edge that connects the two vertices.

For instance, see [1, 2, 4, 10, 11] and their corresponding references for relationships
between a variety of topological indices and domination number of graphs which has been a
subject of concern for many years. Borovi¢ anin and Furtula [1] investigated the extremal
Zagreb indices of trees with given domination number. Moreover, Bermudo et al. [2]
discovered upper and lower bounds of the Randi¢ index for trees in regards to the order and
the domination number. Mojdeh et al. [10] found some upper bounds with regards to the
Zagreb indices of trees, bicyclic and unicyclic graphs with given total domination number.

We provide an upper bound for the Randi¢ index of trees in regards to the order and
the total domination number in this research. Consequently, extremal trees can be
characterized. We present several preliminary findings in Section 2, while in Section 3, we
present our main results.

2. PRELIMINARIES RESULTS

The extremal values survey of the Randi¢ index for major classes of graphs was detailed by
Li and Shi [6]. The star S,,, for example, possess the lowest Randi¢ index between trees
having n vertices, whereas the path P, possess the highest Randi¢ index. The authors in [2]
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proposed new bounds specifically for the Randi¢ index of trees with the order and the
domination number. They introduced the function as follows to make the computations
easier:

foy =2+L a1 m-3p) (B2 -1

10

Lemma 2.1. [2] Consider T as a tree having order n and a domination number y, as well as
avertex v € V(T) provided that N(v) = {uq, u,, ...,u;}, deg(v) =i = 3,deg(u;)) =j =2
and deg(y;) = 1 for each | € {1,2, ...,i — 1}. Now, by considering T; = T — u,, we then
obtain as follows:

I) Provided that i > 4 as well as R(T;) < f(n —1,y), we now have R(T) < f(n,y).

IT) Provided thati = 3,j < 67 aswellas R(T;) < f(n —1,y), wenow have R(T) <
fy).

Lemma 2.2. [2] For any given tree T having order n as well as a domination number y, we
then obtain

R <2472y -3y (B2 -1

10/ "

3. UPPER BOUND FOR THE RANDIC INDEX OF TREES WITH GIVEN TOTAL
DOMINATION NUMBER

We describe our main findings in this section. By using the order and total domination
number, we will find an upper bound for Randi¢ index of trees. To make our computations
easier, we use the following abbreviation

2n+(-1)" V14-3
fuy) =2 4 By V2 -2 -2y, + 1) (S50,

Lemma 3.1. Consider T as a tree having order n and a total domination number y;, as well
as a vertex v € V(T) provided that N(v) = {uq,uy, ---,u;}, deg(v) =i = 3, deg(u;) =
j=2and deg(y;) =1foreachl € {1,2, ...,i — 1}. Now, by taking T; = T — u, yields as
follows:

I) Provided thati > 4 and R(T;) < f(n — 1,y;), we now have R(T) < f(n,vy;).

IT) Provided that i = 3,j = 2 and R(T;) < f(n — 1,y;), we now have R(T) <

f(n, Vt)-

Proof. Since T; = T — u,, we obtain

i-2 1 i-1 1
RO =RT~w) - S - e Y T T

= R(Ty) + (5 - v—)( 2+%)+ii
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_ _1\n—-1
<HODH L H - B (- D - 2y + 1) ()
1 1
+(Ti—«?)( 2+f)+7
5 (=D i1z 1
<f("Vt)+‘_T_T+(T_v=)< 2+[)+T
Due to the funct10n5—%—£+ (W—ﬁ)( 2+ \/_> \/_ylelds a negative value

for any i > 4, we then obtain (a).
Given that j = 2, we obtain

D" VJia 1 1 . 1 1
R(T) = f(n,ve) +__T_T+ (ﬁ_\/i_-_l)(l —2 +5) +E=<f(y),
for i = 3, so we have (b). This then completes the proof. ]

Theorem 3.2. Consider any tree T having order n and a total domination number y,, we then
obtain the following

RO <24 20 7By (n— 2y, + 1)

=)

Proof. We express f(n,y;) = w + % +V2—-= + n—=2y:+1) (\/_ 3). If n=4,
we have
R(P) =2 +3 < f(42) and R(S,) = V3 < f(4,.2).
We make assumption that the findings holds for every tree with n — 1 vertices, we
then have to prove it for trees having n vertices. In T, by taking diameter vy, vy, ..., V4, We

make assumption that deg(v,) < 3 according to Lemma 3.1. Therefore, we investigate two
cases given below.

