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1. INTRODUCTION  

Most graphs presented in the current research are deemed connected and simple. Consider 
𝐺 = (𝑉, 𝐸) as a graph having 𝑉 = 𝑉(𝐺) and 𝐸 = 𝐸(𝐺) as its vertex and edge sets, 
respectively. Here, 𝑢𝑣 represents an edge in the graph 𝐺 that connects two vertices given by 
𝑢 and 𝑣. Moreover, the amount of edges incident having 𝑢 in graph 𝐺 is indicated by 𝑑𝑒𝑔(𝑢), 
which is also known as the vertex degree, 𝑢. Given that 𝑑𝑒𝑔(𝑢) = 1, a vertex 𝑢 in 𝐺 is 
termed pendant or leaf. In a 𝐺 graph, the greatest vertex degree is expressed with the notation 
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of Δ(𝐺) (or simply Δ). The  open neighbourhood of each vertex 𝑣 ∈ 𝑉 denotes the 𝑁(𝑣) =

{𝑢 ∈ 𝑉|𝑢𝑣 ∈ 𝐸} set. Meanwhile, the closed neighbourhood denotes the 𝑁[𝑣] = 𝑁(𝑣) ∪ {𝑣} 
set. The cycle and the path on 𝑛 vertices are expressed as 𝐶 and 𝑃, accordingly. Assume 𝑇 
is a tree. Then, the longest path that exists between the two leaves defines a tree's diameter. 
Provided that 𝑣ଵ, 𝑣ଶ, … , 𝑣ௗ denotes a path in which the diameter is obtained, we may state 
that it resembles a diametrical path in 𝑇. To designate the forest generated by 𝑇 via 
eliminating the vertices of 𝑢ଵ, 𝑢ଶ, … , 𝑢 or the edges 𝑒ଵ, 𝑒ଶ, … , 𝑒 in 𝑇, we employ 𝑇 −

{𝑢ଵ, 𝑢ଶ, … , 𝑢} or 𝑇 − {𝑒ଵ, 𝑒ଶ, … , 𝑒}. For other notation and terminologies which are not 
defined here, please refer the book by West [12]. 

Provided that every vertex 𝑉(𝐺)\𝐷 possess a neighbour in 𝐷, then the subset known 
as 𝐷 ⊆ 𝑉(𝐺) is termed a dominating set that belongs to 𝐺. On the other hand, the minimal 
cardinality referring to a 𝐺 dominating set is termed as the domination number, represented 
by 𝛾(𝐺). If every vertex 𝐺 has a neighbour in 𝐷, a subset known as 𝐷 ⊆ 𝑉(𝐺) is termed as 
the total dominating set, expressed as TDS. For example, Cockayne et al. [3] established the 
TDS of 𝐺, indicated by 𝛾௧(𝐺), as the minimal cardinality of a 𝐺 TDS. Please see [5] for a 
summary of selected latest findings on total domination number in graphs. Domination in 
graphs has been an active research area in graph theory [8, 9].  

The Randić index of a graph 𝐺 was established by Randić [7], defined as follows:  

 𝑅(𝐺) = ∑௨௩∈ா(ீ)
ଵ

ඥௗ(௨)ௗ(௩)
,  

in which 𝑑𝑒𝑔(𝑣) and 𝑑𝑒𝑔(𝑢) resemble the vertices degrees 𝑣, 𝑢 ∈ 𝑉(𝐺) while 𝑢𝑣 refers to 
the edge that connects the two vertices. 

For instance, see [1, 2, 4, 10, 11] and their corresponding references for relationships 
between a variety of topological indices and domination number of graphs which has been a 
subject of concern for many years. Borović anin and Furtula [1] investigated the extremal 
Zagreb indices of trees with given domination number. Moreover, Bermudo et al. [2] 
discovered upper and lower bounds of the Randić index for trees in regards to the order and 
the domination number. Mojdeh et al. [10] found some upper bounds with regards to the 
Zagreb indices of trees, bicyclic and unicyclic graphs with given total domination number.  

We provide an upper bound for the Randić index of trees in regards to the order and 
the total domination number in this research. Consequently, extremal trees can be 
characterized. We present several preliminary findings in Section 2, while in Section 3, we 
present our main results. 

 

2. PRELIMINARIES RESULTS 

The extremal values survey of the Randić index for major classes of graphs was detailed by 
Li and Shi [6]. The star 𝑆, for example, possess the lowest Randić index between trees 
having 𝑛 vertices, whereas the path 𝑃 possess the highest Randić index. The authors in [2] 
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proposed new bounds specifically for the Randić index of trees with the order and the 
domination number. They introduced the function as follows to make the computations 
easier: 

 𝑓(𝑛, 𝛾) =
ଶ

ହ
+

ଷఊ

ଵ
+ √2 −

ଷ

ଶ
+ (𝑛 − 3𝛾) ቀ

√ଷାଵ

√ଶ
−

ଵଽ

ଵ
ቁ .  

 

Lemma 2.1. [2] Consider 𝑇 as a tree having order 𝑛 and a domination number 𝛾, as well as 
a vertex 𝑣 ∈ 𝑉(𝑇) provided that 𝑁(𝑣) = {𝑢ଵ, 𝑢ଶ, … , 𝑢}, 𝑑𝑒𝑔(𝑣) = 𝑖 ≥ 3, 𝑑𝑒𝑔(𝑢) = 𝑗 ≥ 2 
and 𝑑𝑒𝑔(𝑢) = 1 for each 𝑙 ∈ {1,2, … , 𝑖 − 1}. Now, by considering 𝑇ଵ = 𝑇 − 𝑢ଵ, we then 
obtain as follows:  

I) Provided that 𝑖 ≥ 4 as well as 𝑅(𝑇ଵ) ≤ 𝑓(𝑛 − 1, 𝛾), we now have 𝑅(𝑇) < 𝑓(𝑛, 𝛾). 
 

II) Provided that 𝑖 = 3, 𝑗 ≤ 67 as well as 𝑅(𝑇ଵ) ≤ 𝑓(𝑛 − 1, 𝛾), we now have 𝑅(𝑇) <

𝑓(𝑛, 𝛾).  
 

