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Abstract

The second multiplicative Zagreb eccentricity index E3(G)
of a simple connected graph G is expressed as the product of
the weights eg(a)eg(b) over all edges ab of G, where eg(a)
stands for the eccentricity of the vertex a in G. In this paper,
some extremal problems on the Ej index over some special
graph classes including trees, unicyclic graphs and bicyclic

(2020): graphs are examined, and the corresponding extremal graphs
are characterized. Besides, the relationships between this
vertex-eccentricity-based graph invariant and some well-known
parameters of graphs and existing graph invariants such as the
number of vertices, number of edges, minimum vertex degree,
maximum vertex degree, eccentric connectivity index, connec-
tive eccentricity index, first multiplicative Zagreb eccentricity

index and second multiplicative Zagreb index are investigated.

05C12; 05C35; 05C05

Article History:
Received: 2 November 2023
Accepted: 23 December 2023

© 2024 University of Kashan Press. All rights reserved.

1 Introduction

In this paper, our focus is on graphs that are finite, simple, and connected. For a given graph
G, the symbols V(G) and E(G) show the vertex set and the edge set of G, respectively. The
degree dg(a) of a € V(G) is the number of vertices joined to a with an edge. By ¢ and A, we
mean the minimum degree and maximum degree of G, respectively. A vertex a € V(G) is said
pendant if dg(a) = 1. If dg(a) = dg(b) for all a,b € V(G), then G is said to be regular. If,
in addition, A = r, then G is called r-regular. For positive integers r1,rs, 11 # 72, We call G
is (r1, rg)-semi-regular if the set V(G) can be partitioned to the nonempty subsets Vi and Va,
where V; = {a € V(G) : dg(a) = r;}, i € {1,2}. The distance dg(a,b) between a,b € V(G)
is the length of any shortest a — b path in G. The eccentricity eg(a) of a € V(G) is defined
as eg(a) = max{dg(b,a) : b € V(G)}. The diameter d(G) and the radius 7(G) are defined to
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be the sets d(G) = max{eg(a) : a € V(G)} and 7(G) = min{eg(a) : a € V(G)}. The total
eccentricity of G is ((G) = }_ ey () Ec(a). A non-isolated vertex a € V(G) is called universal
if eg(a) = 1. If eg(a) = eg(b) for all a,b € V(G), then G is said to be self-centered. If, in
addition, d(G) = s, then G is called s-self-centered.

A topological index is a real-valued parameter that describes the topology of a graph and
remains invariant by any isomorphism of a graph. Topological indices are used in organic
chemistry as effective tools in QSAR!, QSPR? and QSTR? investigations [1, 2].

The best-known topological index which is dependent on the eccentricity and degree of

vertices in graph is the eccentric connectivity index. This invariant was suggested by Sharma
et al. [3] in 1997 and formulated by

€@ = Y dala)eala) = Y (eala) +ea(b)

acV(G) abeE(G)

The £¢ index has been successfully applied to mathematical models of biological activities of
different natures. For its basic and general properties and applications, refer to [4—11].

After the introduction of the £¢ index, several modifications of this index have been put
forward in the literature. The foremost ones are the first and second Zagreb eccentricity indices
which have been considered by Vukiéevi¢ and Graovac [12] in 2010. They are formulated for
graph G as

Ei(G)= Y eala)® and Ex(G)= Y  eala)ea(b).

aeVv (@) abEE(G)

These indices are considered as the eccentricity version of the well-known first and second
Zagreb indices [13, 14]. Further results on them can be seen in [15-22].
The multiplicative version of F; and E; indices were proposed by De [23] in 2012 as:

E{(G) = ][ ec(@)? and E5(G)= ][ ccla)ec(®).

a€v (@) abEE(G)

The second one, E3, can also be formulated by

B3 @) = [] ealaye.

a€eV(G)

De [23] obtained several bounds on E; and E3 indices in terms of certain graph parameters. Luo
and Wu [24] studied these graph invariants for some families of product graphs. In this paper,
our focus is on some basic mathematical properties of the F3 index. At first, we compute the
values of E5 index for some specific graphs. Then, we solve some extremal problems concerning
to F5 index over some collections of graphs like trees, unicyclic graphs and bicyclic graphs.
In addition, we give several new and sharp bounds (upper and lower) on the E3 index which
clarify its connection to some previously-introduced indices.

2 Extremal properties

In this section, we study some extremal problems on the E3 index over certain graph classes
including trees, unicyclic graphs and bicyclic graphs and characterize the extremal graphs.

LQuantitative Structure-Activity Relationship
2Quantitative Structure-Property Relationship
3Quantitative Structure-Toxicity Relationship
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In the rest of the paper, 7., Un, Bn, Gn, Gm and G, ., stand for the set of trees on n
vertices, the set of unicyclic graphs on n vertices, the set of bicyclic graphs on n vertices, the
set of connected graphs on n vertices, the set of connected graphs on m edges, and the set of
connected graphs on n vertices and m edges, respectively.

