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ABSTRACT Let G be a connected simple (molecular) graph. The distance d(i, j) between 
two vertices i and j of  G  is equal to the length of a shortest path that connects i and j. In 
this paper we compute some distance based topological indices of Hphenylenic 
nanotorus. At first we obtain an exact formula for the Wiener index. As an application the 
Schultz index and modified Schultz index of this graph will be computed by using whose 
Wiener index. Finally, we compute eccentric connectivity index of this graph. 

KEYWORDS Wiener index  Schultz index  modified Schultz index  eccentric 
connectivity index   H-phenylenic nanotorus. 

 

1. INTRODUCTION 

Let G be a simple connected graph with set vertex V(G). For vertices i and j in V(G), we 
denote by d(i, j) the topological distance i.e., the number of edges on the shortest path, 
joining the two vertices of G. Since G is connected, d(i, j) exists for all ).(, GVji   the 
degree of a vertex )(GVi  is the number of the vertices joining to i and denoted by 
deg(i). The (i, j) entry of the adjacency matrix of G is denoted by A(i, j). The Wiener 
index of G is defined as  
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The name Wiener index or Wiener number for the quantity defined in Equation (1) is 
usual in chemical literature, since Harold Wiener [1] in 1947, seemed to be the first to 
consider it. Wiener himself used the name path number, but denoted his quantity by W. 
Wiener’s original definition was slightly different – yet equivalent – to (1). The 
definition of the Wiener index in terms of distances between vertices of a graph, such as 
in Equation (1), was first given by Hosoya [2]. For a review, historical details and 
further bibliography on the chemical applications of the Wiener index see [36]. 
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Schultz [7] has introduced in 1989 a graph–theoretical descriptor for characterizing 
alkanes by an integer as follows: 
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He named this descriptor the molecular topological index and denoted it by MTI. Later 
MTI became much better known under the name the Schultz index [8-9].  The Schultz 
index has been shown to be a useful molecular descriptor in the design of molecules 
with desired properties. Mathematical properties of MTI have also been studied [920]. 

Motivated by equations (2), I. Gutman [21] defined the modification of Schultz 
index, i.e., 
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Figure 1. The Lattice of HPH(12,144). 
 

which here we refer to as the modified Schultz index. Results in this direction can be 
found in Refs [2122].  

 

For a given vertex u of G its eccentricity )(u  is the largest distance between u 
and any other vertex v of G. Hence, 

),()( )( vudMaxu GVv . 

The eccentric connectivity index )(G  of a graph G is defined as 
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The eccentric connectivity index has been found to have a low degeneracy and 
hence a significant potential of predicting biological activity of certain classes of 
chemical compounds [2324]. 

Phenylenes (PH) are polycyclic conjugated systems composed of an alternating 
sequence of fused benzene and cyclobutadiene rings: C6, C4, C6, … , C6, C4, C6. Several 
properties (mathematical and physico-chemical) of PH are found to be closely related to 
the analogous properties of the corresponding hexagonal systems [2628]. Four-



On The Distance Based Indices of H-phenylenic Nanotorus                                               31 

membered rings have been proposed for tessellating the sphere in generalized fullerenes 
and occur in the classical Archimedean polyhedra [29]. The Archimedean truncated 
cuboctahedron TCUOCT can be embedded, by a genus operation, on the toroidal 
surface. Its genus-1 transform TCUOCTG1 shows the same distance degree sequence 
[30] (DDS) as the small phenylenic torus (HPH [6,8]). 

Bahrami and Yazdani computed the PI index of H-Phenylenic tori (nanotorus) 
[31]. In this paper, we obtain an exact formula for the Wiener, Schultz, modified 
Schultz and the eccentric connectivity indices of H-phenylenic nanotorus. 

 

 
       

Figure 2. The Expanded Lattice of HPH(12,10). 
 

2. RESULTS AND DISCUSSION  

In this section we derive an exact formula for the Wiener index of graph H-phenylenic 
nanotorus where will be denoted by HPH(m, n). Then we compute the Schultz index of 
this graph, by using whose Wiener index. For this purpose at first we consider a 
coordinate representation for HPH(m, n) as shown in Figure 2 In this Figure m is a 
multiple of 3 and determines the number of rows of HPH(m, n). Also n is an even 
integer and denotes the number of horizontal rows the graph. One can consider two 
different types of vertices in HPH(m, n). At first the vertices such as the white vertex 
where whose below edge is deleted and secondly the vertices such as the black vertex 
where also beside parallel of whose below edge is deleted (see Figure 2).  

The graph of HPH(m, n) can be embedded into mn CCG  , the Cartesian 
product of the cycle of order n and the cycle of order m  (see Figure 3). Thus the Wiener 
index of HPH(m,n) can be computed by using the Wiener index of G and considering 
elimination some edges, resulting in an increase in the distance between vertices of G to 
obtain HPH(m,n). Recall that the Wiener index of G can be computed by well known 
formula for Cartesian product of two graphs [32] as follows: 



32                                                                                                                          HEYDARI 

).(
8

)()( 22 nmmnCCWGW mn   

Therefore it is sufficient that we compute increasing distance between some 
vertices of HPH(m,n)  by deleting some of the edges of G to obtain this graph. By 
symmetry of the graph it is sufficient that we consider the white and the black vertices 
in HPH(m,n). At first we consider the white vertex. By deletion an edge of the G, the 
distance between two end vertices of this edge increase from 1 to 3. Thus the distance 
between the white vertex on first row of HPH(m,n)  and any other vertices of this graph 
may be increase or invariant. Now we consider the vertices of graph such that increase 
their distance to the white vertex. In the following sequence the number of those 
vertices of graph where are located on the i-th row of HPH(m,n) is calculated as 

1,5,8,16,21,... 