Lemma 2.2. [2] For any given tree 𝑇 having order 𝑛 as well as a domination number 𝛾, we 
then obtain  

 𝑅(𝑇) ≤
ଶ

ହ
+

ଷఊ

ଵ
+ √2 −

ଷ

ଶ
+ (𝑛 − 3𝛾) ቀ

√ଷାଵ

√ଶ
−

ଵଽ

ଵ
ቁ .  

 

3. UPPER BOUND FOR THE RANDIĆ INDEX OF TREES WITH GIVEN TOTAL 

DOMINATION NUMBER 
 
We describe our main findings in this section. By using the order and total domination 
number, we will find an upper bound for Randić index of trees. To make our computations 
easier, we use the following abbreviation 

 𝑓(𝑛, 𝛾௧) =
ଶା(ିଵ)

଼
+

ఊ

ଶ
+ √2 −

ଵଷ

଼
+ (𝑛 − 2𝛾௧ + 1) ቀ

√ଵସିଷ

ଶ
ቁ .  

 

Lemma 3.1. Consider 𝑇 as a tree having order 𝑛 and a total domination number 𝛾௧, as well 
as a vertex 𝑣 ∈ 𝑉(𝑇) provided that 𝑁(𝑣) = {𝑢ଵ, 𝑢ଶ, ⋯ , 𝑢}, 𝑑𝑒𝑔(𝑣) = 𝑖 ≥ 3, 𝑑𝑒𝑔(𝑢) =

𝑗 ≥ 2 and 𝑑𝑒𝑔(𝑢) = 1 for each 𝑙 ∈ {1,2, … , 𝑖 − 1}. Now, by taking 𝑇ଵ = 𝑇 − 𝑢ଵ yields as 
follows:  

I) Provided that 𝑖 ≥ 4 and 𝑅(𝑇ଵ) ≤ 𝑓(𝑛 − 1, 𝛾௧), we now have 𝑅(𝑇) < 𝑓(𝑛, 𝛾௧).  
II) Provided that 𝑖 = 3, 𝑗 = 2 and 𝑅(𝑇ଵ) ≤ 𝑓(𝑛 − 1, 𝛾௧), we now have 𝑅(𝑇) <

𝑓(𝑛, 𝛾௧).  
 

Proof. Since 𝑇ଵ = 𝑇 − 𝑢ଵ, we obtain  

 𝑅(𝑇) = 𝑅(𝑇 − 𝑢ଵ) −
ିଶ

√ିଵ
−

ଵ

ඥ(ିଵ)
+

ିଵ

√
+

ଵ

ඥ
 

 = 𝑅(𝑇ଵ) + ቀ
ଵ

√
−

ଵ

√ିଵ
ቁ ൬𝑖 − 2 +

ଵ

ඥ
൰ +

ଵ

√
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 ≤
ଶ(ିଵ)ା(ିଵ)షభ

଼
+

ఊ

ଶ
+ √2 −

ଵଷ

଼
+ ((𝑛 − 1) − 2𝛾௧ + 1) ቀ

√ଵସିଷ

ଶ
ቁ 

  + ቀ
ଵ

√
−

ଵ

√ିଵ
ቁ ൬𝑖 − 2 +

ଵ

ඥ
൰ +

ଵ

√
 

 ≤ 𝑓(𝑛, 𝛾௧) +
ହ

ସ
−

(ିଵ)

ସ
−

√ଵସ

ଶ
+ ቀ

ଵ

√
−

ଵ

√ିଵ
ቁ ൬𝑖 − 2 +

ଵ

ඥ
൰ +

ଵ

√
.  

Due to the function 
ହ

ସ
−

(ିଵ)

ସ
−

√ଵସ

ଶ
+ ቀ

ଵ

√
−

ଵ

√ିଵ
ቁ ൬𝑖 − 2 +

ଵ

ඥ
൰ +

ଵ

√
 yields a negative value 

for any 𝑖 ≥ 4, we then obtain (a). 
Given that 𝑗 = 2, we obtain  

 𝑅(𝑇) ≤ 𝑓(𝑛, 𝛾௧) +
ହ

ସ
−

(ିଵ)

ସ
−

√ଵସ

ଶ
+ ቀ

ଵ

√
−

ଵ

√ିଵ
ቁ ቀ𝑖 − 2 +

ଵ

√ଶ
ቁ +

ଵ

√
< 𝑓(𝑛, 𝛾௧),  

for 𝑖 = 3, so we have (b). This then completes the proof.                                                       ■ 
  

Theorem 3.2. Consider any tree 𝑇 having order 𝑛 and a total domination number 𝛾௧, we then 
obtain the following  

 𝑅(𝑇) ≤
ଶା(ିଵ)

଼
+

ఊ

ଶ
+ √2 −

ଵଷ

଼
+ (𝑛 − 2𝛾௧ + 1) ቀ

√ଵସିଷ

ଶ
ቁ .  

 

Proof. We express 𝑓(𝑛, 𝛾௧) =
ଶା(ିଵ)

଼
+

ఊ

ଶ
+ √2 −

ଵଷ

଼
+ (𝑛 − 2𝛾௧ + 1) ቀ

√ଵସିଷ

ଶ
ቁ. If 𝑛 = 4, 

we have  

 𝑅(𝑃ସ) = √2 +
ଵ

ଶ
≤ 𝑓(4,2) and 𝑅(𝑆ସ) = √3 ≤ 𝑓(4,2).  

We make assumption that the findings holds for every tree with 𝑛 − 1 vertices, we 
then have to prove it for trees having 𝑛 vertices. In 𝑇, by taking diameter 𝑣ଵ, 𝑣ଶ, … , 𝑣ௗ, we 
make assumption that 𝑑𝑒𝑔(𝑣ଶ) ≤ 3 according to Lemma 3.1. Therefore, we investigate two 
cases given below. 

 

Case 1: Assume we have 𝑑𝑒𝑔(𝑣ଶ) = 3. Now, provided that 𝑑𝑒𝑔(𝑣ଷ) = 𝑗 ≥ 3, we 
express 𝑁(𝑣ଶ) = {𝑣ଵ, 𝑣ଷ, 𝑢ଵ}, 

𝑁(𝑣ଷ) = {𝑣ଶ, 𝑣ସ, 𝑤ଵ, 𝑤ଶ, … , 𝑤ିଶ}, 𝑑𝑒𝑔(𝑣ସ) = 𝑘 as well as 𝑑𝑒𝑔(𝑤) = 𝑠. 

