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1. INTRODUCTION

For group theory notation and terminology not given here, we refer to [9] and for
algebraic graph theory notation and terminology, we follow [12]. Let T =
(V(T),E(I)) be a simple connected graph with vertex and edge sets V(I')
and E(T'), respectively. For two vertices u and v of a graph T, we denote u~v
when u and v are adjacent. Also, for every u € V(I'), we denote the set of all
adjacent vertices of u with N(u). In chemical graphs, each vertex represents an
atom of the molecule, and covalent bonds between atoms are represented by an
edge between the corresponding vertices. This shape derived from a chemical
compound called the molecular graph, and can be a path, a tree, or in general a
graph. A C,Cg net (TUC,Cg(R)[m, n] nanotube) is a trivalent decoration made by
alternating 4-cycles and 8-cycles. It can cover a cylinder or a torus. The
rhomboidal C,Cg tori is a molecular graph which introduced by Diudea and John in
[7] and [8].
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The adjacency matrix of a given graph T is the |V(I)| x |[V(T')] matrix
A = A(T") = (a;;) whose entries a;; are given by
_ {1 vi"‘"vj
ajj = .
0 otherwise
The spectrum of this graph is the multi set of eigenvalues of its adjacency matrix,

the roots of det(Al —A) =0. If A, > A, > --- > A, are distinct eigenvalues of
A(T) and their multiplicities are m,, m,, ..., my, respectively, then we shall write
Spec(I') = {/157”1],,1[2’”2], ,Agcm"]}.

Let G be a non-trivial group, S € G{1} and S =S~ :={s~!|s € S}. The
Cayley graph of G with respect to S, Cay(G, S), is a graph with vertex set G, where
two vertices a and b are adjacent if ab~! € S. The concept of Cayley graphs was
introduced by Cayley [3]. Recently, the spectrum of some well-known chemical
graphs are computed. For example, DeVos et al. [5] determined the spectrum of
(3,6)-fullerenes, which are cubic plane graphs whose faces have sizes 3 and 6, for
more details see [5]. They showed that every (3,6)-fullerene can be represented as
a quotient of a certain lattice-like graph in the plane. Using this geometric
description, they proved that these graphs are Cayley sum graphs and used a
theorem which describes the spectral behavior of Cayley sum graphs in terms of
group characters. In the same time, John and Sachs calculated the spectrum of
toroidal graphs [15]. An n-fold periodic locally finite graph in the Euclidean n-
space may be considered as the parent of an infinite class of n-dimensional
toroidal finite graphs. In [15], an elementary method is developed that allows the
characteristic polynomial of these graphs to be factored, in a uniform manner, into
smaller polynomials, all of the same size. Applied to the hexagonal tessellation of
the plane (the graphite sheet), this method enables the spectrum for all toroidal
fullerenes and (3,6)-cages to be explicitly calculated. Also Alspach and Dean
proved that honeycomb toroidal graphs, and hexagonal embeddings on a torus, are
Cayley graphs on generalized dihedral groups [2]. Similar to [5], in this paper, we
compute the spectrum of rhomboidal C,Cg(R) tori. Basic properties of graph
eigenvalues and their applications in chemistry can be found in the famous book of
Cvetkovic¢ et al. [4].

Afshari and Maghasedi [1], by a theorem of Sabidussi [19], proved the
following.

Theorem 1 (Afshari and Maghasedi [1]) Let I' = TUC,Cg(R)[n,n]. Then ' is a
Cayley graph on G =<g1,.92,. 9394 > with respect to
S =1{95.91 929394, 9794}, where g,:V(I') - V(I), 1<k<4, are the maps

91:Vf; = Vigogy, t=0123; g0 = vyt =01.23;  g3ivi - vi,
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In this paper, we determine the adjacency spectrum of
I' =TRC,Cg(R)[n,n]. We also give lower and upper bounds for a chemical
quantity, namely Estrada index, for a C,Cg net. The following is useful. Our
approach is by using Irreducible representations of cyclic groups, direct product
and some semidirect product groups.