The values of the Ej index for cycle, star, and complete graph on n vertices were given in
[23] as follows:

* n n * n— *
Ez(cn) = LEJQ B (Sn) =2 1a EQ(KH) =1
In the following lemma, we give the values of this invariant for a path on n vertices and the

complete bipartite graph on r + s vertices. The results can be deduced straightforwardly from
the definition and their proofs are hence not given.

Lemma 2.1. The following relations hold.
| (=D (=G +1)" 2[n,
UR-TCOER SN
1112 (n =) 2{n;

(i) BE3(K,g) =4"".
Theorem 2.2. Let T €7, and n > 3. Then
E3(T) > E3(Sn), (1)
with equality if and only if T = S,,.

Proof. Note that T has no edge ab with er(a) = ep(b) = 1, as T contains no cycle and n > 3.
Hence for each ab € E(T), er(a)er(b) > 2 and we arrive at

E;T) = ][] er(@er®)> J[ 2=2""=E5(S),

abeE(T) abE E(T)

and (1) follows. The equality occurs in (1) if and only if for each ab € E(T), er(a) = 1 and
er(b) = 2, which implies that T = S,,. |

Theorem 2.3. For each T € T,
E3(T) < E5(Pn), (2)
with equality if and only if T = P, .

Proof. Let V(T) = {b1,ba,...,b,} and d is the diameter of T. If T = P,, then there is not
anything to prove. Hence, suppose that T'2 P,,. Thenn > 4, d < n — 2, and T contains more
than two pendant vertices. Let Pyy1 : b1ba...bg+1 be a path of length d in T'. Let ¢; denote the
eccentricity of vertex b; in T, 1 < ¢ < n. Thus &; = max{dr(b;,b1),dr(b;,bar1)}. As T is a
tree, vertices by and bgiq must be pendant. Let by (k # 1,d + 1) be a pendant vertex incident
with b; in T. Let T' € T, be derived from T by removing the edge bib; and joining the vertices
bg+1 and by by an edge. So V(1) = V(T') and E(T") = (E(T) \ {bkbi}) U {bgba+1}. Thus the
path Pyio : biba...bg+1b, whose length is d+ 1 has the maximum length in T”. Let ¢} = e (b;),
1 <i<mn. Then for each 1 < i <n, i # k, we have

Eg = max{dT/ (b“ bl), dT/ (bi, bk)} = max{dT(bi, bl), dT(bia bd+1) + 1}
Z maX{dT(bi, bl)a dT(bza derl)} = &i
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and €, = d+ 1 > d > ;. This implies that, for each b.bs € E(T) \ {bxbi}, €', > e,¢5, and
epeln = (d+1)d > d* > epe;. Now the definition of the E3 index implies,

E3(T') = I1 €65 = Exar X II €€,
brbSE(E(T)\{bkbl})U{bkbd+1} brbSEE(T)\{bkbl}
>epe; X H EpEs = H eres = E5(T).
brbs€E(T)\{brbi} b.bs€E(T)

So E3(T") > FE5(T). Based on the aforementioned construction, the amount of F3(T) has been
increased. If 7" = P,, then E3(T) < E5(T') = E3(P,), and (2) holds. If 7" 2 P, then by
repetition of the process as many as necessary, we reach a tree whose maximum degree equals
2, which is P,. |

Theorem 2.4. Let G € G, ,, and k indicate the number of universal vertices of G. Then
E3(G) > 22mHnh), (3)

with equality if and only if G has a diameter at most 2.

Proof. From the definition of the EZ index,

E;(G) = H eg(a)de(@) = H 1" x H ec(a)?e(@)

a€V(G) aeV(QG): aeV(Q):
eg(a)=1 ec(a)>2
2aev(g):dela)  2m=3 ,cy(G): da(a)
> H 9da(a) — 9 eg(a)>2 -9 ea(a)=1
acV(G):
Ec(a)ZQ
:22m7k(n71)

from that (3) follows. The equality happens in (3) if and only if vertices of G have eccentricity
1 or 2 which implies that G has diameter at most two. |

As a result of Theorem 2.4, we obtain:
Corollary 2.5. Let G € G, have a radius of at least 2. Then
E3(G) = 4™,

with equality if and only if G is a 2-self-centered graph.
Now we apply Corollary 2.5 to get a Nordhaus-Gaddum result for the E3 index.
Theorem 2.6. Let G € G, with n > 4 and connected complement G. Then

E3(G)E3(G) = 2", (4)
with equality if and only if both G and G are 2-self-centered.

Proof. Let G have m edges. Since G and G are connected graphs, both of them have a radius
of at least 2. Now by Corollary 2.5, we have

E}(G)E3;(G) > 4™ x 4(3)=m = gnin=1),

from that the inequality (4) follows. Based on Corollary 2.5, the equality holds in (4) if and
only if G and G both are 2-self centered. |
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It is obvious that, for any G € G,,, E3(G) > E3(K,), with equality if and only if G = K,,.
Hence, among the members of G,,, K, is the unique graph having the minimum amount of the
E% index.

Theorem 2.7. Let G € U,, andn > 4. Then
B3(G) > 2",

and the equality occurs if and only if G is derived from S, by adding an edge between two
pendant vertices.