Moreover, we set 𝑇ଶ = 𝑇 − {𝑣ଵ, 𝑣ଶ, 𝑢ଵ}. Here, in this case, there exist a TDS 𝐷 ∈ 𝑇 
provided that 𝑣ଶ ∈ 𝐷 as well as 𝑣ଷ ∈ 𝑁[𝐷\{𝑣ଶ}]. As a result, 𝛾௧(𝑇) = 𝛾௧(𝑇ଶ) + 1. 
Moreover, since 𝑠 ≤ 3, we obtain 
 

             𝑅(𝑇) = 𝑅(𝑇ଶ) −
ଵ

ඥ(ିଵ)
−

ଵ

ඥ(ିଵ)௦భ
− ⋯ −

ଵ

ඥ(ିଵ)௦ೕషమ
+

ଵ

ඥ
+

ଵ

ඥ௦భ
 

                       + ⋯ +
ଵ

ඥ௦ೕషమ
+

ଵ

ඥଷ
+

ଶ

√ଷ
 

                   ≤  
ଶ(ିଷ)ା(ିଵ)షయ

଼
+

ఊିଵ

ଶ
+ √2 −

ଵଷ

଼
+ ((𝑛 − 3) − 2(𝛾௧ − 1) + 1) ቀ

√ଵସିଷ

ଶ
ቁ 

      − ൬
ଵ

ඥିଵ
−

ଵ

ඥ
൰ ൬

ଵ

√
+ ∑ିଶ

ୀଵ

ଵ

ඥ௦
൰ + ൬

ଵ

ඥ
+ 2൰ ቀ

ଵ

√ଷ
ቁ 
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      ≤ 𝑓(𝑛, 𝛾௧) +
ଵ

ସ
−

(ିଵ)

ସ
−

√ଵସ

ଶ
− ൬

ଵ

ඥିଵ
−

ଵ

ඥ
൰ ൬

ଵ

√
+ ∑ିଶ

ୀଵ

ଵ

ඥ௦
൰  

       + ൬
ଵ

ඥ
+ 2൰ ቀ

ଵ

√ଷ
ቁ .  

Since 
ଵ

ସ
−

(ିଵ)

ସ
−

√ଵସ

ଶ
− ൬

ଵ

ඥିଵ
−

ଵ

ඥ
൰ ൬

ଵ

√
+ ∑ିଶ

ୀଵ

ଵ

ඥ௦
൰ + ൬

ଵ

ඥ
+ 2൰ ቀ

ଵ

√ଷ
ቁ yields 

a negative value for every 𝑗 ≥ 3, we obtain 𝑅(𝑇) < 𝑓(𝑛, 𝛾௧). 
 

Case 2: Suppose that 𝑑𝑒𝑔(𝑣ଶ) = 2. 

Case 2.1: Provided that 𝑑𝑒𝑔(𝑣ଷ) = 𝑗 ≥ 3, in this case, we express 𝑁(𝑣ଷ) =

{𝑣ଶ, 𝑣ସ, 𝑤ଵ, 𝑤ଶ, … , 𝑤ିଶ}, 𝑑𝑒𝑔(𝑣ସ) = 𝑘 as well as 𝑑𝑒𝑔(𝑤) = 𝑠. Moreover, we 

assume that 𝑇ଶ = 𝑇 − {𝑣ଵ, 𝑣ଶ}. Provided that we know the existance of a TDS 𝐷 ∈ 𝑇 
given by 𝑣ଶ ∈ 𝐷 as well as 𝑣ଷ ∈ 𝑁[𝐷\{𝑣ଶ}], then 𝛾௧(𝑇) = 𝛾௧(𝑇ଶ) + 1 yielding 

 

                𝑅(𝑇) = 𝑅(𝑇ଶ) −
ଵ

ඥ(ିଵ)
−

ଵ

ඥ(ିଵ)௦భ
− ⋯ −

ଵ

ඥ(ିଵ)௦ೕషమ
+

ଵ

ඥ
+

ଵ

ඥ௦భ

ଵ

ඥ௦ೕషమ
 

 + ⋯ + +
ଵ

ඥଶ
+

ଵ

√ଶ
 

 ≤
ଶ(ିଶ)ା(ିଵ)షమ

଼
+

ఊିଵ

ଶ
+ √2 −

ଵଷ

଼
+ ((𝑛 − 2) − 2(𝛾௧ − 1) + 1) ቀ

√ଵସିଷ

ଶ
ቁ 

 − ൬
ଵ

ඥିଵ
−

ଵ

ඥ
൰ ൬

ଵ

√
+ ∑ିଶ

ୀଵ

ଵ

ඥ௦
൰ + ൬

ଵ

ඥ
+ 1൰ ቀ

ଵ

√ଶ
ቁ 

 ≤ 𝑓(𝑛, 𝛾௧) − 1 − ൬
ଵ

ඥିଵ
−

ଵ

ඥ
൰ ൬

ଵ

√
+ ∑ିଶ

ୀଵ

ଵ

ඥ௦
൰ + ൬

ଵ

ඥ
+ 1൰ ቀ

ଵ

√ଶ
ቁ .  

Since −1 − ൬
ଵ

ඥିଵ
−

ଵ

ඥ
൰ ൬

ଵ

√
+ ∑ିଶ

ୀଵ

ଵ

ඥ௦
൰ + ൬

ଵ

ඥ
+ 1൰ ቀ

ଵ

√ଶ
ቁ yields a negative function 

for every 𝑗 ≥ 3, we then obtain 𝑅(𝑇) < 𝑓(𝑛, 𝛾௧). 
 

Case 2.2: Provided that we have 𝑑𝑒𝑔(𝑣ଷ) = 2, we then express 𝑁(𝑣ସ) =

{𝑣ଷ, 𝑣ହ, 𝑧ଵ, 𝑧ଶ, … , 𝑧ିଶ} as well as 𝑑𝑒𝑔(𝑧) = 𝑡 for each 𝑙 ∈ {1,2, … , 𝑘 − 2}. Also, 
provided that for every 𝑙 ∈ {1,2, … , 𝑘 − 2}, let's say there exist 𝑤ଵ, 𝑤ଶ ∈ 𝑉(𝑇) given 
that 𝑤ଵ ∈ 𝑁(𝑧) as well as 𝑤ଶ ∈ 𝑁(𝑤ଵ), following from there 𝑤ଶ, 𝑤ଵ, 𝑧 , 𝑣ସ, 𝑣ହ, … 𝑣ௗ 
denotes a diameter (𝑇). From here, following the cases mentioned above, we may 
make assumption that 𝑡 = 𝑑𝑒𝑔(𝑤ଵ) = 2. In addition, if 𝑧 resembles a support 
vertex, thus, employing Lemma 3.1, we may make assumption that 𝑡 ≤ 3. 

