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ABSTRACT

A topological index of a molecular graph G is a numeric quantity related to G which is
invariant under symmetry properties of G. In this paper we obtain the Randi¢, geometric-
arithmetic, first and second Zagreb indices , first and second Zagreb coindices of tensor
product of two graphs and then the Harary, Schultz and modified Schultz indices of tensor
product of a graph G with complete graph of order n are obtained.
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1. INTRODUCTION

A topological index of a molecular graph G is a numeric quantity related to G which is
invariant under symmetry properties of G. The first and second Zagreb indices were

originally defined as Ml(G):ZaeV(G)5(2;a and M, (G) =% aheeG)dc2 dGb,

respectively. The first Zagreb index can be also expressed as a sum over edges of G,
Ml(G)zzabeE(G)[5Ga+ ogb], see [1, 2]. The first and second Zagreb coindices are

defined as M (G) = Yapeg(G)[6ca + dgb] and M, (G) =Tapee(G)dca dgb, see [3]. In

1975, the chemist Milan Randi¢ proposed a topological index based on the degrees of the
end vertices of an edge in studying the properties of alkane [4]. The Randi¢ index of a

graph G is defined as R(G) =X apcg(G) 1/ |oga ogb). The geometric—arithmetic index
(GA) was conceived, GAG) = X apcg(6)(/dcadgh/ % (6gadgh)) - Other topological indices
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that will be used in this paper are the Schultz and modified Schultz indices and they are
defined as follows:

W, (G) = Z{a,b}gV(G)(5Ga+5Gb)dG (a,b),

Ws (G) = Z{a’b}gv(e)&;aé@bde(a,b),
respectively, see [5, 6] for details. The Harary index H(G) is defined as
H(G) = z{a,b}gV(G)(l/m) [7]. For any two simple graphs G and H, the tensor
product G®H of G and H has vertex set V(G®H)=V(G)xV(H) and edge set
E(G®H)={(a,b)c,d)] aceE(G) and bdeE(H)}. It is easy to prove that
|[E(G®H)|=2|E(G)| E(H)| [8]. In [9], the vertex PI index was proposed and the Wiener

and vertex PI indices of this graph operation were computed in [10]. In this paper we study
on some topological indices of tensor product of graph. At the beginning the Randi¢, GA,
first and second Zagreb indices and first and second Zagreb coindices are computed. For
obtaining Zagreb coindices of tensor product of graphs, we need another graph operations
that recall them in the next stage.

The disjunction Gv H of two graphs G and H is the graph with vertex set
V(G)xV(H) in which (a,b) is adjacent with (c,d) whenever a is adjacent with ¢ in G or b
is adjacent with d in H.

The symmetric difference G® H of two graphs G and H is the graph with vertex
set V(G)xV (H) in which (a,b) is adjacent with (c,d) whenever a is adjacent with ¢ in G
or b is adjacent with d in H, but not both.

For computing topological indices which related to distance in graphs, we use the
useful and simple definitions and result in [11] for distance of vertices in tensor product of
graphs.

Definition 1.1. Let G be a graph. We define d;; (X, y) for x,y € V(G) as follows:
i. Ifdg(x,y) is odd then dg(X,y) is defined as the length of the shortest even walk
joining X and y in G, and if there is no shortest even walk then dg (X, y) = +o0.
ii. If dg(X,y) is even then di(X,Y) is defined as the length of the shortest odd walk
joining x and y in G, and if there is no shortest odd walk then d; (X, y) = +o0.
iii.  Ifdg(X,y) =+, thendy(X,y)=+o.

Definition 1.2. Let G and H be two graphs and (a,b),(c,d) eV (G ® H). The relation R on
the vertices of G ® H is defined as follows:
(a,b) R (c,d) ifand only if d;(a,c),d, (b,d) <+ and dg(a,c)+d, (b,d) is even.

Theorem 1.3. Let G and H be graphs and (a,b),(c,d)eV(G®H).
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i. If(ab)R(cd), then dgey ((a,b),(c,d)) = Max {dg (a,c),dy (b,d)}.
ii. If(ab)R(c,d) then,
dgen ((@,0),(c,d)) =Min{ Max{d; (a,c),d, (b,d)}, Max{d;(a,c),d (b,d)}}.

We use the above definitions and Theorem for computing Schultz, modified Schultz
and Harary indices of tensor product of complete graph K, and a graph G.

2. MAIN RESULTS

In this section, the Zagreb indices and coindices are computed for tensor product of graphs.

Theorem 2.1. Let G and H be graphs. The first and second Zagreb indices of tensor
product of G and H are given by:
M,(G®H)=M,(G)M,(H),

M,(G®H)=2M,(G)M, (H).

Proof. By definition of Zagreb indices,

2
M (G®H)= > (Sgen(a.b)
(a,b)eV (G®H)

= Z(5Ga 5,40)?

