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1. INTRODUCTION

Let G be a simple connected graph with vertex set V(G) = {v,, V3, V3, ..., U, } . For vertices
V1, v, € V(G) ,we denote by d (v, v,) the topological distance (i.e., the number of edges
on the shortest path) joining the two vertices of G. The square matrix of order n whose
(i,j ) entry is d(v;, vj) is called the distance matrix of G.

A connected acyclic graph is called a tree. The number of vertices of a tree is its
order. The terminal distance matrix or reduced distance matrix is defined for (molecular)
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trees [1]. Let T be a tree of order n with k pendent vertices (vertices of degree one),
labeled by vy, v,,..., U, then TD(T) the terminal distance matrix of T, is the square
matrix of order k whose (i, j) entry is d(v;, v;) for 1 < i,j < k.

Terminal distance matrices were used in the mathematical modeling of proteins
and genetic codes [2, 3, 5], and were proposed to serve as a source of a whole class of
molecular-structure descriptors [3, 4].

A rooted tree is a tree in which one particular vertex is distinguished, this vertex is
referred to as the root (of the rooted tree). In order to define the Kragujevac trees, we first
explain the structure of its branches [6].

Definition 1.1. Let P; be the 3-vertex tree, rooted at one of its terminal vertices. For

k = 2,3, ... construct the rooted tree B by identifying the roots of k copies of P;. The
vertex obtained by identifying the roots of P;-trees is the root of By.

Examples illustrating the structure of the rooted tree B, are depicted in Figure 1.

B B, Bs

Figure 1. The rooted trees B,, B3, and By, in the Definition 1.1.

Definition 1.2. Let d > 2 be an integer. Let By, B,, ..., B, be the rooted trees specified in
Definition 1.1. A Kragujevac tree T is a tree possessing a vertex of degree d, adjacent to
the roots of By, B,, ..., B4. This vertex is said to be the central vertex of T, whereas d is the
degree of T. The subgraphs By, B,, ..., B4 are the branches of T (See Figure 2). Recall that
some (or all) branches of T may be mutually isomorphic. If all branches of T are
isomorphic, then T is called regular Kragujevac tree. We will denote by Ty 4 a regular
Kragujevac tree with d branches isomorphic to By,.

The class of Kragujevac trees emerged in several studies addressed to solve the
problem of characterizing the tree with minimal atom-bond connectivity index [7,8].

Suppose that G = {G4, G, ...,G,} is a sequence of simple graphs and H is a
simple graph of order n. Fori = 1, 2,..., n, choose a vertex x; as the rooted vertex of G;.
The graph obtained by identifying x; and i-th vertex of H is denoted by H(G) and is called
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the rooted product of H by G [9]. If P, is the tree of order 1, S;, 1 is the star graph of order
d+1and G = {Py, By, By,, ..., B,}, then the Kragujevac tree which is described in
Definition 1.2, can be constructed by the rooted product of S;, 1 by G as follows:

T = Sa41(P1, By Bryr s Biey)-

Figure 2. The graph of T3 4, a regular Kragujevac tree of order 29 of degree 4.

Let A be a square matrix and A be the square matrix obtained from 4, by deleting
the first row and the first column. Suppose that E,, , denotes the m X n matrix whose
(1,1) entry is 1 and others are 0. If |A| denotes the determinant of square matrix A, then the
following theorem obtain a method for computation of the characteristic polynomial of the
rooted product of graphs [9].

Theorem 1.1. Let A, ,A,,, ..,A,, be symmetric matrices of order ny,n,,..,ng

respectively. If

k

[ An1 En1n2 Enlnk] IAn1| |A_111| |A_111|
X = IEn2n1 Anz Enznkl then |X| — IAnzl IAnzl IAnzl )
Enknl Enknz Ank |A_nk| IA_nkI |Ank|

In this paper, we compute the characteristic polynomial and the spectrum of the
terminal distance matrix of T4 in terms of positive integers d and k. As an
application, we obtain an upper bound and a lower bound for the spectral radius of the
terminal distance matrix of the Kragujevac trees.