Case 1: Assume we have deg(v,) = 3. Now, provided that deg(v;) =j = 3, we
express N(v,) = {vq,v3,uq},

N(v3) = {v2, Vg, W1, W3, ..., Wj_2}, deg(vy) = k as well as deg(w;) = s;.
Moreover, we set T, = T — {vy, V5, u,}. Here, in this case, there exista TDS D € T
provided that v, € D as well as vz € N[D\{v,}]. As a result, y.(T) = y.(T,) + 1.
Moreover, since s; < 3, we obtain

1 1 1 1
R(T) = R(T2) = Jko 1) oo T oL T T
2
toet \/]5] 2 + \/?] + \/__

2(n=3)+(-1)"3
8

(=7 +Z{f}) (5+2) @)

<

+ +\/———+((n—3)—2(n—1)+1)(r %)
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iyt Vs (1 1)(2 j-2 1
<f(n)/t)+ 2 2 ( - \/‘)( + 2= 1\/—>
+(ﬁ+2>(ﬁ)'
) 1 Dt Va1 j-2 1) (1 )i .
Smce4 5 (—\/_ \/_)< + X 1 \/7+2 (\/E)ylelds
a negative value for every j = 3, we obtain R(T) < f(n, ;).

Case 2: Suppose that deg(v,) = 2.

Case 2.1: Provided that deg(vs) =j = 3, in this case, we express N(v3) =
{v2, Vg, w1, Wy, .., Wj_2}, deg(vy) = k as well as deg(w;) = s;. Moreover, we
assume that T, = T — {v4, v,}. Provided that we know the existance of a TDS D € T
given by v, € D as well as vz € N[D\{v,}], then y.(T) = y:(T) + 1 yielding

1

1 1 1 1
R(T) = R(T2) = Jko D T oo o Tnie
+ -4 +\/——+T
_ n—-2 _ _
<D L 1 G- B (-2 - 20 - D) + 1) ()

(=P E R+ )@
<fo-1-(75-7) (G20 )+ (5+1) )

j=2 1

Since —1 — ( = \/_> ( + Yot \/_> ( i + 1) (ﬁ) yields a negative function
for every j > 3, we then obtain R(T) < f(n, ;).

Case 2.2: Provided that we have deg(vs) =2, we then express N(v,) =
{v3,Vs5,21, 25, ..., Zx_2} as well as deg(z;) = t; for each | € {1,2, ...,k — 2}. Also,
provided that for every l € {1,2, ..., k — 2}, let's say there exist wy,w, € V(T) given
that w; € N(z;) as well as w, € N(w,), following from there w,, wy, z;, Uy, Vs, ... Vg
denotes a diameter (T'). From here, following the cases mentioned above, we may
make assumption that t; = deg(w;) = 2. In addition, if z; resembles a support
vertex, thus, employing Lemma 3.1, we may make assumption that t; < 3.

Case 2.2.1: Here, we assume that k > 4. Let say we set T3 =T — {v;,v,,v3}, we
then obtain

R(T) — 1 1 1

R(T3) - \/(k_l)deg(vs) - \/(k 1ty T \/ (k- 1)tk 2

1 1
+ + + - + +—=
Jkdeg(vs) = Jkt, ,/ktk 2 \/"
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\/ﬁ—s)

_ —1)n—3 —
<2(n 3)+(-1) _I_Vt 2+\/§—£+((n—3)—2(yt—2)+1)(

- 8

(=L k-2 L) 1 L
(Vk—l «/_)<‘/deg(v5 Zl 1 \/—)+ t2 +\/—

13 n"* - 14 1 1
<fly) -2 - (=

1
+v—+ + 5.

