Iranian J. Math. Chem. 10 (1) March (2019) 45 — 55

Iranian Journal of Mathematical Chemistry g

Journal homepage: ijmc.kashanu.ac.ir %

Energy of Signed Spongy Hypercubes

M. SAHELI AND M. A. IRANMANESH®

Department of Mathematical Sciences, Yazd University, 89195-741, Yazd, I. R. IRAN

ARTICLE INFO ABSTRACT
Avrticle History: A spongy hypercube is a Cartesian product of a d-connected
Received 29 November 2018 polyhedral graph and a k-dimensional hypercube. The aim of

this paper is to compute the energies of signed spongy
hypercubes ToQ, and 0OQy, where T and O are tetrahedron
and octahedron, respectively.

Accepted 9 January 2019
Published online 30 March 2019
Academic Editor: Tomislav Dosli¢

Keywords:

Signed graph

Spongy hypercube

Switching equivalent class

Graph energy © 2019 University of Kashan Press. All rights reserved

1 INTRODUCTION

All graphs considered in this paper will be finite and simple. For a graph G, its vertex and
edge sets are denoted by V(G) and E(G) , respectively. The adjacency matrix A(G) = [a;;]
of G is a zero-one matrix such that a;; = 1 if and only if the vertices i and j are adjacent in
G, see [1] for details. The eigenvalues of this matrix are called the eigenvalues of G. The
sum of the absolute value of all eigenvalues of G is called the graph energy of G. This
graph parameter was introduced by Ivan Gutman [3,4] who continued his pioneering work
in graph energy by finding lower and upper bounds on this quantity in terms of the number
of vertices and/or edges. He also characterized the extremalgraphs with respect to the
energy. We encourage the interested readers to consult [5] for a survey on different types of
graph energy and [6] for a theoretical treatment of cycle-effects on total m-electron energy
of molecules.
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Based on some motivation from social psychology, in [8] Harary introduced the
notion of a signed graph I'" as a graph in which the edges are divided into two disjoint
classes, called + and — edges. In an exact phrase, suppose G is a finite simple graph and o
is a function from the edge set of G to {1, —1}; then the pair (G,o) is called a signed
graph, abbreviated by sigraph. The graph G is called the underlying graph of (G, o) and
o is its edge function.

Suppose G is a simple undirected graph, I' = (G,0) and U c V(G). The induced
subgraph I'[U] denotes the signed subgraph induced by U and I' — U is used for the
signed subgraph induced by V(G) —-U, ie. '=U = T'[V(G)—-U]. A cycle in I
containing an even number of negatives edges is called balanced. If all cycles in I' are
balanced, then the signed graph I' is said to be balanced. In other cases, the graph I' is
unbalanced. We use the notation o (I") for product of signs in all cycles of I'. Define I'V to
be the signed graph constructed from I by reversing the signature of edges in the cut
[U,V(G) — U]. We say that the signed graph I'V is signature switching equivalent
(switching equivalent forshort) to I'. If I7 and I, are isomorphic and switching equivalent
signed graphs, then we say that they are switching isomorphic graphs and their signatures
are said to be equivalent. It is well-known that if C is a cycle in I, then 0,(C) = v (C).

Suppose I" = (G,o) is asigned graph and A(G) = (a;;) its adjacency matrix. The
matrix A(G) = (a%;) given by af; = a(ij)a;, is called the signed adjacency matrix of
I It is easy to see that the switching equivalent signed graphs have similar adjacency and
Laplacian matrices.

Pirvan—Moldovan and Diudea [9] illustrated the Euler characteristic formula in
figure counting of polyhedral graphs designed by operations on maps. They calculated this
number for truncated cubic network and hypercube. The spongy hypercubes was
introduced and studied by Diudea [10]. They are defined as Cartesian products of
polyhedral graphs and hypercubes. More precisely, let G(d,v) be a d-connected
polyhedron on v vertices and Q,, the k-dimensional hypercube. Then the Cartesian product
G(d,v)oQy is called a spongy hypercube. The spongy hypercubes that arise by taking
G (d, v) to be the tetrahedron, and the octahedron, respectively, are the main subject of our
paper. The two generating graphs are shown in Figure 1.

