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Let G be a finite and simple graph with edge set E(G). The
revised Szeged index is defined as

52°(6) = Zcuver (0 (Mu(e]G) + £ (n, (el 6) + <),
where n,, (e|G) denotes the number of vertices in Glying closer
to u than to v and ng(e) is the number of equidistant vertices
of e in G. In this paper, we compute the revised Szeged index

of the join and corona product of graphs.
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1 INTRODUCTION

Let G be a finite and simple graph with vertex set V = V(G) and edge set E = E(G). The
integers n = n(G) = |V(G)]| and m = m(G) = |E(G)| are the order and the size of the graph
G, respectively. For a vertex v € V(G), the open neighborhood of v, denoted by N;(v) =
N(v) is the set {u € V(G)| uv € E(G)}. The degree of v € V(G), denoted by d;(v), is
defined by d;(v) = |N;(v)|. Let u, v € V(G), then the distance d;(u, v) between u and v
is defined as the length of any shortest path in G connecting u and v. We consult [14] for
notation and terminology which are not defined here.

The first and second Zagreb indices are defined as M;(G) = ¥,ev(c)dé(u) and

M,(G) = Yver) de(u)dg (v), respectively. Furtula and Gutman [5] defined the
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forgotten topological index as F(G) = Xyper(c)(dé(uw) + dg(v)). The interested readers
are referred to [3,7] for more information on this topic.

A vertex w € V(G), is said to be equidistant from the edge e = uv of G if
d;(u, w) = dg(v,w). The number of equidistant vertices of e is denoted by n;(e). Let uv
be an edge of G. Define the sets N(u,G) ={x € V(G)|d;(u,x) < d;(v,x)} and
N@w,G) ={x e V(G)|d;(v,x) < dg(u,x)} consisting, respectively, of vertices of G lying
closer to u than to v, and lying closer to v than to u. The number of such vertices is then
n,(e|lG) = |N(u,G)| and n,(e|G) = |[N(v,G)|. Note that vertices equidistant to u and v
are not included into either N(u, G) or N(v, G). It also worth noting that u € N(u, G) and
v € N(v, G), which implies that n,(e|G) = 1 and n,(e|G) = 1. The Szeged index Sz(G)
was introduced by Gutman [6]. It is defined as Sz(G) = Y.—uver(c) Mu(elG)n, (el G).

The Szeged index in graphs is well studied in the literature, see for example [9,10].
Randi¢ [13] observed that the Szeged index does not take into account the contributions of
the vertices at equal distances from the endpoints of an edge, and so he conceived a
modified version of the Szeged index which is named as the revised Szeged index. The
revised Szeged index of a connected graph G is  defined as

52*(G) = Teocuver(e)(nu(elG) + n‘;z(e))(nv(eIG) + nGT@). Nagarajan et al. [11] obtained

the revised Szeged index of the Cartesian product of two connected graphs. In this paper
we compute the revised Szeged index of the join and corona product of graphs. Readers
interested in more information on computing topological indices of graph operations can be
referred to [1,2,4,8,12].

2. MAIN RESULTS

In this section, we compute the revised Szeged index of the join and corona product of
graphs. We let for every edge e = uv € E(G), t,,(G) = |N;(w) n N;(v)|.

2.1. THE JOIN OF GRAPHS

The join G = G, + G, of graphs G, and G, with disjoint vertex sets V; and V, and edge sets
E; and E, is the graph union G; U G, together with all the edges joining V; and V.
Obviously, [V(G)| = [Vi| + |V,| and [E(G)] = |Ey|+|E;| + V3| V2.

Theorem 1. Let G, be a graph of order n, and of size m; and let G, be a graph of order n,

and of size m,. If G = G, + G, then
sz*(G) = 2M5(G1)+ 2M3(G2)— n2M1(G41)—n1M1(Gz)— F(G1)- F(G2)
4n§n§+8m1m2+m1(n§+6n1n2—3n§)+m2(n§+6n1n2—3n§)
2 .

+
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Proof. By definition, Sz*(G) = Yyper(e)(nu(elG) + ;e))(nv(eIG) + nGT@). We partition
the edges of G in to three subset E;, E, and E;, as E; ={e =uv | u,v € V(G)}, E, =
{e=w|u,veV(Gy)}and E; ={e =uv |u e V(G,),v € V(G,)}