) . 13
Since the function -

=) r)<W 2 )

4 2

1

= W) (Jdeg(vs = J’)
% + % yields a negative value for every k > 4, we then obtain R(T) < f(n, yt).

(—1)"+\/ﬁ ( 1 1
4 2

Case 2.2.2: Provided that k < 3. Assume there exist a minimum TDS D of T given
that v, € D. We then set Tz =T— {vl, vz} In this case, we obtain

R(T) = R(T;) — J_ v—+ + -
— —1)n—2 —

<HODHT L 12y G- By (-2 - 20— 2) + 1) ()
+—+1+ _

S VE VZk 2 ' V2
9 1 1 1 1
<fuy) — s+ VA -+ =+ + 5 <f(nyo),
for every k < 3.

(c)
Figure 1: Three situation for the Case 2.2.2.1.
Case 2.2.2.1: Let k = 3. Here, in this case, we obtain the cases as portrayed in Figure
1, in which the black vertices denotes vertices having any minimum TDS D.

In Case (a), we express N(vs) = {vy,a4,a,, ..., a,_1} as well as deg(a;) =
q, foreach l € {1,2, ...,r — 1}, in which we assume two cases.
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Case (a.l): Letr = 9and T' =T — {v,, V3, V3, V4, Z1, W1, W, }, here we obtain

R(T)=R(T’)—(%—%)( lrllr)+v—+v‘+1+\/—

_ —1\n—7 —
<2(n 7)+(-1) _I_Vt 4+\/§——+((n—7)—2()/t 4)+1)(

- 8

_(\/rl—_l_\/i—)< i 1F>+_+W+1+‘/—

_2_(1)11 Yia (1 _1)\(yr-1 L
< f(uye) +5 - (5= ﬁ)( =1 @)

+\/_3_7‘+ﬁ+1+\/§

(e L) (o L) LDt Ve
<f(ry) (x/ﬁ r)( 11\/_> 4 : T +\/_+\/_+\/—
and, since —%— (_i)n +g+\/%+%

that R(T) < f(n,y¢).

=)

+1/2 < 0 for r > 9, here we summarize

Case (a.2): Next, we assume that r < 8. Let’s say now we consider T' =T —
{vy, vy, v3}, we then obtain

, 1
R(T)=R(T)—E—E+r+f+ +5

_ —_1\n—-3
< 2Dy . +\/§—?+((n—3)—2(yt—2)+1)(

+5+ 5+ (5% ()
<fy)-E2-CL T 2 2 (o) (F) < fp)

forany r < 8.

\/ﬁ—s)

In Case (b), here we express N(vs) = {vy,a4,a,, ...,a,_1} as well as deg(a;) = q;
foreach ! € {1,2, ...,r — 1}. From here, we take into account two more cases.

Case (b.1): Let's assume that r >4. Let’s say if we set T'=T—
{v1,v,, V3, V4, 21, Wy, W, }, we then obtain

RN =RI - (F5-3) (S0 F)+m+i+ 5+ R+ 5

_ _1\n—7 -
<2(n 7)+(—1) _I_Vr +\/§__+((n_7)—2(yt—3)+1)(

- 8

\/ﬁ—3)
1 1 1 2 1
_(_\m_ﬁx llr>+ =+ E et
1 — 1
Sf(n;Vt)—(ﬁ—j;) (Z{:l _cn>
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_n_ Gyt V@21
2+ 2 TEIETETE
. 11 =Dt V14 1 1 .
Since > " —+ m+ \/_+ f+ ﬁyleldsanegatlve value for every r >

4, we obtain R(T) < f(n,y;).

Case (b.2): Next, assume that r < 3. Here, if we set T' = T — {v,, v,, V3}, we obtain

R(T)—R(T)—\/_—\/1_+\/_+ t ot

_ n-3
Sz(n 3):—3( D S VZ- 2+ (n-3) - 20— 2) + D (52)
1

< fye 12 (_) */_ \/— (\/— \/1—)( )<f(n)/t)
forany r < 3.