 

Case 2.2.1: Here, we assume that 𝑘 ≥ 4. Let say we set 𝑇ଷ = 𝑇 − {𝑣ଵ, 𝑣ଶ, 𝑣ଷ}, we 
then obtain  

 𝑅(𝑇) = 𝑅(𝑇ଷ) −
ଵ

ඥ(ିଵ)ௗ(௩ఱ)
−

ଵ

ඥ(ିଵ)௧భ
− ⋯ −

ଵ

ඥ(ିଵ)௧ೖషమ
 

 +
ଵ

ඥௗ(௩ఱ)
+

ଵ

ඥ௧భ
+ ⋯ +

ଵ

ඥ௧ೖషమ
+

ଵ

√ଶ
+

ଵ

ଶ
+

ଵ

√ଶ
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 ≤
ଶ(ିଷ)ା(ିଵ)షయ

଼
+

ఊିଶ

ଶ
+ √2 −

ଵଷ

଼
+ ((𝑛 − 3) − 2(𝛾௧ − 2) + 1) ቀ

√ଵସିଷ

ଶ
ቁ 

 − ቀ
ଵ

√ିଵ
−

ଵ

√
ቁ ൬

ଵ

ඥௗ(௩ఱ)
+ ∑ିଶ

ୀଵ
ଵ

ඥ௧
൰ +

ଵ

√ଶ
+

ଵ

ଶ
+

ଵ

√ଶ
 

 ≤ 𝑓(𝑛, 𝛾௧) −
ଵଷ

ସ
−

(ିଵ)

ସ
+

√ଵସ

ଶ
− ቀ

ଵ

√ିଵ
−

ଵ

√
ቁ ൬

ଵ

ඥୢୣ(௩ఱ)
+ ∑ିଶ

ୀଵ
ଵ

ඥ௧
൰ 

 +
ଵ

√ଶ
+

ଵ

ଶ
+

ଵ

√ଶ
.  

Since the function −
ଵଷ

ସ
−

(ିଵ)

ସ
+

√ଵସ

ଶ
− ቀ

ଵ

√ିଵ
−

ଵ

√
ቁ ൬

ଵ

ඥௗ(௩ఱ)
+ ∑ିଶ

ୀଵ
ଵ

ඥ௧
൰ +

ଵ

√ଶ
+

ଵ

ଶ
+

ଵ

√ଶ
 yields a negative value for every 𝑘 ≥ 4, we then obtain 𝑅(𝑇) < 𝑓(𝑛, 𝛾௧). 

  
Case 2.2.2: Provided that 𝑘 ≤ 3. Assume there exist a minimum TDS 𝐷 of 𝑇 given 
that 𝑣ସ ∈ 𝐷. We then set 𝑇ଶ = 𝑇 − {𝑣ଵ, 𝑣ଶ}. In this case, we obtain  

 𝑅(𝑇) = 𝑅(𝑇ଶ) −
ଵ

√
+

ଵ

√ଶ
+

ଵ

ଶ
+

ଵ

√ଶ
 

 ≤
ଶ(ିଶ)ା(ିଵ)షమ

଼
+

ఊିଶ

ଶ
+ √2 −

ଵଷ

଼
+ ((𝑛 − 2) − 2(𝛾௧ − 2) + 1) ቀ

√ଵସିଷ

ଶ
ቁ 

 −
ଵ

√
+

ଵ

√ଶ
+

ଵ

ଶ
+

ଵ

√ଶ
 

 ≤ 𝑓(𝑛, 𝛾௧) −
ଽ

ଶ
+ √14 −

ଵ

√
+

ଵ

√ଶ
+

ଵ

ଶ
+

ଵ

√ଶ
< 𝑓(𝑛, 𝛾௧),  

for every 𝑘 ≤ 3. 

 
Figure 1: Three situation for the Case 2.2.2.1. 

Case 2.2.2.1: Let 𝑘 = 3. Here, in this case, we obtain the cases as portrayed in Figure 
1, in which the black vertices denotes vertices having any minimum TDS 𝐷. 

 
In Case (a), we express 𝑁(𝑣ହ) = {𝑣ସ, 𝑎ଵ, 𝑎ଶ, … , 𝑎ିଵ} as well as 𝑑𝑒𝑔(𝑎) =

𝑞 for each 𝑙 ∈ {1,2, … , 𝑟 − 1}, in which we assume two cases. 
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Case (a.1): Let 𝑟 ≥ 9 and 𝑇′ = 𝑇 − {𝑣ଵ, 𝑣ଶ, 𝑣ଷ, 𝑣ସ, 𝑧ଵ, 𝑤ଵ, 𝑤ଶ}, here we obtain 
 

     𝑅(𝑇) = 𝑅(𝑇′) − ቀ
ଵ

√ିଵ
−

ଵ

√
ቁ ൬∑ିଵ

ୀଵ
ଵ

ඥ
൰ +

ଵ

√ଷ
+

ଶ

√
+ 1 + √2 

 ≤
ଶ(ି)ା(ିଵ)షళ

଼
+

ఊିସ

ଶ
+ √2 −

ଵଷ

଼
+ ((𝑛 − 7) − 2(𝛾௧ − 4) + 1) ቀ

√ଵସିଷ

ଶ
ቁ 

 − ቀ
ଵ

√ିଵ
−

ଵ

√
ቁ ൬∑ିଵ

ୀଵ
ଵ

ඥ
൰ +

ଵ

√ଷ
+

ଶ

√
+ 1 + √2 

 ≤ 𝑓(𝑛, 𝛾௧) −
ଶଵ

ସ
−

(ିଵ)

ସ
+

√ଵସ

ଶ
− ቀ

ଵ

√ିଵ
−

ଵ

√
ቁ ൬∑ିଵ

ୀଵ
ଵ

ඥ
൰ 

  +
ଵ

 √ଷ
+

ଶ

√
+ 1 + √2 

  ≤ 𝑓(𝑛, 𝛾௧) − ቀ
ଵ

√ିଵ
−

ଵ

√
ቁ ൬∑ିଵ

ୀଵ
ଵ

ඥ
൰ −

ଵ

ସ
−

(ିଵ)

ସ
+

√ଵସ

ଶ
+

ଵ

√ଷ
+

ଶ

√
+ √2,  

and, since −
ଵ

ସ
−

(ିଵ)

ସ
+

√ଵସ

ଶ
+

ଵ

√ଷ
+

ଶ

√
+ √2 < 0 for 𝑟 ≥ 9, here we summarize 

that 𝑅(𝑇) < 𝑓(𝑛, 𝛾௧). 
  