Let e=uv€E,. If weV(G,) or we Ng (u) n Ng,(v), then dg(u,w) =
de(v,w) =1 and if w & Ng (u) U Ng, (v), then d;(u,w) =ds(v,w) =2. Hence

nu(elG) = d61 (u) - tuv(Gl) + 1,nv(e|G) = dGl(v) - tuv(Gl) +1 and nG(e) =ng +

n, + 2t,,(G,) — (dG1 (w) + dg, (v)) — 2. Then for every edge e = uv € Ej,
ng(e) ng(e)\ _ (Mitnzt+dg, (W)—dg, (V)\ (ni+nz+dg, (v)-dg, (u)
(nu(elG) 7, )(nv(elG) 7, ) o ( 2 )( 2 )
_ (utny)? | d6,(Wdg, () _ g, (w)+d% (v)
T4 2 4 '

Therefore

(e) (e _ (ny+ny)? dg, (W)dg, (v)
Suver, (1 (el6) + 52 (1, (el6) +"42) = 5 cp, B2 4 5, 200D

2 4 2 2
- ZuveEl dGl(u)+dGl(v)
4
_ (n1+ny)? M3(G1) F(Gy)
_1—2m1+%_ 41. (1)
Similarly,
+n;)? M(G F(G
Yuvek, (nu(el(;) + nGT@) (ny(€|G) + n(;z(e)) — (ny 4nz) m, + z; 2) (42) . 2)

Let e = uv € E3 such that u € V(G,) and v € V(G,). If w € N5 (u) U Ng, (v),
then de(u,w) =dg(v,w) = 1. Hence ny,(elG) =n, —dg,(v) + 1,n,(elG) =
ny —dg, (u) + 1 and ng(e) = dg, (u) + dg,(v) — 2. Then for every edge e = uv € E,

(nu(eIG) + HGT@) (nv(eIG) . nGT(e)) _ (2nz+d61(;i)—dcz(v)) (2n1+d62 (:)—dGl(u))

=nn, + n1;n2 dg, (u) + = ;nl dg,(v)

_ A6, dg,() | dg,(Wdg, ()
4 4 2 '

_ © ©
SetY = Yuver, (nu(elG) + %) (nv(elG) + %) Then,

_ ni—n n,—-n dé (u)
Y = ZuveE3 nn; + ZuveE3 12 : d61 (u) + ZuveE3 22 : dGZ (U) - Z‘LLUEEg 1
g, (v) dg, (Wdg, (V)
- ZuveE3 i + ZuveE3 . 2 2
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_ naMy(G1)  nyiMy(Gz) (3)
4 4

=nfns + myny(ny — ny) +myny(n, —ny) +2mym,
By Equations (1), (2) and (3), we have:

My(Gp)  F(Gz)
2
nyM;(G1)

4

? 2
SZ*(G) = (Tl1:-n2) my + Mng1) . F(Zl) + (n1+ny)
_ 1aMi(Gp)

m, + +n2n3 + 2mm,

+myny(ng —ny) +myn (n, —ny) —

— 2M3(G1)+ 2M5(Gz)— naM; (G1)—ny M1 (G2) — F(G1)~ F(Gz)
4

4n§n§+8m1m2 +m1(n§+6n1n2—3n§)+m2 (n§+6n1n2—3n§)

" :

Let B,, n>2 and C,, n >3 denote the path and the cycle on n vertices,
respectively.

Corollary 2. The following equalities are hold:
1. SZ*(Pn + Pm):4-n2m2+n3+m3+3nm2+3mn2+2n2+2m2—2n—2m—12nm+4.

4
2. Sz*(P,+ Cp)=

An2m24+n3+m3+3nm2+3mn2-n2+3m2-2m—-6nm-2
* fa—
3. Sz*(C, + Cp)=

4
4n?m2+n3+m3+3nm243mn?
2 .

2.2. THE CORONA PRODUCT OF GRAPHS

The corona product G = G,0G, of graphs G, and G, with disjoint vertex sets I/, and V, and
edge sets E; and E, is as the graph obtained by taking one copy of G, and |V;| copies of G,
and joining the i-th vertex of G, to every vertex in i-th copy of G,. Obviously, |V(G)| =
Vil + [VilIV2| and [E(G)| = |Exl+|VAIE,| + Vi [Val.

Theorem 3. Let G, be a graph of order n, and of size m; and let G, be a graph of order n,
and of size m,. If G = G,0G,, then

2
Sz*(G) = M("k +m,) + nyn,(nyn, +ny — 1)
(np+1)2

4
+nymy(nyn, +ny —2) — " Yuver, (né(elGy) +ni(elGy))
+ 2(n2+1)252(G1) +2M3(G2)—n1 My (G2)— F(Gz)

” .