Theorem 2 (Diaconis and Shahshahani [6]) Consider the Cayley graph ' =
Cay(G,S). Let Irr(G) = {py, ..., pr} be the set of all non-equivalent irreducible
representations of the group G and d; denote the degree of p; fori =12 ... k. Let
&; denote the set of eigenvalues of p;(S): = Ycespi(S) for i = 1,2..., k. Then, the
set of all eigenvalues of adjacency matrix of I is equal to UX_, ;. Moreover, if the
eigenvalue A occurs with multiplicity m; (1) in p;(S), then the multiplicity of 4 in
the adjacency spectrum is X*_, d;m;(1).

For more details and proofs regarding the previous theorem we refer to [6]
and [16].

2. IRREDUCIBLE REPRESENTATIONS OF GROUPS

Irreducible representations of cyclic groups, direct products and some semi-direct
product of groups are well known. Here, we present a few brief comments. Let us recall
some facts from representation theory of groups, for more details see [17] and [20]. Let
G be a cyclic group of order n generated by an element g . Then G has n one
dimensional irreducible representations p_i;, 0<j<n-—1, where p_i(g*) =

w*,0<k<n-1andp =exp (ZT"i). Let W = G x H be the direct product of two

groups G and H. Thus the elements of W are the pairs (g, k), where g € G,h € H and
the multiplication in W is defined as (g, h)(g', h') = (gg', hh'). Let ; and ¥, be
representations of G and H, respectively. Then for every (g, h) € W, the Kronecker
product 8(g, h) = @;(g) ® Wy (h) is a representation of W. Furthermore, 8 is an
irreducible representation of W if and only if both of ¢, and ¥,; are irreducible.

Now let us recall the induced representations. Let G be a finite group, and let
H be a subgroup of index n = |G: H|. Suppose that ¢ is a representation of H of
degree k and G = Ht; U Ht, U ... U Ht,, is a decomposition of G into right cosets
of H, that is t;,t,, ... t, IS a right transversal of H in G. For every element x of G
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we define a matrix A(x) of degree kn as an n x n array of blocks, each of degree
k, as follows:
Py(tixty') - Py(tixty")

A(x) = : : (2.1)
aH(tnxtl_l) aH(tnxtrzl)
where @, (g) = ®,(g) if g € H and 0 otherwise. Indeed A is a representation of
G. In the construction of A(x), we employed a particular transversal, but this
choice does not materially affect the result, for more details see [17,69-71].

Let G = HK be a semi-direct product of groups with abelian normal
subgroup H. Since H is abelian, its irreducible characters are of degree 1 and they
form a group X. The group G acts on X by y9(h) := x(ghg™1'), where g € G,
XEX and heH. Let y¥={y¥|keK}, 1 <i<r and r is the number of
conjugacy classes of H, be orbits of the action of K on X with representatives y;,
respectively. For 1 <i <r, let K; =k,, = {k € K |y = x;} be the stabilizer of
x; In K and G; = HK; be the corresponding subgroup of G. Extend y; to G; by
setting #;(hk) = x;(h) for h € H and k € K;. Using the fact that x;* = yx;, we see
that y; is a character of degree 1 of G;. Now let p be an irreducible representation
of K;. By composing p with the canonical projection:G; — K; we obtain an
irreducible representation p = pom of G;. Finally, by taking the tensor product of
X and g, we will obtain an irreducible representation ¥; ® p of G;. Let 6;,, =
Xi ® p T G be the corresponding induced representation of G. Then the set of all
irreducible non-equivalent representations of G is

Irr(G) = {6, |1 <i<r,pe€lrr(K)}.
The interested readers can consult [20, 62-63] for more information on this
algorithm. Let L be a subgroup of G and for each representation f: L — GL,( C)
2 X x €L
f&)= {]CC)( ())therwise'
3. MAIN RESULTS

We first give the irreducible representation of the group G =< g4,9,,93,94 > as

2mi

defined in Theorem 1. Let w = exp (T)’ R; be the set of all representatives of

orbits of the action of K on Irr(H) (as defined above) with length four when n is
even and R, be the set of all representatives of orbits of the action of K on Irr(H)

with length four when n is odd. Let ¥; = {1,2, ...,%—1} and Y, = {12, ... ,“7‘1}.