Case (a.2): Next, we assume that 𝑟 ≤ 8. Let’s say now we consider 𝑇′ = 𝑇 −

{𝑣ଵ, 𝑣ଶ, 𝑣ଷ}, we then obtain  

     𝑅(𝑇) = 𝑅(𝑇′) −
ଵ

ଶ
−

ଵ

√ଶ
+

ଵ

√ଷ
+

ଶ

√
+

ଵ

ଶ
+

ଵ

√ଶ
 

 ≤
ଶ(ିଷ)ା(ିଵ)షయ

଼
+

ఊିଶ

ଶ
+ √2 −

ଵଷ

଼
+ ((𝑛 − 3) − 2(𝛾௧ − 2) + 1) ቀ

√ଵସିଷ

ଶ
ቁ 

 +
ଵ

√ଶ
+

ଶ

√
+ ቀ

ଵ

√ଷ
−

ଵ

√ଶ
ቁ ቀ

ଵ

√
ቁ 

 ≤ 𝑓(𝑛, 𝛾௧) −
ଵଷ

ସ
−

(ିଵ)

ସ
+

√ଵସ

ଶ
+

ଵ

√ଶ
+

ଶ

√
+ ቀ

ଵ

√ଷ
−

ଵ

√ଶ
ቁ ቀ

ଵ

√
ቁ < 𝑓(𝑛, 𝛾௧) 

for any 𝑟 ≤ 8. 
 
In Case (b), here we express 𝑁(𝑣ହ) = {𝑣ସ, 𝑎ଵ, 𝑎ଶ, … , 𝑎ିଵ} as well as 𝑑𝑒𝑔(𝑎) = 𝑞 

for each 𝑙 ∈ {1,2, … , 𝑟 − 1}. From here, we take into account two more cases. 
  
Case (b.1): Let's assume that 𝑟 ≥ 4. Let’s say if we set 𝑇′ = 𝑇 −

{𝑣ଵ, 𝑣ଶ, 𝑣ଷ, 𝑣ସ, 𝑧ଵ, 𝑤ଵ, 𝑤ଶ}, we then obtain  

  𝑅(𝑇) = 𝑅(𝑇′) − ቀ
ଵ

√ିଵ
−

ଵ

√
ቁ ൬∑ିଵ

ୀଵ
ଵ

ඥ
൰ +

ଵ

√ଷ
+

ଵ

ଷ
+

ଶ

√ଷ
+

ଵ

√
+

ଵ

ଶ
+

ଵ

√ଶ
 

 ≤
ଶ(ି)ା(ିଵ)షళ

଼
+

ఊିଷ

ଶ
+ √2 −

ଵଷ

଼
+ ((𝑛 − 7) − 2(𝛾௧ − 3) + 1) ቀ

√ଵସିଷ

ଶ
ቁ 

 − ቀ
ଵ

√ିଵ
−

ଵ

√
ቁ ൬∑ିଵ

ୀଵ
ଵ

ඥ
൰ +

ଵ

√ଷ
+

ଶ

√ଷ
+

ଵ

√
+

ହ


+

ଵ

√ଶ
 

 ≤ 𝑓(𝑛, 𝛾௧) − ቀ
ଵ

√ିଵ
−

ଵ

√
ቁ ൬∑ିଵ

ୀଵ
ଵ

ඥ
൰ 
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 −
ଵଵ

ଵଶ
−

(ିଵ)

ସ
−

√ଵସ

ଶ
+

ଵ

√ଷ
+

ଶ

√ଷ
+

ଵ

√
+

ଵ

√ଶ
.  

Since −
ଵଵ

ଵଶ
−

(ିଵ)

ସ
−

√ଵସ

ଶ
+

ଵ

√ଷ
+

ଶ

√ଷ
+

ଵ

√
+

ଵ

√ଶ
 yields a negative value for every 𝑟 ≥

4, we obtain 𝑅(𝑇) < 𝑓(𝑛, 𝛾௧). 
  
Case (b.2): Next, assume that 𝑟 ≤ 3. Here, if we set 𝑇′ = 𝑇 − {𝑣ଵ, 𝑣ଶ, 𝑣ଷ}, we obtain 
 

                𝑅(𝑇) = 𝑅(𝑇′) −
ଵ

√
−

ଵ

√ଶ
+

ଵ

√ଷ
+

ଵ

ଷ
+

ଵ

√
+

ଵ

ଶ
+

ଵ

√ଶ
 

 ≤
ଶ(ିଷ)ା(ିଵ)షయ

଼
+

ఊିଶ

ଶ
+ √2 −

ଵଷ

଼
+ ((𝑛 − 3) − 2(𝛾௧ − 2) + 1) ቀ

√ଵସିଷ

ଶ
ቁ 

 −
ଵ

√ଶ
+

ଵ

√ଷ
+

ହ


+

ଵ

√ଶ
 

 ≤ 𝑓(𝑛, 𝛾௧) −
ଶଽ

ଵଶ
−

(ିଵ)

ସ
+

√ଵସ

ଶ
+

ଵ

√ଶ
+ ቀ

ଵ

√ଷ
−

ଵ

√ଶ
ቁ ቀ

ଵ

√
ቁ < 𝑓(𝑛, 𝛾௧) 

for any 𝑟 ≤ 3. 
 

In Case (c), let 𝑁(𝑣ହ) = {𝑣ସ, 𝑎ଵ, 𝑎ଶ, … , 𝑎ିଵ} as well as 𝑑𝑒𝑔(𝑎) = 𝑞 for each 𝑙 ∈

{1,2, … , 𝑟 − 1}. From here, we take into account the following two cases. 
  