(a,0)eV (G®H)

= Y Y(86a) (5ub)’

aeV (G)beV (H)

= D> .(6:8)° D (6yb)’

aeV (G) beV (H)
=M, (G)M,(H).
Also,
M (G®H) =% (ab)c,d)cE(GOH)GaH (8,D)dceH (C,d)
=23 aceE(G),bdeE(H) (9@ Onb) (6gC oy d)
=2% aceE(G)9Ga OGCLhd cE(H)OHD SHd
=2M,(G)M,(H),
which completes the proof. m

Theorem 2.2. Let G and H be graphs. The first and second Zagreb coindices of tensor
product of G and H are computed as follows:

M (G®H)=2|E(G)|(M;(H)+M(H)+2|E(H)|(M(G)+M;(G))
+M{(G®H)+M;(GvH),
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M>(G®H)=2M(G)(M5(H)+M;(H))+2M;(H)(M,(G)M,(G))
+M,(G®H)+M,(GvH).

Proof. By definition

M(G®H) = Z(a,b)(C,d)e ecen)FceH (8,0) +dcen (C,d)]
[66a Syb+55C 5,1
+ Z(a,b)(C,d)eE(G(@H) pglde@ dub+dsc 6,d]

ogaoyb+osc o,d]

- Z(a,b)(c,d)e E(G®H)

+ZaceE(G),bdeE(H)[
* ZaceE(G),bdeE(H)[aea Syb+dgc 6yd]

Y et opaee( 068 Onb+35€ 5,4d]
=D paeec) 062 (Bub+ 5yd)

D )96 (Byb+ 5,,d)
+ZacgE(G)5Hb(5Ga+ dC)

D e oD (65a+ 650)
+M,(G®H)+M,(Gv H)

=2[E(G)[(M,(H)+M (H)+2| E(H)|(M,(G)+M,(G))
+M(G®H)+M,(GvH).

By similar method the second Zagreb coindex are obtained. m

Theorem 2.3. Let G and H be graphs. The Randi¢ index of tensor product of G and H is
computed as follows:

R(G®H)=2R(G)R(H).
Proof. By definition
1
RGOH)= 3
(@b)e.d)EGeH)  Ogon (8:D)Fger (€, d)
> Y — 1
aceE(G)bdeE(H) \/56615@0 \/5H bo,d
Z 1 1
20E(G)bdeE(H) /058 C /S b S d
—2R(G)R(H).

=2

=2
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Theorem 2.4. Let G and H be graphs and G be k-regular. The GA index of tensor product

of G and H is computed as follows:
GA(G ® H)=2|E(G)| GA(H).

Proof. By definition

1) a,b) o, c,d
GA(G@H): Z 1\/ G@H( ) G®H( )
(@b)c.deEGeH) 2 (Ocen (@ b) + dgen (€,d))
J0sadyb /5scs,d

) (a,b)(c,d)gE(GQ'@H) 2(0gadyb+ e, d)
kyoyboyd

= =2|E(G)| GA(H).

1
(ab)(c.d)cE(GeH) 2 K(Oyb+d,d)

Suppose G is a graph. Define the set T; < E(G) as follows:
T, ={ab e E(G)|ab is contained in a triangle}.
Theorem 2.5. Let G be a graph and K, be a complete graph of order n. The Harary index

of tensor product of K and G is computed as follows:
n
H(K,®G)=n? H(G)+%(2)[\/(G)|—%n|E(G)|+%n|TG|.

Proof. By definition of Harary index,
H(K,®G)=

1
{(ab)(c.d )}ZCV(KH®G) d((a,b),(c,d))

For each (a,b),(c,d) eV (K, ® G) exactly one of the following cases hold:
A ={{@b).(cd)}lazcb=d, (@bR(.d)},

A, ={{(ab),(c,d)}|a=c,b=d, (a,b)R(c,d)},

={{(a,b),(c,d)}|a=c,b=d},

{{@,b),(c,d)}|a=c,b=d, (a,b)R(c,d)},

{{(a,b),(c,d)}|a=c,b=d, (a,b) R(c,d)}.

Ay
A,
As
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Therefore,

1
H(K,®G)=
" {(a7b)(C§)}eA1 dy ec((@,b),(c,d))

1
((ab)(c,d)jeh d k@6 (& b),(c,d))

1
((ab)(c,d)}eAs d k,®c (& b),(c,d))

+

—+

We evaluate each sums separately. It is obvious, if {a,c} cV(K,), then
dy (a,c)=1 and di (a,c)=2. By using notation of Definitions 1.1 and 1.2, one can see
that, if (a,b) R(c,d)and a#c,b=d then,

Min{ Max{dk  (a,c),dg(b,d)}, Max{di (a,c),dg(b,d)}}=dg(b,d),

Max {d, (a,c),ds(b,d)} =d;(b,d).