Figure 1 .Tetrahedron and octahedron graphs.
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2. MAIN RESULTS

Suppose I'; = (G;,0;) and I', = (G,,5,) are two signed graphs. The Cartesian product
G,0OG, is a graph with vertex set V(G;) x V(G,) in which two vertices (a,b) and (x,y) are
adjacent if and only if a = x and by € E(G,) or b =y and ax € E(G;). The Cartesian
product of two signed graphs I and I, I707,, has the Cartesian product G,0G, as its
underlying graph and the sign function o is defined as:
o(uu) ifj=1
o)) = {2009 120
Germina et al. [2], computed the eigenvalues and energies of the Cartesian product
of the signed graph. To explain their result, we assume that I' = I 0 I is the Cartesian
product of two signed graphs I; = (G;,0;) and I, = (G,, 5,). They proved that if G,
has exactly n vertices and G, has exactly m vertices then A(I") = A([;)®l,, + |,®A(L).
Here the tensor product A®B of two matrices A and B is defined as the following matrix:

a B a;pB v apB
A®B — a21B azzB i aZpB
amlB asz oo ampB

The eigenvalues of this graph can be computed as 4;;(I') = 21;(I';) + A;(I’;), where
A (), ..., A,(y) are eigenvalues of I; and A,(I3),..,A,,(I;) are eigenvalues of I.
Therefore, the energy of this graph is given by e(I') = X7, 3™, |4,(1R) + 4;(1)).

It is well-known that the distinct eigenvalues of a k-dimensional hypercube are

given by A; = =k + 2i, fori = 0,...,2k, and the multiplicity of 2; is equal to (Il() In the
next two subsections, different switching equivalent classes and their energies for signed
tetrahedron and octahedron graphs are computed.

2.1 ENERGY OF SIGNED TETRAHEDRON GRAPHS

The aim of this section is to find all switching equivalent classes of signed tetrahedron
graph. In order to do this, we consider all possible signs of each edge, resulting in 2™ cases
for which some signs are switching equivalent. Then we find characteristic polynomial of
every class, and finally the eigenvalues and energies. Note that it is possible that for two
different classes we have the same spectra and energy, but if two graphs have the same
spectra, it still does not mean that they must be in the same class.

By using the above method we find three different switching equivalent classesof
signed tetrahedron graph, as listed below:
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1. Graph does not have negative cycle. This graph is switchingequivalent with
graph (T,+) in which all edges are positive. In this case the eigenvalues of
signed tetrahedron graph are equal to (1,—1,—1,3) or(—13,31). In this case
we consider o = +.

2. All cycles of graph are negative. So the eigenvalues are (—3,1,1,1) and ¢ = —.

3. Two cycles are positive and two others are negative. Hence, the spectrum is

(—/5-11,V5)and o = =+,

Note that the graph (ToQ,,—) is in the same switching equivalent class as the
graph in which all edges have the negative sign. Hence, the two graphs (TOQy,+) and
(ToQ,, —) have the same absolute values of their eigenvalues, and, consequently, the same
energy. Examples of (ToQ,, —) for some small values of k are shown in Figure 2.

Figure 2. The signed graphs (ToQ,, —), (ToQ,,—) and (ToQ,, —).

Therefore, it suffices to consider the following two cases:

e Case 1: Suppose o = +. The eigenvalues and their multiplicities of the Cartesian
product of this graph with Q,, for some small values of k, are shown in Table 1.
Now we can use the Khayyam-Pascal triangle to obtain explicit formulas for the
energy of (ToQ,,+) (and hence also for (TOQy, —).

e(Tog,, +) =33k, (’l‘) |-k — 1+ 2i| + 3k, ('f) |-k + 3 + 2i]

= 55, (%) Gl = 1+ 2i] + =k + 3 + 2i]).
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Table 1. Eigenvalues and their multiplicity of graph (ToQ,, +).

k Eigenvalues Multiplicity

0 -1,3 3,1

1 -2,0,2,4 3,3,1,1

2 -3,-1,1,3,5 3,6,4,2,1

3 -4,-2,0,2,4,6 3,9,10,6,3,1

4 -5,-3,-1,1,3,57 3,12,19,16,9,4,1

5 -6,-4,-2,0,2,4,6,8 3,15,31,35,25,13,5,1

Let us look at the expression in square brackets. We denote it by A;. For a given
even integer k = 2m, the list of A; looks as 4k, 4k —8, ..., 16, 10, 6, 8,16,...,4k —
8,4k. It can be shown by a straightforward calculations that the pattern A; = 4|k — 2i] is

broken only for i € {S — 1%% + 1}. By grouping symmetric terms and by correcting for
the mid-range anomaly, we obtain

e(Tag,, +) = 8Eo@m —2i) () + 6 (™) + 2 ( )