In Case (c), let N(vs) = {v,,a4,ay,...,a,_1} as well as deg(a;) = q; for each [ €
{1,2, ...,r — 1}. From here, we take into account the following two cases.

Case (c.1): Here, we assume that r>5. Now, by setting T =T —
{U1; Vg, V3, Vs, Zq, Wl} yields

R =R — (75— 5) (S 5) + s+ 5 +3+V2
2(n—6)+(—1)""°

< 124 VZ -2+ (- 6) —2(re —3) + 1) (

8
(= — L) (yr1 2,1
(\/T—l ﬁ)( 11\/_>+ TRt

(e ) (yr-r L) 3, L L2
<rour - (7= w)( l=1¢q—l> tE RV

: 5, 1 2 . . .
Since — >t NeTS + NG + /2 yields a negative number for every r > 5, we now obtain

R(T) < f(nye).

=)

Case (c.2): Next, we assume that r < 4. Provided that we let T' = T — {vy, v,, v3},

here we will obtain
n_ 1t _1
R(T) = R(T" oS 2+\/_+\/_+ +\/_
2(n=-3)+(-1)"3

< HIE2 224 (=) - 200 -2 + D)

8
(GBI 5

<fy) -5 -G T e+ 5+ (55 (),

x/ﬁ—3)
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ince €U VT .
and since " T +\/_+\/_+(\/_ f)(f)<0 for any r <4, we

obtain R(T) < f(n,y:).

o . & . crr—1
[y U2 U3 (e2] Us .

-
L

Figure 2: The situation yielded in Case 2.2.2.2.
Case 2.2.2.2: Let k = 2. Then, we obtain the condition portrayed in Figure 2.

We now express N(vs) = {v,,aq,0a5, ...,a,_1} as well as deg(a;) = q; for
eachl € {1,2, ...,r — 1}. Wesetr = 2 aswellas T' = T — {vy, v,, v3}, which yields

R(T) = R(T") = =+ +7

2(n=3)+(-1)"3 _ 13
< . +71 - 242 -
V14-3 3
+(n=3) =20 -2+ D (5) +3
7 (D", Jia
<fuy) —;———+5 <f(nvo).
Following from here, we make assumption that r > 3 and take into account two more cases.

Let q; < 2 for each L € {1,2, ...,r — 1} and T' =T — {v4, v,, v3,v,}, we then obtain the
following

R(T)=R(T’)—(¢%—%)< ”r) it
<2(n—4)+(—1)"_4+1’t‘2+\/§——+((n—4)—2()/t 2)"‘1)(

- 8

-(E-HEE ) rm 1

<) - (- 5) (B =) -1+ m+ H < foun)

=)

for any r > 3.

Consequently, we let g, = max{qy, ..., qr—1} = 3. From Lemma 3.1 and the cases
above, given that N(a;) = {vs, by, by, ..., by, 1}, we may make assumption that, for each
i €{1,2,...,q1 — 1}, then every vertex in N(b;)\{a,} resembles a leaf while 1 < deg(b;) <
3. Here, we express p; as the vertices quantity in {by, by, ..., bg,—1} having degree i.
Moreover, assume that the two disjoint graphs of " and T, in T — e and the edge e = vsa,

contains the vertex vs and a4, accordingly. Thus
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R(T) = R(T") + R(Ta,) — (= — v‘)< 4y ﬁ) o

Jai-1
_ b2 3 + P1 LI 1
V2411 |[3q;-1 \/ﬁ 3g1  Vair
2n+(-D)" v V14-3 3 V14-3
S—B +—+\/§——+(n—2yt+1)( > )+\/7—5+( . )

(EPDE R - (=R )
<for+V2-3+ (5 - (-2 (H+ %)
(=@ )

Now consider the function h(r) = — (\/% %) (\/1_ \/1_) = Smce

_ (P1+P2 +D3
1

3
@(%—@((ﬁ)z—l)z%
3
G ®E 5%
2
= )
Q1+2*/5§
or< 1 +1= <q1+\/5)
J_+2J—§ JH+2\/E§_
(\/—W’) -1 (mm)