Hence
5 1 _ 5 1
f(a,b)c,d)leA UA, Ak, @G ((8,),(C,d)) (@ byc.d)iea dk,oc(&,b).(c.d))
5 1
{(ab)c,d)teA, Ak, @G ((8,b),(c,d))
5 1
{(a,b)(c,d)}eA, dk @G ((a,b),(c,d))
- ¥ 1
{a,c}cV (K,) b,dicv (G) dg (b,d)

—2|"H©)
2
By attention to the set Az, we have:

1 1 n
B el
(abycdyen dk,ec (@), (c,d)) {ag}%\/&n) 2 V@) 2

=+

+

For computing the 4—-th summation, we know that,
A, = {(a,b)(a,d)|aeV(K,),{b,d} cV(G) and 2|dg(b,d) }.

Hence,
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1
{(a,b)(cz,c;)}eA4 d k@6 (8, b),(c,d))

Z 1
acv ;) dk,ec((@b),(c,d))
{b,d}cV(G)
2|dg (b.d)

- VZ(K) dg(b,d)’

{b.d}cV(G)
2]dg (b,d)

Now we can compute the 5—th summation,

1 1
{(a,b)((:%)}eAs d Kn®G ((a’ b)’ (C’ d )) ae\/z(l(n) d Kh®G ((a> b)> (Ca d ))
{b,d}cV (G)
2}dg (b,d)

If d; (b,d) is odd then by Theorem 1.3,
dk @G ((a,b),(a,d))=Min{ Max{dk (a,a),dg(b,d)}, Max{di (a,a),dg(b,d)}}
=Min{Max {3,dg (b,d)},dg (b,d)}

By attention to different cases for d;(b,d) and d¢ (b,d), we can see:

dg (b,d) dg(b,d)>3
Min {Max {3,dg (b,d)},d5 (b,d)} =1 2 dg (b,d)&dg (b,d) =2
3 da(b,d)=1&dg (b,d) > 4

Hence, the following sets are defined:

A ={{(a,b),(a,d)}|laeV(K,), dg(b,d)>3 and d;(a,b) is odd},
A ={{(ab),(a,d)}laeV(K,), ds(b,d)=1and d;(a,b)=2},
Al={{(a,b),(a,d)}|aeV(G), d;(b,d)=1and d;(a,b)>4}.

Thus,
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1 1
{(a,b)(cz,:d)}eAS dk @G ((a,b),(c,d)) ) {(a,b)(gd)}eA5 dk. ec((@b).(c.d))
5 1
((ab)c.d)jeAs Ik, @G ((@,b),(c,d))
5 1
((ab)c.d)jeAs dk, @G ((@,b),(c,d))
1

+

+

+ >
{(ab)c.d)ieAs Ak, ®c ((8,b),(c,d))
]
= >
{(a.b),(a,d)eA; dg (b, d)
+ z l + z 1

{(ab)(ad)ieAr 2 {(ab),(ad)jeAy

1 1
=N )y —E@G)||+5n[Tg |
(2}(dG(b,d)dG(b,d) ] 2

+3N(EG)|-ITg -

By above calculations,

Theorem 2.6. Let G be a graph and K, be a complete graph of order n. The Schultz and

H(K,®G)=n" H(G)+%(2J[\/(G)|—§n|E(G)|+%n|TG|.

modified Schultz indices of tensor product of K, and G are given by:

W.(K, ®G)=(n-1)*[n*W.(G)+4n(n—1)M,(G) + (2n—1) M, (G) + nze:bdgTG dogbssd]..

Proof. We just prove the Schultz index of K, ®G, modified Schultz index is obtained

similarly. By using the proof of Theorem 2.5 and definition of Schultz index, we have:

W, (K, ®G) :(EJ[ZnW+(G)+8n(n ~D[EG)[+2M,(G)+2) ",

=hd ETG

W, (K, ®G)= Z[5Kn®e (8,b) + 0k 6 (C,d)]d¢ o ((a,b),(c,d))
{(a,b),(c.d)}cV (Ky®G)

5
=z Z[5Kn®e (a,b) + 5k, @6 (C,d)]dk_oc ((8,b),(C,d))
i1 {(ab).(c.d)}eA

(6sb+d)],
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5
=(n_1)z Z[ng+5Gd]dKn®G ((aab)a(cad))
i1 {(ab)(Cd)leA

=2(n- 1)(2]W+ (G)+8(n— 1)(2)|E(G)|

+n(n-1) Y dg(b,d)[5b+d]

{b.dicV (G)
2[dg (b,d)

+n(n-1)  >.dg (b,d)[dgh+5gd]
{b,d}cV (G)
2/dg (b,d)

—n(n-1) Y dg(b,d)[5cb+5ed]
{b,d}cV(G)
e=bd<E(G)

+2n(n=1) D [Sch+5ed]

{b.d}cV(G)
e=hd ETG

+3n(n-1) D [dcb+55d]

{b,d}cV(G)
e=hd %TG

By above calculations, we conclude that:

W, (K, ®G) =(2][2nw+(6)+8(n—1)|E(G)|+2M1(G)+ZZ (Ogb+0)].

e=bdeTg
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