The resulting expression is then readily simplified to a compact form,

For an odd k = 2m + 1, the A; = 4|k — 2i| pattern is broken only for i€

{%,%} JAgain, by grouping the symmetric terms and by correcting for the mid-range

deviation, we obtain

e(Toq,, ., +) = 82(2m +1 - 2i) (Zmi+ 1) +4 (2;1”:11),

that further simplifies to
Now we can state our results in terms of the hypercube dimension k.
k+2
Theorem 2.1: &(ToQ,, +) = &(Tog,, —) = (k+ 3)( kﬁJ)
2

e Case 2: Now we consider the case that two cycles of graph are balanced (positive)
and two others are unbalanced (negative). In the signed graph (T,%) we have 4
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distinct eigenvalues and two of them are integer. Table 2 shows the relevant
information for this case. The formula of energy of signed graph (Tqu,i) can be
written as follows:

e(ToQ,, +) =3k, (Il‘) |-k —1+2i|+3k, (Il‘) |-k + 1 + 2i]
350 (F) (1=K + VB + 2] + |~k ~ V5 + 21
=¥k, (Il‘) (|=k — 1+ 2i| + |-k + 1+ 2i]
+|—k + /5 + 2i| + |-k — V5 + 2i|).

Table 2. Eigenvalues and their multiplicity of graph (ToQ,, +).

k Eigenvalues Multiplicity

0 —/5,-1,1/5 1111

1 —5—-1,-V5+1,-2,0,2/5—-1 /5+1 1112111
—/5—-2,—/5,—/5+2 ,—3,-1,1,3,

2 1211331121

V5 —2,4/5 A/5+2
—V5-3-/5-1—-5+1,—/5+3 -4,-20,

3 1331146411331

24V5—-3V5-1,/5+1,V/5+3

By the same reasoning as in the previous case, we can show that the expression in

square brackets, let us call it B;, has the form B; = 4|k — 2i| for almost all i. The only

exceptions are i € {S_ 1,§,§+ 1} for an even k andi € {%,%} for an odd k. The

exceptional cases are the only ones containing v5. By grouping together symmetric terms,
multiplying by the corresponding multiplicities and correcting for the exceptional cases, we
obtain explicit expressions for the energies of (ToQ,, =) as follows:

Theorem 2.2.
e(ToQzm, +) = 4(2m + V5) (m2f_n ) +2(+V5) (2;:1);
e(TOQam4r, ) =4(2m +V5+1) (me+ 1).

In Table 3, we list the values of energy for different signs of graph (TaoQy, o) for
the first few values of k.
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Table 3. The energy of signed graphs (ToQy, o).

k | e(ToQy,+)| &(ToQy, —) e(TOQy, %)
0| 6 6 2+2V5

1| 12 12 45+ 4

2 | 30 30 8v5 + 12
3 | 60 60 12V5 + 36
4 | 140 140 28V5 + 76
5 | 280 280 40V/5 + 200

2.2 DIFFERENT SWITCHING EQUIVALENT CLASSES AND THEIR ENERGY IN
SIGNEDOCTAHEDRON GRAPH

In this section we find different switching equivalent classes of signed graph (0og,, o) for
all possible signs. By using the fact that two graphs are switching equivalent if and only if
they have the same signs of cycles, we can find all switching equivalent classes of this
graph. By numbering all cycles, Figure 3, we find 14 different classes. Note that the cycle
number 8 contains edges 45, 46 and 56.

Figure 3. Cycles in the octahedron graph.

We have the following general result:

Theorem?2.3. Let O be a signed octahedron graph with distinct eigenvalues 2, ..., A with
multiplicities m(%;),j = 1,...,s. Then

(090, 0) = Zjer Zio () m(A)1 = k + 4, + 211
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In order to find all possible switching equivalent classes in the signed octahedron
graph, we have checked all 212 different sign choices. We have found exactly 14 different
switching equivalent classes. Since all graphs in a switching equivalent class have the same
characteristic polynomial and energy, we consider the graphs that have the smallest number
of negative edges in each class. Note that some of those classes have the same energy. As
an example, one graph in every class is shown in Figure 4. In Table 4, we calculate their
characteristic polynomials and the corresponding energies. Also in the last column of this
table an example of every case is shown.