Consider x = glgg¥g? € G as an arbitrary element of G. We define below
maps:
{pqix > (—1)purar 0<pg<1,
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x> (—L)FmEPurar 0 <p g <1,

f(x)  f(xgs)

_f(g3x) f(g3x93)
o [ 900  5xgs)

Mp.q

Op:x > O0<p<1

] O0<p<lrey

X 2| A N
pr :g(g4x) §(94xg4)
x| B0 Rae) |y
|h(g93x) h(g3xgs3)
i(x) i(xgs) i(xg4) 1(xg394)
o X = i(g3x) i(gsxgs) (g3xgs) 1(g3xg394) | (r,s) € R,
rs* 1 1

1(g4%)  1(gaxgs) 1(gaxgs) 1(gaxgsga)
1(9394%) 1(9394%93)1(9394%74) 1(g394%9394)
where f, g, h,i are linear representationsof H < g, > H < g; > H < g;g, > and H,
respectively, with f(gig3'g5) = (=1)™*P, 9(gigrgy) =
h(9197'(g39:)"* )™ ™ (=1)P* = @ (H™(-1)P%, and i(gig3") = W™ We
keep these notations after this.

Lemma 1. Let G =< ¢4, 91, g3, g > be the group defined in Theorem 1. If n is
even, then
Irr(G) = {34 Mp.q: B Op.gs tp s Koy |0 <p,q <1rev,('s)ER},
and if n is odd, then
Irr(G) = {(p'q,ﬁp'q,tp'r,lcrr's|0 <p,q <1lrevY,(r,s)€eR,}

Proof. By Theorem 1, G = H x K, where H =< g,, g, >= C, % C, is abelian and
K =< g;,94 >= C, X (,. Let

X ={lrr(G) = {)rs | xrs(gtg?) = @™+™0< 1,5, m<n—1}.

We now consider the action of G on X as defined before. Using the
relations between the generators of the group G, which are given in the proof of

Theorem 1, one can easily check that the restriction of this action to the subgroup

Kisgiven by xts = Xrsi Xrs = Xn-sn-r Xes = Xn-rm-s: Xroo® = Xsr-

Letn ={01,..,n—1}, A ={(ny,n,)|n,,n, € a} and

n

T, = A—-{(0,0), (g,g) , (O,;) , (g, O) an-r)n—-rr7r),0Trr)m-rn-r)reY}

T,=A-{00),(rn—7r),(n—rr),@r)(n—rn—r7)|reY,}

Note that the length of an orbit with representative y,. ; is four if and only if
(r,s) € T, when n is even and (r,s) € T,when n is odd. The partition of X into
its orbits is given in Tables 1 and 2 when n is even and odd, respectively. If we
choose a representative of each orbit of X, as given in Table 1, when n is even,

then we have the corresponding stabilizers as follows.
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Table 1: K-orbits of Irr(H) when n is even.

Representative Elements
Xo,0 Xo,0
xXnn xXnn
2'2 2'2
Xo,% XO%’X;O
Xr,n—r’r € Yl Xr,n—r’)(n—r,r
Xr,r’r € Yl Xr,r’)(n—r,n—r
Xr,s’ (T‘,S) € Tl Xr,s’)(s,r’)(n—r,n—s’Xn—s,n—r
Koo = K%% =K, Ko,% =<gs> Kig1=Kyp == K%_L%H =< g3 >,
Kl,l = KZ,Z == Kz—lz—l =< g3g4 > and kT,S = 1, When (T, S) € T1. NOte that
2 2
the length of R, is n(z_z). Also whenn isodd, Koo =K, Ky 1 =Kpp_p = =
Kn-int1 =< g3 > and K;; =K, =+ =Kn-1n+1 =< g3g, > andk,, =1,
2 2 (n_ZZ)2 2

when (r, s) € T,. Note that the length of R, is .