Proof. By definition, Sz*(G) = Yyper(e)(nu(elG) + n‘;z(e))(nv(eIG) + nGT@). We partition
the edges of G in to three subsets E;, E, and E;, as E; ={e =uv |u,v € V(G))}, E, =
{e=uwv|uveV(G,)} and E;={e =uv|u€eV(G,),v €V(G,)} Let e=uv €E,.
Then for each vertex w closer to u than v, the vertices of the copy of G, attached to w are
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also closer to u than v. Since each copy of G, has exactly n, vertices, then n,(e|G) =
(n, + Dn,(elG,). Similarly n,(elG) = (n, + 1)n,(e|lG,). Then n;(e) =nyn, +n, —
(n, + Dn,(elGy) — (n, + 1)n,(e|G,). Hence for every edge e = uv € Ej,
ng(e) ng(e)\ _ (ninz+ny)? | (np+1)*ny(elGi)ny(elG1)
(nu(elG)+T) (nv(elG)+ 2 ) o 4 * 2
_ (n2+1)*(nd (el G1)+nF(elG1))
" :

- (e) (e)
Define Z = Yypes, (nu(elG) + ”GT) (nv(elG) + ”GT) Then,

(nang+mny)? (n2+1)*ny(elG1)ny(elG1) (n2+1)*(nfi(elG1)+n3(elG1))

Z= ZuveEl 4 + ZuveEl 5 - ZuveEl 4
( +ny)? (na+1)%52(G61)  (np+1)?
= Tl1n24 n m, + n; . z(G1) Tl24 Ze:uveEl (ni(elGl) + n12;(€|61)) (4)

Let e=uv €E,. If weV(G,) and w € Ng,(u) n Ng,(v), then dg(u,w) =
de(v,w) =1 and if w & Ng,(u) U Ng,(v), then dg(u,w) =ds(v,w) =2. Hence
nu(elG) = dGZ (u) - tuv(GZ) + 1,nv(e|G) = dGZ (U) - tuv(GZ) +1 and nG(e) =nn, +

ny + 2t,,(G,) — (dGZ (w) + dg, (v)) — 2. Hence for every edge e = uv € E,,

(nu(elG) +252) (n, (el 6) + 269 = (Mrrmaries <u>—daz<v>) (Lanztnasde, (v)—d(;z(u))

_ (n1n2+n1)2 + dGZ (u)dGZ (U) _ déz (u)+déz (U)

4 2 4
Therefore
N _ ( +1n4)? dg, (Wdeg., (v)
Suvers (1 (el6) + "62) (n, (el6) + 22D) = 3, ., Otz 1y L0,
- ZuUEEz déz (u):déz 2
2
— (ninp+n,) m, + MZZGZ) _ F(ZZ)- (5)

Let e = uv € E5 such that u € V(G,) and v € V(G,). Hence n,(e|G) = n,;n, +
ny —dg,(v) — 1. Since v € N(v, G), we have n,(e|G) = 1 and so ns(e) = d;, (v). Hence

(nu(EIG) + nGT@) (ny(eIG) + ”GT@) = (2(”1”2+”12‘1)‘d62(”)) (2+dt2;z(v))

nqin,+n,—2 dz_(v)
=(n, +n, — 1)+ %daz (v) —GZT-

Therefore,

g, )
ZUUEEs (nu(elG) + nG(E)) (nv(elG) + nG(E)) = ZuveE3 (n1n2 + n; — 1) - ZuveEg GZT

2 2
nqinz+ns—2
+Ze=uveE3 : 22 : dGZ(v)
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n1M4(G>)
4
+n,my(nyn, +ny — 2). (6)

=nny(nn, +ny — 1) —

By Equations (4), (5) and (6), we have:

2

My(G2)  F(G)
— = tmun(nyn, +ny — 1)

n1M;(Gz)
+nymy(nyn, +ny — 2) — .

. 2 1)25z(G 1)2
§2'(G) = Tl gy, + D SHE) MLy, (nE(elGy) + (el 1))

+14)2
+(n1n2 ni) m, +

2
= @ (my +my) + nyny(nyn, +ny — 1)
+1)?
+nymy (nyng + 1y — 2) = P Y (3 (el 6y) + 3 (el 64))
4 2(n2+1)?52(G1)+2M5(G5)—11 M4 (G) ~ F(Ga)
" :

Corollary 4. The following equalities are hold:

2n3m243n2m3+24n?m2+4n3m-2nm2+2n3+15mn?-15n2440n-52nm—=6

1. Sz*(P,0P,)=
2. Sz*(P,0C,,)=
3. Sz*(C,0P,)=
4. S7*(C,0C,p)=

2n3m24+2n2m3+28n?m2+4n3m-2nm?+2n3+26mn?-2n-52nm

4
n3m24+n2m3+an?m2+2n3m+n3+3mn2-5n2-16nm-2n-2

4
n3m24+n2m3+10n?m2+2n3m+nd3+9mn2-16nm
2 .
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