It turns out that graphs 1, 2, and 14 of Table 4 have integral spectrum, and for them
we obtain explicit formulas for energies of their Cartesian products with @, in the same
way as was used in the previous subsection. For someother graphs we could obtain
formulas involving quadratic irrationalities as in the case of Theorem 2.2. Obviously, the
classes represented by graphs 1 and 2 will have the same energy and we consider them
first. It suffices to look at the graph 1. Its eigenvalues are —2, 0, and 4, with multiplicities

2,3,and 1, respectively Hence,
k k

e(00Q, . +) = 2 Y-k —1+2il+ > 3(5)1—k+2il + > ()1-k-1+2i)

i=0 i=0
k

= Z (’f) [21—k — 2 + 2i| + 3|—k + 2i| + |—k — 1 + 2i[]
i=0
The expression in the square brackets, denote it by D;, is of the form D; = 6]k — 2i
fori=1,...,k, with the only exceptions around the mid-range. More precisely, for every k,
the pattern is valid for all i € {m —1,m,m + 1}. Now, as in the previous subsection, by
grouping symmetric terms and accounting for the mid-range exceptions, we obtain

e(0no, ,+) = 22 12(m — i) (2:n) +28 (m27_n1) +8 (Zm)

m

and

m-—2

e(00Q, .. +) =2 Z 6(2m + 1 — 2i) 2m+1

(2m+1) e

+38(

)+22(*m )

The above expressions are then readily simplified as
£(000,,,+) = 4@m+4) (" 2m NEx: (2’")

and
2m + 1) 29 (Zm + 1)

8(0DQ2m+l, +) = 2(6bm + 13) ( _q m

for even and odd k, respectively.
For the energy of the 14th case, denote it by (0oQ,, %), we have:
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k k

£(00Q,, %) = Zs(’i‘)l—k —2+2i] +Z3(’l‘) |-k + 2 + 2i]

i=0 i=0
k

= 23(’:) [l—k — 2 + 2i] + |~k + 2+ 2i[],
i=0
since the eigenvalues of the 14th signed octahedron are —2 and 2, each with multiplicity of
3. Therefore, we have £(00Q,,, ) =23X", 4(m —1i) (2:n) +3.4 (Zm) and

m
Zmi+ 1) +324 (me+ 1).

£(00Qmsr, 1) = 2.3¥M512(2m + 1 — 2i) ( We now

simplifythis expression to &(00Q,,,x) =12(m + 1) (zr;n)ands(ODQZmﬂ, +) =
2m+1

12(m + 2) ( ' )

terms of the hypercube dimension k.

x k
Theorem2.4. e(0OQ,, ) = 12([5] +1) (H>

, for even and odd k, respectively. Now we can state our results in

Table 4. The characteristic polynomial and energy of signed graphs(ODQk, a).

Characteristic Polynomial Energy Negative Cycles
1 A6 —12)* — 1613 8 |  ______
2 A8 —12)* + 1613 8 €1,63,C5,C4,C5,C6,C7,Cg
3 26 — 12)% + 162 8.944 | C,,C5,C.,C;
4 26 — 120% + 322 9.656 | C;,C,,Cr,Cq
5 26 — 12)% — 823 + 2022 + 161 9.837 | C,,C,
6 26 — 122* + 823 + 2022 — 161 9.837 | €;,C5,C4,Cs ,Cr,Co
7 A8 —12)* — 8A3 + 3212 + 321 10.472 | C;,Cs
8 26— 120 + 803 + 3202 =320 | 10.472 | €;,C,,C5,C, ,Co,Co
9 | A® —12)* —8A3 + 36A% + 481+ 16 | 10.928 | C;,Cq
10 A6 — 122* + 36)% — 16 10.928 | C,,C5,C,.Cs
11 | 26 — 122* + 823 + 36A% — 48\ + 16 | 10.928 | C;,C5,C,,Cs ,Co.Cq
12 A6 —122* +324%2 — 16 10.837 | C;,C;,,C4,C;
13 16 —122% + 3612 — 32 11.313 | €;,Cs,Cq,Cq
14 A6 —122% + 4822 — 64 12 C,,Cs,C6,C,
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(14)

Figure 4. Examples of all switching equivalent classes of signed graphs.

3 CONCLUSION

In this paper we have considered the spongy hypercubes, an interesting classof graphs that
arise from Cartesian products of polyhedral graphs andhypercubes. We have looked at the
case when the polyhedral graph is thetetrahedron and the octahedron. In both cases we have
determined allswitching equivalent classes and computed the corresponding energies. For
the tetrahedral spongy hypercubes we were able to determine explicitformulas for the
energies in a compact form depending only on the dimensionk of the hypercube. It might
be interesting to look at other cases ofspongy hypercubes where the component graphs
have integer eigenvalues. Webelieve that our approach would yield explicit formulas for
their energiestoo.
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