Case (c.1): Here, we assume that 𝑟 ≥ 5. Now, by setting 𝑇′ = 𝑇 −

{𝑣ଵ, 𝑣ଶ, 𝑣ଷ, 𝑣ସ, 𝑧ଵ, 𝑤ଵ} yields  

    𝑅(𝑇) = 𝑅(𝑇′) − ቀ
ଵ

√ିଵ
−

ଵ

√
ቁ ൬∑ିଵ

ୀଵ
ଵ

ඥ
൰ +

ଵ

√ଷ
+

ଶ

√
+

ଵ

ଶ
+ √2 

 ≤
ଶ(ି)ା(ିଵ)షల

଼
+

ఊିଷ

ଶ
+ √2 −

ଵଷ

଼
+ ((𝑛 − 6) − 2(𝛾௧ − 3) + 1) ቀ

√ଵସିଷ

ଶ
ቁ 

 − ቀ
ଵ

√ିଵ
−

ଵ

√
ቁ ൬∑ିଵ

ୀଵ
ଵ

ඥ
൰ +

ଵ

√ଷ
+

ଶ

√
+

ଵ

ଶ
+ √2 

 ≤ 𝑓(𝑛, 𝛾௧) − ቀ
ଵ

√ିଵ
−

ଵ

√
ቁ ൬∑ିଵ

ୀଵ
ଵ

ඥ
൰ −

ହ

ଶ
+

ଵ

√ଷ
+

ଶ

√
+ √2.  

Since −
ହ

ଶ
+

ଵ

√ଷ
+

ଶ

√
+ √2 yields a negative number for every 𝑟 ≥ 5, we now obtain 

𝑅(𝑇) < 𝑓(𝑛, 𝛾௧). 
  
Case (c.2): Next, we assume that 𝑟 ≤ 4. Provided that we let 𝑇′ = 𝑇 − {𝑣ଵ, 𝑣ଶ, 𝑣ଷ}, 
here we will obtain  

    𝑅(𝑇) = 𝑅(𝑇′) −
ଵ

√ଶ
−

ଵ

ଶ
+

ଵ

√ଷ
+

ଶ

√
+

ଵ

ଶ
+

ଵ

√ଶ
 

 ≤
ଶ(ିଷ)ା(ିଵ)షయ

଼
+

ఊିଶ

ଶ
+ √2 −

ଵଷ

଼
+ ((𝑛 − 3) − 2(𝛾௧ − 2) + 1) ቀ

√ଵସିଷ

ଶ
ቁ 

 + ቀ
ଵ

√ଷ
−

ଵ

√ଶ
ቁ ቀ

ଵ

√
ቁ +

ଶ

√
+

ଵ

√ଶ
 

 ≤ 𝑓(𝑛, 𝛾௧) −
ଵଷ

ସ
−

(ିଵ)

ସ
+

√ଵସ

ଶ
+

ଶ

√
+

ଵ

√ଶ
+ ቀ

ଵ

√ଷ
−

ଵ

√ଶ
ቁ ቀ

ଵ

√
ቁ ,  
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and since −
ଵଷ

ସ
−

(ିଵ)

ସ
+

√ଵସ

ଶ
+

ଶ

√
+

ଵ

√ଶ
+ ቀ

ଵ

√ଷ
−

ଵ

√ଶ
ቁ ቀ

ଵ

√
ቁ < 0 for any 𝑟 ≤ 4, we 

obtain 𝑅(𝑇) < 𝑓(𝑛, 𝛾௧). 
 

 
Figure 2: The situation yielded in Case 2.2.2.2. 

 
Case 2.2.2.2: Let 𝑘 = 2. Then, we obtain the condition portrayed in Figure 2. 

 
We now express 𝑁(𝑣ହ) = {𝑣ସ, 𝑎ଵ, 𝑎ଶ, … , 𝑎ିଵ} as well as 𝑑𝑒𝑔(𝑎) = 𝑞 for 

each 𝑙 ∈ {1,2, … , 𝑟 − 1}. We set 𝑟 = 2 as well as 𝑇′ = 𝑇 − {𝑣ଵ, 𝑣ଶ, 𝑣ଷ}, which yields 
 

     𝑅(𝑇) = 𝑅(𝑇′) −
ଵ

√ଶ
+

ଷ

ଶ
+

ଵ

√ଶ
 

 ≤
ଶ(ିଷ)ା(ିଵ)షయ

଼
+

ఊିଶ

ଶ
+ √2 −

ଵଷ

଼
 

  +((𝑛 − 3) − 2(𝛾௧ − 2) + 1) ቀ
√ଵସିଷ

ଶ
ቁ +

ଷ

ଶ
 

 ≤ 𝑓(𝑛, 𝛾௧) −


ସ
−

(ିଵ)

ସ
+

√ଵସ

ଶ
< 𝑓(𝑛, 𝛾௧).  

Following from here, we make assumption that 𝑟 ≥ 3 and take into account two more cases. 
Let 𝑞 ≤ 2 for each 𝑙 ∈ {1,2, … , 𝑟 − 1} and 𝑇′ = 𝑇 − {𝑣ଵ, 𝑣ଶ, 𝑣ଷ, 𝑣ସ}, we then obtain the 
following  

    𝑅(𝑇) = 𝑅(𝑇′) − ቀ
ଵ

√ିଵ
−

ଵ

√
ቁ ൬∑ିଵ

ୀଵ
ଵ

ඥ
൰ +

ଵ

√ଶ
+ 1 +

ଵ

√ଶ
 

 ≤
ଶ(ିସ)ା(ିଵ)షర

଼
+

ఊିଶ

ଶ
+ √2 −

ଵଷ

଼
+ ((𝑛 − 4) − 2(𝛾௧ − 2) + 1) ቀ

√ଵସିଷ

ଶ
ቁ 

 − ቀ
ଵ

√ିଵ
−

ଵ

√
ቁ ൬∑ିଵ

ୀଵ
ଵ

ඥ
൰ +

ଵ

√ଶ
+ 1 +

ଵ

√ଶ
 

 ≤ 𝑓(𝑛, 𝛾௧) − ቀ
ଵ

√ିଵ
−

ଵ

√
ቁ ൬∑ିଵ

ୀଵ
ଵ

ඥ
൰ − 1 +

ଵ

√ଶ
+

ଵ

√ଶ
< 𝑓(𝑛, 𝛾௧) 

for any 𝑟 ≥ 3. 
Consequently, we let 𝑞ଵ = 𝑚𝑎𝑥{𝑞ଵ, … , 𝑞ିଵ} ≥ 3. From Lemma 3.1 and the cases 

above, given that 𝑁(𝑎ଵ) = {𝑣ହ, 𝑏ଵ, 𝑏ଶ, … , 𝑏భିଵ}, we may make assumption that, for each 

