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1. INTRODUCTION

The graph G = (V,E), which is discussed in this paper is finite, undirected graph, without
loops or multiple edges. In general, we use, p = |V|and ¢ = |E| to denote the number of
vertices and edges of a graph G, respectively. The number of edges adjacent to a vertex
called the degree of a vertex; the minimum degree is denoted by §(G) and the maximum
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degree is denoted by A(G). For graph-theoretical terminology and notation not defined here
we follow [2], [7] and [18].

The degree distance indices (First Schultz indices) and Gutman indices (Second Schultz
indices) are well known. The Schultz index was introduced by Harry P. Schultz [13] in
1989 defined as molecular topological index MTI(G) = Zf=1|v(A + D)|, where A and
D = ||d(u; )| are the adjacency and distance matrices of G and v = (d(v,),
d(v,),...,d(vp)), respectively, see [5]. Dobrynin et al. [5] and Gutman [9] separately
studied the weighted version of Wiener index and the Gutman indices. Here, we study the

generalized version of the first and second Schultz indices. For more details, we refer to [1,
3,4,6,8, 10, 11, 12, 14, 15, 16, 17] and [18].

2. THE FIRST GENERALIZED SCHULTZ INDEX
For any positive real values a and b, the generalized first Schultz index is given by
DD (4)(G) = Eupupyev(ey(dws) + d(w;))* (d(w; uy))°

Here, we obtained bounds of DD, ;)(G) in terms of order p, size g, maximum
degree A(G), minimum degree §(G), distance d(u;, u;) and radius rad(G).

Theorem 2.1. For any connected graph G with radius rad(G),
PE2[S(6)]*[rad(6)]” < DD ay(6) < EE2[A(G)*[rad(6)]".

Proof. Let G be a connected graph with p > 3. We know that

8(6) < d(w) +d(y;) < AGG). 1)
3@ < (d) +d(y)) < (A@)™" @
rad(G) < d(ui,uj) < 2rad(G). (3)
(rad(6))? < (d(u; u))? < (2rad(G))>. (4)

Multiplying equations (2) and (4), we have
[6(6)1**[rad(6)]” < (d(u;) + d(u;))*(d(us uy))? < [A(G)]**[rad(6)]
PER[8(0)*[rad(6)] < DD(an(6) < PER[AG)**[rad(6)]".

Theorem 2.2. For any connected graph G with p > 3,
2D 2e[rad(6)]" < DD (qpy(G) < 22%(p — 1) [2rad(G)]".
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Proof. Let G be a connected graph with p > 3. We know that
1<d(u)<p-1
2 <d(u)+d(y) <2(p-1).
2% < (d(w) +d(w;))* < (2(p — 1)~
(rad(G))” < (d(u;, w;))? < (2 rad(G))®.
Multiplying equations (7) and (8), we have

2%[rad(6)]” < (d(w;) + d(w))*(d(u, )" < [2(p — 1)]*[rad(6)]".

2D 24[rad(G)] < DD(qy(G) < £29(p — 1)]%**[2rad(G)]’.

Theorem 2.3. Let G be any connected graph with p > 3. Then,
P24 < DDy (6) < B29(p — 1)4+P+1,

Proof. Let G be a connected graph with p > 3. We know that
2¢ < (d(w) + d(uj))a < (2(p- 1)~
l1<d(uw)<p-1
1<(duu))’ <(p-1)°
Multiplying equations (9) and (11), we have

2% < (d(u) + d(w;))*(d(us, wy))” < [2(p— 1)]*(p - 1)".

p(pz— D e o DDany(6) < p(pz— 1) (200 — D]*( — 1.

p(z;—l) 2a < DD(a,b)(G) < gza(p _ 1)a+b+1_

Theorem 2.4. For any connected graph G with p > 3,
BB (26(6))* < DD o (6) <2 (28(6))*(p — D"+,