On the other hand, Irr(G) ={pp4|ppq(94g%) = (1)P**P*.0 < p,q,u,v < 1}
and when g €{g3 94,9394}, Irr(< g>) ={ppl pp(g*) = (-1)P*,0 <p,u < 1}.
Now it is enough to follow the procedure of computing the irreducible

representations of a semi-direct product group with an abelian normal subgroup as
we recalled before. O

Table 2: k-orbits of Irr(H) when n is odd.

Representative Elements
Xo,0 Xo,0
Xr,n—r’ r e YZ Xr,n—r’)(n—r,r
Xr,r’ r e YZ Xr,r’)(n—r,n—r
Xr,s’ (T, S) € TZ Xr,s’)(s,r’)(n—r,n—s’Xn—s,n—r

By Theorems 1 and 2 and Lemma 1, we have the following.

Theorem 3 Let I' = TRC,Cg(R)[n,n] and a, = cos (2%) for allr. If n is even,
then Spec(I') = {13, (1)1, (i\/ﬁ)[z]} UU,ey, {(ialib,/ZiaZar)[A']}
VU syer, (A [A* — 622 — 42(a,r + @) + 1 — 4aiag = 0} and if n is odd,

then we have Spec(l) = {3, (1)} UU,y, {(ialib\/ZiazaT)M]} U
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U syer, (A [A* = 622 — 44(a,r + a;) + 1 — 4a,rag = 0}, where two symbols
=+, have the same sign, while the sign of £, is independent.

Proof. By Theorem 1, we know that I' = Cay(G,S), where G =< g1, 92, 93,94 >
= (Cp x C) ¥ (C; % C;) and S ={g5,97" 929394 g1 'ga}. We consider the
following two cases.
Case 1. n iseven. By Lemma 1, we have
Irr(G) = {(p'q,np'q, 6y Opqs by KTI'S|O <pq <1lrev,('s)eR}

Using the relations between the generators of G given in the proof of Theorem 1,
one can easily see that {,,(S) = Xses(pq(S) = (=1)? + (=1)P*1 + (-1)9,
Mpq(8) = (1P + (=1)P*9 + (-1)77,

_[ 1P 1-(-1)?
0, =, Cip |
_ (=1)? o™+ (=1)P
_[ 1P 1+ (1)
w®=[1r gy T Cay )
[ 0 1 o (D—r'+s_
o 0 o 7S oS
fris = o oS 0 1
_(Dr'—s S 1 0 |
So, we have:

Spec((pq(S)) = {(-1)% + (-1)P*7 + (-1)7},
Spec(1p,q(8)) = {(-1)? + (=1)P*7 + (-1)77},
Spec(8,(S)) = {xV5}, Spec(6,(5)) = {1},

Spec (190](5)) = Spec (Lovr(S)) = {1 +./2+ Zar},
Spec (191](5)) = Spec (ler(S)) = {—1 + \/2—72%}

Spec (KrI'S(S)) = {1* - 622 — 4AM(a,s + a;) + 1 — da,a, = O}
Note that x,s ;(S) is a Hermitian matrix and so its eigenvalues are real.

Since the degrees of the representations ¢, 4, 1.4, 8p, 9pr: by and ks ((S) are 1,
1, 2, 2, 2 and 4, respectively, the result follows by Theorem 2.

Case 2. n is odd. By Lemma 1,
Irr(G) = {(p'q,ﬁp'r, . K,'.r.lvs|0 <pq <1Lrey,([' s)eT,}
By a similar argument, one can easily obtain the result. O
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Note that (T',S) €T, then X:«("s = {Xr',s’Xs,r"Xn—r',n—s’)(n—s,n—r'}- Let
fr1s(A) = 2* —62* —4AM(a,» + a;) + 1 — 4ara,. It is clear that f,,(1) =
fr',s(/l)! Ap—yr = arland Ap-—s — As. So fr',s = fs,r! = fn—r',n—s = fn—s,n—r"
Therefore we can arbitrarily choose any element of an orbit of length four as
representative. This shows that our calculations are true.