Proof. The unique member of U,, with n > 4 vertices and radius 1 is the graph derived from
Sy, by adding an edge between two pendant vertices for which we have:

E3(G) = (2x2)(1 x 2)n~t = onfl,
If »(G) > 2, then by Corollary 2.5 we have
E3(G) > 4™ = 22" > ontl
from which the result holds. ]
Theorem 2.8. Let G € B,, and n > 5. Then
E3(G) = 272,
with equality if and only if G is the graph derived from S, by adding two edges.

Proof. The unique member of B,, with n > 5 vertices and radius 1 is the graph derived by
adding two edges to S,, for which we have:

E3(G) = (2 x 2)%(1 x 2)"~ 1 = 2nF3,
If r(G) > 2, then Corollary 2.5 implies,
E; (G) > 4n+1 _ 22n+2 > 2n+3’

and the proof is completed. |

3 Relations with other invariants

In this section, some new and sharp bounds on the Ej index are given. These bounds will
reveal the connection between E3 and a number of previously-introduced indices.

Theorem 3.1. For each connected graph G,

wlb>

E{(G)? < B3(G) < E{(G)

The equality holds on both sides of (5) if and only if G is regular.
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Proof. Considering the fact that for each vertex a € V(G), 6 < dg(a) < A, we get

A
2 A
B3 @) = I] cot@®@< [T cc@®= I (@)’ =ErG)2,
acV(G) acV(Q) acV(Q)
)
2 N s
B (@) = [ sl = J] (sa(@?)” =Ei(G)*
a€V(Q) a€V(G)

The equality holds in (5) if and only if for each a € V(G), dg(a) = A = 4, that is G is
regular. ]

Theorem 3.2. For any nontrivial graph G € G,
n—2
E5(G) < Ef(G) 7, (6)
with equality if and only if G =2 K,, or G is (n — 2)-regular or (n — 1,n — 2)-semi-reqular.
Proof. By definition of the E3 index,

B5G) = [] cola)’e®

a€V(QG)
= I v 'x J] ecla)e™
a€V(QG): a€V(QG):
ea(a)=1 ea(a)>2
n—2 B
< I o 2= I (ec@?) " =Ei(@)7,
aeV(G): acV(G):
ca(a)>2 ca(a)>2

and the inequality (6) is deduced. The equality holds in (6) if and only if for each vertex
a € V(G), with eg(a) > 2, dg(a) = n — 2. This happens if and only if the degrees of vertices
of G are either n — 1 or n — 2, from which we deduce that, G =2 K,, or G is (n — 2)-regular or
(n — 1,n — 2)-semi-regular. [ |

It is interesting to note that, for graphs with radius at least 2, the upper bound presented
in (5) is stronger than the one given in (6), while for non-complete graphs with radius 1, the
bound in (6) is better than the one in (5).

Theorem 3.3. For a nontrivial graph G € G,,,

c 2m
E3(6) < (19 )

2m

with equality if and only if G is self-centered.
Proof. Applying the arithmetic-geometric mean inequality gives
da(a m
ZaeV(G) dg(a)&‘c(a))zaevm) c(a) _ (fc(G))2
ZaGV(G) de(a) ’

56 = JI ca@™ < (

a€V(QG)

2m

and (7) holds. The equality holds in (7) if and only if for each a € V(G), e¢(a) is constant.
This happens if and only if G is self-centered. |
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The second multiplicative Zagreb index was put forward by Todeschini and Consonni [25] in
2010 and formulated for graph G as:

G = [[ de(@da)= [ da(a)™®.
ab€E(G) aeV(G)
The subsequent theorem provides an upper bound on F3(G) in terms of I3 (G).
Theorem 3.4. For any G € G,,,

C(G)y2m (8)

E3(G) < H2(G)(W
with equality if and only if for any a € V(Q), Z‘;EZ; is constant.

Proof. Application of arithmetic-geometric mean inequality gives,

B3(G) laevg cel@)®® 11 (EG(cﬂ)dc(a)

02(G) ey (a) da(a)®e@ — da(a)

acV(G)

< (ZaEV(G) dg(a) x Zggtg)EaeV(G) dg(a) _ (C(G) )2m
B > aev(c) dala)
Then inequality in (8) is concluded. The equality holds in (8) if and only if for any a € V(G),

ec(a) s
dg(a) 18 constant. |

2m

The connective eccentricity index of G was formulated by Gupta et al. [26] in 2000 by

da(a
SCED I~ B INCE +5G1(b))'

a€V(G) cc(a) abeE(G) ec(a)

The theorem below contains a lower bound on E3(G) based on £°¢(G).
Theorem 3.5. For any nontrivial graph G € G,,,

: 9)

2m  \2m
E;(G) > (——=
2( ) — (é’ce(G))
with equality if and only if G is self-centered.
Proof. Application of the geometric-harmonic mean inequality implies,

am [ o o 2m 2m
\/E2 (G) = 2 H gG(a)dG( ) = dg(a) - fCe(G)’

weV (@) 2aev(G) Zota)

from which the inequality (9) holds with equality if and only if G is self-centered. |
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