Therefore,

V2=3+ (%) - (757

2 VT

@)= ) 5

-7)
Jq_1+2ﬁ§
s\/?— (\/ \/_+2«/_ 1 (mm)‘l\‘ 1

1 1
«/_+\/— (x/q_1+2\/5>% /(\E E)
Ja1+vz
J_+2¢—§
_( 1 _L)(ql—l)_l_ (FW‘)
\/ﬁ Vay V3 (\/q_1+2\/5)%'
N Ja+2

Note that this function has a negative value for every g; = 3. Thus, R(T) < f(n,v:),
completing the proof. |
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We analyse the given family of F graphs, which was created recursively to
characterise all the trees that achieve the upper bound stated in Theorem 3.2. Here, the path
2k + 1 vertices is examined in F for every k > 1 and creating a new graph as follows:

(I). Provided that T’ € F, then v denotes a leaf in T'. By taking any path P, in which
subsequent vertices are denoted by wy, w,, ..., Wy, the graph T provided that V(T) =
V(T UV(P)aswellas E(T) = E(T") U E(P) U {vw,} belongs to F. Upon utilizing
the function again yields

2n+(-1
f(ny) = u

+”+\/———+(n—2yt+1)(‘/_ %).

Lemma 3.3. If T € F, then R(T) = f(n(T), y:(T)).

Proof. Let T be a path having 2k + 1 vertices, here we may effortlessly determine that the
finding holds. (i) Provided that T € F agrees with R(T") = f(n(T"),y:(T")) , T' possess a
leaf v, and P denotes a path having subsequent wy, w;, ..., Wy, vertices. Moreover, we also
take into account the graph T given that V(T) = V(T") U V(P) as well as E(T) = E(T") U
E(P) U {vw; }. Furthermore, neighbor of v only possess degree 2, which yields
, 2 3
R(T) = R(T") + R(P) _E-I_E

N+ (=1 TN ’
= 2O O V2 - 24 () - 27 (T + 1) (

n(P)3 2 .3
+\F+ -5+

’ n(Tr) ’
_ 2 “; I+ 2 4 V2 - 24 (n(T) - 27 (T + 1) (

n 2n(P)+(-1)"® L r® 1
8 2 8

—_1\n(M
IO vy 7By ) — 29, +1)

This completes the proof. n

=)

=)

=)

Theorem 3.4. R(T) = f(n(T),y:(T)) ifand only if T € F.

Proof. Using Lemma 3.3, we are acquired to show that every tree T fullfiling R(T) =
f((T),y:(T)) sits in the F family. Using contradiction, we assume the existence of a tree
T given that R(T) = f(n(T),y:(T)) as well as T & F. Here, we now consider the tree T
fullfiling the minimum number of vertices. Now, if we consider the Theorem 3.2 proof as
well as the vy, v,, ..., V4 as the diameter of T, we may make assumption that i = j =k = 2
aswell as r = 2.

Provided that r = 2 and we assume T’ = T'\{v;, v,}, we then obtain
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R(T) =R(T") — =+ —=+—=

FtEtn
— —1)n—2 —
<KD 1 - B (-2 - 20 - D+ 1) () + 1
=%+”+\/_——+(n—2yt+1)(v_ ).
Therefore,
N+(—1)™MTH li
R(T'y = ZIHCDT 0D 4 7 By (1) = 25 (1) + 1) (Y2).

Provided that T' € F, given vy denotes a leaf in T , we then have that T belongs to F. Thus,
T' ¢ F, which contradicts with the minimality of T. This then completes the proof. [

4. CONCLUDING REMARKS

The purpose of this research is to look at the link between the Randi¢ index and the total

domination number of trees. We provide an upper bound for the Randi¢ index of trees in

terms of total domination number, and characterizing all tree(s) that attain the equality case.
sTo sum up this paper, we want to suggest the following open problem.

Problem 3.5. Determine the lower bound for the Randi¢ index of trees with respect to the
order and the total domination number.
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