𝑖 ∈ {1,2, … , 𝑞ଵ − 1}, then every vertex in 𝑁(𝑏)\{𝑎ଵ} resembles a leaf while 1 ≤ 𝑑𝑒𝑔(𝑏) ≤

3. Here, we express 𝑝 as the vertices quantity in {𝑏ଵ, 𝑏ଶ, … , 𝑏భିଵ} having degree 𝑖. 

Moreover, assume that the two disjoint graphs of 𝑇′ and 𝑇భ
 in 𝑇 − 𝑒 and the edge 𝑒 = 𝑣ହ𝑎ଵ 

contains the vertex 𝑣ହ and 𝑎ଵ, accordingly. Thus  
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    𝑅(𝑇) = 𝑅(𝑇′) + 𝑅(𝑇భ
) − ቀ

ଵ

√ିଵ
−

ଵ

√
ቁ ൬

ଵ

√ଶ
+ ∑ିଵ

ୀଵ
ଵ

ඥ
൰ −

భ

ඥభିଵ
 

 −
మ

ඥଶభିଵ
−

య

ඥଷభିଵ
+

భ

√భ
+

మ

ඥଶమ
+

య

ଷభ
+

ଵ

√భ
 

 ≤
ଶା(ିଵ)

଼
+

ఊ

ଶ
+ √2 −

ଵଷ

଼
+ (𝑛 − 2𝛾௧ + 1) ቀ

√ଵସିଷ

ଶ
ቁ + √2 −

ଷ

ଶ
+ ቀ

√ଵସିଷ

ଶ
ቁ 

 − ቀ
ଵ

√ିଵ
−

ଵ

√
ቁ ൬

ଵ

√ଶ
+ ∑ିଵ

ୀଵ
ଵ

ඥ
൰ − ൬

ଵ

ඥభିଵ
−

ଵ

√భ
൰ ቀ

భାమାయ

√ଷ
ቁ +

ଵ

√భ
 

 ≤ 𝑓(𝑛, 𝛾௧) + √2 −
ଷ

ଶ
+ ቀ

√ଵସିଷ

ଶ
ቁ − ቀ

ଵ

√ିଵ
−

ଵ

√
ቁ ൬

ଵ

√ଶ
+

ଵ

ඥ
൰ 

 − ൬
ଵ

ඥభିଵ
−

ଵ

√భ
൰ ቀ

భିଵ

√ଷ
ቁ +

ଵ

√భ
.  

 Now consider the function ℎ(𝑟) = − ቀ
ଵ

√ିଵ
−

ଵ

√
ቁ ൬

ଵ

√ଶ
+

ଵ

ඥ
൰ +

ଵ

√భ
. Since  

 ℎ′(𝑅) = ቀ
ଵ

√ଶ
−

ଵ

√భ
ቁ ቌ

ଵ

ටଶ(ିଵ)
య
మ

−
ଵ

ටଶ
య
మ

ቍ −
ଵ

ଶ√భ
య
మ

≥ 0 

 ⇔ ቀ
ଵ

√ଶ
−

ଵ

√భ
ቁ ቆቀ



ିଵ
ቁ

య

మ
− 1ቇ ≥

ଵ

√భ
 

 ⇔ ቀ
ଵ

√ଶ
−

ଵ

√భ
ቁ ቀ



ିଵ
ቁ

య

మ
≥

ଵ

√ଶ
+

ଶ

√భ
 

 ⇔


ିଵ
≥ ቀ√భାଶ√ଶ

√భା√ଶ
ቁ

మ

య
 

 ⇔ 𝑟 ≤
ଵ

൬
ඥభశమ√మ

ඥభశ√మ
൰

మ
య

ିଵ

+ 1 =
൬

ඥభశమ√మ

ඥభశ√మ
൰

మ
య

൬
ඥభశమ√మ

ඥభశ√మ
൰

మ
య

ିଵ

. 

Therefore, 

 √2 −
ଷ

ଶ
+ ቀ

√ଵସିଷ

ଶ
ቁ − ቀ

ଵ

√ିଵ
−

ଵ

√
ቁ ൬

ଵ

√ଶ
+

ଵ

ඥ
൰ − ൬

ଵ

ඥభିଵ
−

ଵ

√భ
൰ ቀ

భିଵ

√ଷ
ቁ +

ଵ

√భ
 

 ≤ √2 −
ଷ

ଶ
+ ቀ

√ଵସିଷ

ଶ
ቁ −

⎝

⎜
⎛ඨቀ√భାଶ√ଶ

√భା√ଶ
ቁ

మ

య
− 1 −

ඨ൬
ඥభశమ√మ

ඥభశ√మ
൰

మ
య

ିଵ

൬
ඥభశమ√మ

ඥభశ√మ
൰

భ
య

⎠

⎟
⎞

ቀ
ଵ

√ଶ
+

ଵ

√భ
ቁ 

 − ൬
ଵ

ඥభିଵ
−

ଵ

√భ
൰ ቀ

భିଵ

√ଷ
ቁ +

ඨ൬
ඥభశమ√మ

ඥభశ√మ
൰

మ
య

ିଵ

√భ൬
ඥభశమ√మ

ඥభశ√మ
൰

భ
య

.  