2. CHARACTERISTIC POLYNOMIAL

In this section, the characteristic polynomial of the terminal distance matrix of some
special types of Kragujevac trees is calculated by use of Theorem /./. For this purpose the
terminal distance matrix of these trees must be written in a suitable form of a block matrix.
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If By, for 1<i<d is one of the branches of the Kragujevac tree

T= Sd+1(P1, By, B,y o) Bkd), then the terminal distance matrix of By, is given as

0 4 .. 4
o(B)=|T ¥ o %
4 4 . 0l

If Cy;x Kk; is a k; X k; matrix whose all entries equal to 6, the terminal distance

matrix of T is given as follows:

I[ TD(Bkl) Cryxk, Creyxky ]l
TD(T) = | Cksz1 TD(Bkz) CkZXkd |
|Caxics Chgxiy TD(By,)]

By subtracting the first row from the other rows, and then subtracting the first
column of Ckl.xk]. from the other columns of this matrix, we can transform Ckixkj to

6Eki><kj (whose (1,1) entry is 6 and other entries are equal to 0). If D; for 1 <i <d,

denotes the square matrix which is obtained by applying the used linear transformations to
transform Ckixkj to 6Eki><kj onTD (Bkl.), we have

D, 6Ei,xk, - 6Ekxky
TD (T) — | 6:E'k2xk1 D:z . e 6Ek2>:kd |
6E ik, 6Ek xk, Dy

dxd

Since det (/11 - TD(Bki)) =det(Ml = D; ), if ®p, (1) denotes the characteristic
polynomial of TD (Bkl.) and CT)BR,(A) = det(D,) for 1 <i < d, then by using Theorem

1.1, the characteristic polynomial of the terminal distance matrix of T is given as

| ®p ()  —60p ) .. -6z ) |
o) = —6:(I>Bk2()\) chRZ:u) —6CDBk2:(?\) 0
—6®5, ()  —60p, (V) - P, @]

To compute Equation (1), we need to calculate the determinant of a special type of
square matrices which is introduced in the following lemma.
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Lemma 2.1. If the main diagonal of a square matrix contains d, variable x and d,variable
y and the other entries are -6, then

: oo : P —6
-6 —6 - x -6 —6 - —6
-6 -6 - =6 y —6 ... —6
-6 —6 - —6 —6 Y " —6
-6 -6 - —6 —6 —6 :-- y

= (x+6)41(y +6)%2 x(y — 6(dy — 1)) — 6(dy — 1)y —36(d; +d, — 1)].
Proof. The lemma can be proved by induction on n = d; + d,. o

Theorem 2.2. Let k, d > 2 be positive integers. The characteristic polynomial of the
terminal distance matrix of the regular Kragujevac tree is computed as:

®r, (D) = A+ 8)E DA+ 2k + )41 (A - k(6d — 2) + 4).

Proof. Let By be one of the branches of Ty ;. The characteristic polynomial of TD(By) is
given as follows:

A -4 ... —4
o M= 1 T =0+ 0-4k-D). @
S R R L

On the other hand, if M denotes the obtained determinant from ®g (1) by

subtracting the first row from the other rows and then subtracting the first column from the
other columns of @y, (1), then CT)ﬁk (1) = det(M). Hence

-2 -1 .. -1
By = A+t 7 2 T =k@A+d (3)
-1 -1 .. —2lg-1)xx-1)

By Equation (1), the characteristic polynomial of the terminal distance matrix of
Ty 4 1s given as follows:

d)_Bk(/l) —6Dp, (1) .. _6q:)Bk(/1)
Orpe) = | 0P D 5D —60 ()
—6P5,(1)  —6P5,() .. Py,
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Now by use of Lemma 2.1, we get

e d (®g (1) =1 (op (D)
CDTk'd(/l) = (CDBR(;{)) (W + 6) m —6(d—1)

= (@5, () + 685, (D))" (®p,(R) = 6(d = Dy, (D)
= A+ 4)4kD() 42k + 1)1 (A — k(6d — 2) + 4).

Therefore, the proof is completed. O

Corollary 2.3. The spectrum of the terminal distance matrix of T 4 contains the integer
numbers, —4 with multiplicity d(k — 1), —2k — 4 with multiplicity d — 1, and a positive
integer equal to k(6d — 2) — 4.

In what follows, we compute the characteristic polynomial of the terminal distance
matrix of two special types of Kragujevac trees which are used in the next section.

Theorem 2.4. Let k,d = 2 be positive integers. The characteristic polynomial of the
terminal distance matrix of T = S;,4(Py, By, By, ..., B3), the Kragujevac tree which one of
its branches is B}, and other branches are B,, is given as follows:

Dr(A) = (A + 4)42(4 + 8)4-2(A2 — (4k + 12d — 24)1 — 8k(3d + 1) — 16(3d — 5)).