Let us give the following examples to clear our procedure.

Example 1 If n=3 then Y, ={1}, T, ={(0,1),(1,0),(0,2),(20)}and R, =
{(0,1)}. Therefore, by Corollary 3,

Speca(I’) = {3, (=1)1, (=1 £ v3)™ o4l 2041 o141 pial play
where @, and y are the roots of x3—x?—5x+3=0. Note that a ~
251414, 8 = —2.08613 and y = 0.571993.

Example 2 If n=4 then we have Y, = {1},
T, ={(0,1),(1,0),(0,3),(3,0),(1,2),(2,1),(3,2),(2,3)} and R, ={(0,1),(1,2)}.
So by Theorem 3,

Speca(r) = 23, DI, (2v5) *. (12v2) . (-122)", @), (25), ()},
where a, 8 and y are roots of x3 — x? — 5x + 1 = 0. An easy calculation shows
that @ = 2.70928,8 ~ —1.90321 and ,y = 0.193937.

At the end of this paper, using Theorem 3, we give lower and upper bounds for
an important chemical quantity, namely Estrada index, for the graph. The Estrada
index EE(T") of the graph T is defined as the sum of the terms e? , 1 € Spec(I').
This quantity, which introduced by Ernesto Estrada, has noteworthy chemical
applications, see [4, 10, 11, 13, 14, 18] for details. Using Theorem 3, we can obtain
the following.

Corollary 1 Let I' = TRC,Cg[n,n],p = e cosh,/2 + 2a, + e~ cosh./2 — 2a,
and a, = cos(z%). If n # 2 is even, then

n
>-1
EE(I')-2(cosh3+5 cosh 1+2 coshV5+4 ¥2_, By) < o3
4(n2-2n)

1<

n
__1
3 - 2
EE(I')-e®*-3e”1-8%2_, By) <3

andifn # 1isodd, then 1 < >
4(n4-2n)
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Proof. We have EE(I') = Yjespecry e By Theorom 3, we know that when n is

even, Spec(I') = {13, (x1)5] (i\/ﬁ)[z]} UU, ey, {(ialibw/ZiaZQT)m}
VU s)er, A [A* — 622 — 42(a,r + @) + 1 — darag = 0} Let fo(2) =
M =622 —AMa, +a;) + 1 —da,aq , (r',s) €Ty, and A, > A, > 13 > 4, be
the roots of f.+ ;. From inequality of arithmetic and geometric means, we have

VeZiziki < ¥ <eh (3.2)
Since the coefficient of 2* in f,+ (1) is 0, we have 4, + A, + A3 + 1, = 0. On the
other hand I is a 3-regular graph and so by Perron-Frobenius theorem, 4, <3
(See [12, p.178].). Therefore by (3.2),

4y% et < 4ed (3.3)
We know that for every real number x, e* +e™ = 2coshx. Thus when n is
even, we have

EE(I') = 2(cosh3 + 5cosh 1 + 2cosh V5 + 4e ¥2_, cosh,/2 + 2a, +

LY

de1 3;1 cosh./2 — 2a, + 4Z(r,'S)Elelifrlys=O Y
By inequality (3.3), 4 <Y,.r, —oe* <4e® Also as we saw in the proof of
lfr’YS

A

2_, 4 X s)eRy LA f 1 =08
D=2 and therefore, 1 < — 2" rs
4 4(n2-2n)

This completes the proof of corollary in this case. Assume now that n is odd.
From Theorem 3, Spec(I) = {3, (x1)B} uu,¢y, {(ialibw/ZiaZar)M]}

VU s)er, 1AM 4% — 622 — 42(a,r + @) + 1 — 4a,rag = 0}, By the fact that
(n—1)*
4

Lemma 1, the length of T} is < el

the length of T, is and inequality (3.3), one can similarly get the result. O
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