Note that this function has a negative value for every 𝑞ଵ ≥ 3. Thus, 𝑅(𝑇) < 𝑓(𝑛, 𝛾௧), 
completing the proof.                                                                                                             ሁ 
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We analyse the given family of ℱ graphs, which was created recursively to 
characterise all the trees that achieve the upper bound stated in Theorem 3.2. Here, the path 
2𝑘 + 1 vertices is examined in ℱ for every 𝑘 ≥ 1 and creating a new graph as follows:   

(I). Provided that 𝑇′ ∈ ℱ, then 𝑣 denotes a leaf in 𝑇′. By taking any path 𝑃, in which 
subsequent vertices are denoted by 𝑤ଵ, 𝑤ଶ, … , 𝑤ସ, the graph 𝑇 provided that 𝑉(𝑇) =

𝑉(𝑇′) ∪ 𝑉(𝑃) as well as 𝐸(𝑇) = 𝐸(𝑇′) ∪ 𝐸(𝑃) ∪ {𝑣𝑤ଵ} belongs to ℱ. Upon utilizing 
the function again yields 

 𝑓(𝑛, 𝛾௧) =
ଶା(ିଵ)

଼
+

ఊ

ଶ
+ √2 −

ଵଷ

଼
+ (𝑛 − 2𝛾௧ + 1) ቀ

√ଵସିଷ

ଶ
ቁ .  

 
Lemma 3.3. If 𝑇 ∈ ℱ, then 𝑅(𝑇) = 𝑓(𝑛(𝑇), 𝛾௧(𝑇)).      

 
Proof. Let 𝑇 be a path having 2𝑘 + 1 vertices, here we may effortlessly determine that the 
finding holds. (i) Provided that 𝑇 ∈ ℱ agrees with 𝑅(𝑇′) = 𝑓(𝑛(𝑇′), 𝛾௧(𝑇′)) , 𝑇′ possess a 
leaf 𝑣, and 𝑃 denotes a path having subsequent 𝑤ଵ, 𝑤ଶ, … , 𝑤ସ vertices. Moreover, we also 
take into account the graph 𝑇 given that 𝑉(𝑇) = 𝑉(𝑇′) ∪ 𝑉(𝑃) as well as 𝐸(𝑇) = 𝐸(𝑇′) ∪

𝐸(𝑃) ∪ {𝑣𝑤ଵ}. Furthermore, neighbor of 𝑣 only possess degree 2, which yields  

 𝑅(𝑇) = 𝑅(𝑇′) + 𝑅(𝑃) −
ଶ

√ଶ
+

ଷ

ଶ
 

 =
ଶ(்ᇱ)ା(ିଵ)(ᇲ)

଼
+

ఊ(்ᇱ)

ଶ
+ √2 −

ଵଷ

଼
+ (𝑛(𝑇′) − 2𝛾௧(𝑇′) + 1) ቀ

√ଵସିଷ

ଶ
ቁ 

 +
ଶ

√ଶ
+

()ିଷ

ଶ
−

ଶ

√ଶ
+

ଷ

ଶ
 

 =
ଶ(்ᇱ)ା(ିଵ)(ᇲ)

଼
+

ఊ(்ᇱ)

ଶ
+ √2 −

ଵଷ

଼
+ (𝑛(𝑇′) − 2𝛾௧(𝑇′) + 1) ቀ

√ଵସିଷ

ଶ
ቁ 

 +
ଶ()ା(ିଵ)(ು)

଼
+

ఊ()

ଶ
−

ଵ

଼
 

 =
ଶ(்)ା(ିଵ)()

଼
+

ఊ

ଶ
+ √2 −

ଵଷ

଼
+ (𝑛(𝑇) − 2𝛾௧ + 1) ቀ

√ଵସିଷ

ଶ
ቁ .  

This completes the proof.                                                                                                      ■ 
 

Theorem 3.4. 𝑅(𝑇) = 𝑓(𝑛(𝑇), 𝛾௧(𝑇)) if and only if 𝑇 ∈ ℱ.      
 

Proof. Using Lemma 3.3, we are acquired to show that every tree 𝑇 fullfiling 𝑅(𝑇) =

𝑓(𝑛(𝑇), 𝛾௧(𝑇)) sits in the ℱ family. Using contradiction, we assume the existence of a tree 
𝑇 given that 𝑅(𝑇) = 𝑓(𝑛(𝑇), 𝛾௧(𝑇)) as well as 𝑇 ∉ 𝐹. Here, we now consider the tree 𝑇 
fullfiling the minimum number of vertices. Now, if we consider the Theorem 3.2 proof as 
well as the 𝑣ଵ, 𝑣ଶ, … , 𝑣ௗ as the diameter of 𝑇, we may make assumption that 𝑖 = 𝑗 = 𝑘 = 2 
as well as 𝑟 = 2. 

Provided that 𝑟 = 2 and we assume 𝑇′ = 𝑇\{𝑣ଵ, 𝑣ଶ}, we then obtain  
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 𝑅(𝑇) = 𝑅(𝑇′) −
ଵ

√ଶ
+

ଶ

√ସ
+

ଵ

√ଶ
 

    ≤
ଶ(ିଶ)ା(ିଵ)షమ

଼
+

ఊିଵ

ଶ
+ √2 −

ଵଷ

଼
+ ((𝑛 − 2) − 2(𝛾௧ − 1) + 1) ቀ

√ଵସିଷ

ଶ
ቁ + 1 

              =
ଶା(ିଵ)

଼
+

ఊ

ଶ
+ √2 −

ଵଷ

଼
+ (𝑛 − 2𝛾௧ + 1) ቀ

√ଵସିଷ

ଶ
ቁ .  

Therefore,  

              𝑅(𝑇′) =
ଶ(்ᇱ)ା(ିଵ)(ᇲ)

଼
+

ఊ(்ᇱ)

ଶ
+ √2 −

ଵଷ

଼
+ (𝑛(𝑇′) − 2𝛾௧(𝑇′) + 1) ቀ

√ଵସିଷ

ଶ
ቁ.  

Provided that 𝑇′ ∈ ℱ, given 𝑣ଷ denotes a leaf in 𝑇′, we then have that 𝑇 belongs to 𝐹. Thus, 
𝑇′ ∉ ℱ, which contradicts with the minimality of 𝑇. This then completes the proof.            ■ 

 

4. CONCLUDING REMARKS 
 

The purpose of this research is to look at the link between the Randić index and the total 
domination number of trees. We provide an upper bound for the Randić index of trees in 
terms of total domination number, and characterizing all tree(s) that attain the equality case. 

sTo sum up this paper, we want to suggest the following open problem. 
 

Problem 3.5. Determine the lower bound for the Randić index of trees with respect to the 
order and the total domination number. 
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