Proof. By Equation (1), we have

| ®5, (D) —6@p (1) - —6Bp (1)
Or(1) = _65532(/1) CDBZ:(/U —6Q_J:BZ(/1)
—6@p, (1) —6Pp, (1) - Dp (D)
P g
@, (1)
_ ©pN)
= ®p, (1) (532(/1))d e ®p, (1) —6
: : By, (1)
0 s, (D)

Now, by applying Lemma 2.1, we get
— a-2
Or(2) = B, (1) (B, (A))d ' (—‘DBZW + 6) (—Q’Bkw (—‘DBZW —6(d - 2)) —36(d — 1))

®p, (D) &g, D) \ P, (D)

= (05, +6B5,0)" (05, D@5, () — 6(d — B, (D)) - 36(d — DBy, WFy, () ).
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The result now follows from replacing ®p, (1), ®p, (1), Pp,(4) and @p, (1) from
Equations (2) and (3). i

Theorem 2.5. Let k,d = 2 be positive integers. The characteristic polynomial of the
terminal distance matrix of T = Sy,1(Py, Bx+1, --» Bx+1, Bk -, Bx), a Kragujevac tree of
degree d with d;branches equal to Bj,; and d — d; branches equal to By is given as
follows:

O, =+ 4)&Dadrdi() 4 2k + 6)1 (A + 2k + 4)2" %1
(A2 — (6dk — 4k + 6 d; — 10)A — (12d—4)k? — (36d — 20)k — 24(d, — 1)).

Proof. By Equation (1), ®(A) is given as follows:

Op,, () —6Bg, (D). —6Bp, () .. “6Pp D). —6Pp, (D)

; s : —6@p,, (D .. —6Dp, . (D)
—6Pp (D) —6Pp, (D). &g, A .. -6z, AD).. -6z (1)
—6P5 () —6P5 (D) .. —6Dg (1) .. g, (D) ... —6Pp, (1)
6By, () —6Bp (D).  —63p () .. 685 (A) . g D)

Now, by use of Lemma 2.1, we have

0 = (®5,,, )" (B, 0) ™ (3225 + 6>d1_1 9

q)Bk+1 D

®p, () )d_dl_l Ppyr (D) [ D) o _ PN O _
(<T>Bku)+6 Ba,. 0 \5g, 0@~ = 6(d Do 36(d — 1)

= (A +4) & Dd+di(} 4 2k + 6)4~1 (A 4 2k + 4)4" D1 x
(12 — (6dk — 4k + 6 d; — 10)A — (12d—4)k? — (36d — 20)k — 24(d; — 1)).
This completes the proof. O

2. SPECTRAL RADIUS

In this section, we obtain a lower bound and an upper bound for the spectral radius of
Kragujevac trees of order n. Let X = (xq, X5, ..., x,) be the Perron vector and p be the

spectral radius of the terminal distance matrix of 7= Sd+1(P1, By, B,y ) Bkd). The
components of X which are correspond to the pendant vertices of By, are equal, so we will

denote these components by x, for 1 < i < d.
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Lemma 3.1. If X = (xq,x,, ..., x,) is the Perron vector of the terminal distance matrix of
T = Sd+1(P1, By, Bk, ...,Bkd) and k; > kj forsome 1 < i,j < d, then x;; < X,

Proof. If p denotes the spectral radius of T, then by use of the eigenvalue equation, we get
TD(T)X = pX. Thus
pxy, = 4(k; — )x, + 6k;xy, + -+ 6kgxy,. 4)
pXy; = 6k;xy, + 4(kj — 1)xkj + -+ 6kgxy,. (5)
By subtracting Equation (4) from Equation (5) we have
(p+4+2k)xy, = (p +4+ ij)xkj.

Since k; > k;j, hence x, < Xk - i

Now let in T = Sd+1(P1,Bk1,Bk2, ...,Bkd), k; has maximum value and k; has
minimum value among branches of T. If k; —1 > k;, then we denote by T", the
Kragujevac three which is obtained from T by replacing By, with By, _, and replacing Bkj
with By +1. The spectral radius of TD(T) and TD(T*) will be compared in the following

lemma.

Lemma 3.2. If p and p* are the spectral radius of TD(T) and TD(T™) respectively, then
p*>p.