Therefore we define the sequence n
iiS 1}{   to obtain the members of the previous 

sequence as S1=1 and for ni 2 , 
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Now suppose that n<m, the sum of members of n
iiS 1}{  determines increasing the 

distance between all of the vertices of the graph by deletion some of the edges of G. If  
mn  , then increasing distance between vertices of  the graph must be computed by  

sum of the members of the sequence n
iiS 1}{  minus the summation of n-m first members 

of this sequence.  

In continue we verify the black vertex of HPH(m,n). Similar to the white vertex 
the following sequence determines number of the vertices of HPH(m, n) such that the 
distance between those vertices and the black vertex increase by deletion some edges of 
G to obtain HPH(m,n). 

2,4,10,14,24,30,... 

It can easily be verified that the last sequence can be represented by n
iiT 1}{  where T1=2 

and for ni 2 , 
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Put 
2

)1(1 2
n


 . In the following theorem the Wiener index of HPH(m,n) will be 

calculated by using the Wiener index of G and two previous sequences where 
determines the increasing distance between  vertices of G by deletion some the edges of 
G to obtain HPH(m,n). 
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Figure 3. The Expanded Lattice of 1210 CC  . 

 

Theorem 1. The Wiener index of HPH(m, n) is computed as 
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Proof. Let x and y denote the white and the black vertices of H = HPH(m, n) 
respectively. If mn CCG   , put  
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Since number of the vertices of H where are same as x is equal to 
3

|)(| HV  and 

number of the vertices of H where are same as y is equal to 
3

|)(|2 HV , thus 

).(
3

2)(
3

)()( yRmnxRmnGWHW   

By using (3) we have 
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And by using (4), 
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Now let n < m. If is 1
2


n  an even integer we have 
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If 1
2


n  is an odd integer then 
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Now suppose that mn  . In this case number of the vertices of mn CCG   such 
that whose distance from x or y is increased for the i-th row  of the graph must be 
revised if ni  . Because the members of sequences n

iiS 1}{  and n
iiT 1}{  must be less than 

m which is equal to number of the vertices on each row of H. Thus for mi  number of 
the vertices of the graph such that whose distance from x and y has increase is computed 
as follows 1)(  ini SSi  and 1)(  ini TTi  respectively. Thus if n/2 – 1 is an even 
integer then we have 
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And if n/2 – 1 is an odd integer then  
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Thus if n/2 – 1 is an even integer,  
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Now suppose that n/2 – 1 is an odd integer then 
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This completes the proof.                                                                                                  ■ 

 
In continue we compute the Schultz and modified Schultz indices of HPH(m, n) by 
using whose Wiener index of this graph. 

 
Corollary 1. The Schultz index of H=HPH(m,n) is given as 
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Proof. Let )(HVi be an arbitrary vertex of H. Since deg(i)=3, thus by using (2) the 
Schultz index of the graph is computed as 
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The results can be obtained by replacing the exact formula of the Wiener index of H 
where is obtained in Theorem 1.                                                                                       ■ 

 

In the following Corollary the modified Schultz index of HPH(m,n) will be 
calculated by using Theorem 1. 

 
Corollary 2. The modified Schultz index of H=HPH(m, n) is given as 
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Proof. Let )(HVi be an arbitrary vertex of H. Since deg(i) = 3, thus by using (3) the 
modified Schultz index of the graph is computed as follows 
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The results can be obtained by replacing the exact formula of the Wiener index of 
HPH(m, n) where is obtained in Theorem 1.                                                                    ■ 

  

In continue the eccentric connectivity index of HPH(m,n) will be computed. To 
obtain maximum distance between  )(HVu  and any other vertex of the graph we 
consider Figure (4). In this Figure the vertices on HPH(m,n)  are  verified in two 
different cases. 

 
Figure 4.  

 
At first the vertices where are located above of the black edges. Secondly the 

vertices where are located below of the black edges.  Since m is a multiple of 3, in order 
to obtain half of the horizontal rows of the graphs where is equal to m/2, we consider 
[m/2], the integer part of m/2 in the following Theorem. 
 
Theorem  2. The eccentric connectivity index of H=HPH(m,n) is computed as follows 














.
32

)
3

]
2

([3
32

)
2

]
2

([3
)( mnifmnmmn

mnifnmmn
H  

 

Proof. By symmetry of the graph all of the vertices have equal eccentricity. Let 
)(HVu be a vertex on the first row and column of the graph. If )(HVv has 

maximum distance from u then v must be located on the (n/2 + 1)-th row of the graph. 
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On this row of the graph the vertex such that is located on column m/2-th column of the 
graph has maximum distance from u. If v is located up of the black edges in Figure 3 

then 
2
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 . In this case for each row where is located below of 
3
m
th row of the graph  

increase of distance from u is equal 2. So, 
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By using (3) the eccentric connectivity of HPH(m,n) is computed as  
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The results can be obtained by replacing the value of )(v where calculated in 
previous paragraph in two different cases.                                                                        ■ 

3. EXPERIMENTAL SECTION 

In the following table for some value of m and n the   Wiener, Schultz, modified 
Schultz and  the eccentric connectivity indices of H-phenylenic nanotorus will be 
computed by using exact formulas where are  computed in previous section. 

 

Table 1. 
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