Proof. Let D and D* denote the terminal distance matrix of T and T™ respectively and X be
the Perron vector of D. By use of the eigenvalue equation we get
X'(D* — D)X = 2(4k;x; xy, + 6(k; — V)xi;, — 4(k; — V)xii, — 6k;x;, )

= 4x,, ((k,- — Dy, — k]-xkj>. (6)

If m = ¥, k;, then by use of Equation (4) we get
p x> 4(k; — Dxy, + 6kjxy, + 6(m — ki—k;)x, = p+4 > 6m — 2k;. (7)
By subtracting Equations (4) and (5) we have
p (xkj - xki) = (2k; + Dxy, — (ij + 4)xkj = (p+4 + 2k)xy, = (p+4+ 2kj)xkj.
Hence,

pra+2k,  (o+0(ki—1—k) -2k
p+4+ 2k p+4 + 2k;

(ki - 1)xi - k]x] = (kl - l)xl- - k] Xi
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Since k; — 1 — k; > 1, by use of Equation (7), we get

(ki - 1)xi - k]x] > X; > 0. (8)

Now by using Equations (6) and (8) we have X!(D* — D)X > 0 and from Riley

xtp*x _ xtpx
t > t
Xtx Xtx

equation, we get p* > = p. Therefore, the proof is completed. m

Let k,d > 2 be positive integers. In continue we suppose that
r= [n—d—lJ and d1 _ n—(2r+1)d—1.
2d 2

If T is a Kragujevac tree of order n with degree d, then d is an positive integer.

Theorem 3.3. Among Kragujevac trees of order n and degree d, the terminal distance
matrix of the Kragujevac tree with d; branches isomorphic to B,,; and d — d; branches
isomorphic to B, has maximum value of the spectral radius.

Proof. LetT = Sd+1(P1, By, Bk, ...,Bkd) be a Kragujevac tree of order n and degree d
with maximum value of spectral radius. By use of Lemma 3.2, [k; — k;| < 1, for 1 <

i,j < d.Hence, k; = ln_cfi_l

. J ork; = [n_d_ll, for 1 < i < d. This completes the result. o

2d

Corollary 3.4. If p is the spectral radius of the terminal distance matrix of a Kragujevac
tree of order n and degree d, then

p < r(3d—2)+3d; —5++/9r2d? + 18rdd, + 6r(d — 2d;) + 3d;(3d; — 2) + 1.

Proof. By using Theorem 3.3, if T = S;,,(P;,By4+1, ---» By+1, By ..., By), then TD(T) has
maximum value of the spectral radius. Now by use of Theorem 2.5, p.. is the largest root
of the equation A2 — (6dr — 4r + 6 d; — 10)A — (12d—4)r? — (36d — 20)r — 24(d; — 1) =
0.Hence p, = r(3d — 2) + 3d; — 5+ /9r2d? + 18rdd, + 6r(d — 2d,) + 3d;(3d; — 2) + 1.
Thus the corollary is proved. m|

n-5d+3
2
T = S441(Py, By, By, B, ..., By), then TD(T) has minimum value of the spectral radius.

and

Theorem 3.5. Among Kragujevac trees of order n and degree d, if k =

Proof. LetT = Sd+1(P1,Bk1,Bk2, ...,Bkd) be a Kragujevac tree of order n and degree d
with minimum value of spectral radius. If k; = 2, for 1 < i < d, then the result of theorem
is proved. Let for example k; > 2. If k; > 2, for 2 < i < d, then by using Lemma 3.2, we
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can obtain a Kragujevac tree of order n and degree d form T with larger spectral radius

than p.., which is a contradiction. Hence k; = 2,2 < i < d, and the theorem is proved. O

Corollary 3.6. Let p be the spectral radius of the terminal distance matrix of a Kragujevac
tree of order n and degree d. Then

p = 2k+6d—12+ 2,/(k +3d)? + 2k(3d — 5) — 8(3d — 2).

Proof. By use of Theorem 2.4, if T =S;,,(P,, By, B3, B ..., B;), then pr s the greatest
root of the following equation:

A? — (4k + 12d — 24)2 — 8k(3d + 1) — 16(3d — 5) = 0,

Hence, p,. = 2k + 6d — 12 + 2\/(k + 3d)? + 2k(3d — 5) — 8(3d — 2). We now apply
Theorem 3.5 to deduce the result. O
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