Proof. Let G be a connected graph with p > 3. We know that
(26(6G))* < (d(uy) + d(w)))* < (2A(G) ).
1< d(ui,uj) <p-—1
1< (d(u,u))’” < (-1)>°.
Multiplying equations (12) and (14), we have
PO (28(G))* < DDy (6) < £(28(6))*(p — 1)1,

Theorem 2.5. Let G be any connected graph with p> 3 vertices. Then,

(4q(p — 1)-M;(6)) + (28(6))* (2W(G) + g — p(p — 1))” < DD (4 (6)

< (4q(p — 1)-M,(6))? + (2A(6))* (2w (G) + g — p(p - 1))".
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Proof. Let G be a connected graph with p > 3. Then, we prove the upper bound,

DD 1) (G) = X evcy d)*D(w;)? = Xsev(y d(wi)® Zuseviey D (w;)?
=> (du) + () (e, 17))"
{uiujev(e)

= Z (d(uy) + d(uj))a + Z 2(d(u;) + d(uj))a
ui,quE(G) {ui,uj}EV(G); d(ui,uj)ZZ

+ Z (d(ul) + d(u]'))a(d(ui, u]) - 2)b
{ui,uj}EV(G); d(ui,uj)ZZ

< Zp_l(d(ui))za + Zp (d(u)(p — d(w;) — 1) + (2q — d(w;) — d(u)w))*

i i=1

+ leisjsp; d(uivuj)zz(d(ui) + d(uj))a(d(ui, u]') — 2)b

Since, we have (28)¢ < ). (d(ui) + d(uj))a < (2A)¢
where d(u)p; = Zu,u,ere) d()
< (4q(p — 1)—M,(G))*
+(2A(G))* (Zui,quV(G); d(ui,uj)zz(d(uia uj) -2 Zui,quV(G); d(ugu;)=2 1)ba

where M, (6) = 7, (d(u))? = 57, d(uu;
< (4q(p — 1)—M,(G))* + (2A(G))*(2W(G) + q — p(p — 1))P.

To prove the lower bound we have

DD1)(G) = X evcy d)*D(u;)? = Tuevey A(wi)* Tugevey D (w;)?
- Z{ .}CV(G)(d(ui) + d(uj))a(d(ui, uj))b

= Z (d(uy) + d(uj))a + Z 2(d(u;) + d(uj))a
ui,quE(G) {ui,uj}QV(G);d(ui,uj)ZZ

"’ (dCu) + d () (g 1) - 2)

{ui,uj}EV(G); d(ui,uj)ZZ

> Zp_l(d(ui))za + Zp (d(u)(p — d(w;) — 1) + (2q — d(w;) — d(u)w))*

i i=1

+ leisjsp; d(uivuj)zz(d(ui) + d(uj))a(d(ui, u]') — 2)b

Since, we have (26)¢ < ¥(d(w) + d(w;))* < (24)°
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where  d(u)p; = T, ep) 4 (W)
> (4q(p — 1)-M,(G))*
+(26(G))* (Zui,quV(G); d(ui,uj)zz(d(uia uj) -2 Zui,quV(G); d(ugu;)=2 1)ba
where M1(G) = X7_,(d(w))? = X1_, d(w)py
> (49(p — 1)—-M,(G))* + (26(G))*(2W(G) + q — p(p — 1))°.

Proposition 2.1. Let G be the class of some standard graphs. Then,
2p(4)° (@)b if pis odd
p 3 p
_1\2_a\P b )
2p(4)*° (—(p 18) 1) +p(4)¢ (g) if piseven
(i) DDay(Kp) =p2°(p — ™.

(i) DDap)(Kip-1) = (0 — D((p — 2)2%*? + 2p®).
(iv) DDy (W) =2(p — D((p +2)*) + 6° + (p — 4)6°2071.

() DD@y(Gy) =

Proof. Let C, be a cycle with p = 3. Then the degree of each vertex is d(u) = 2 and the
maximum distance that exists is EJ Therefore,
Case 1. If p is odd, then there exists a p-number of degree partitions for all the
distance. This implies that p{d(u) + d(v)} {1 + 24+ EJ}

Therefore DD, )(C,) = p(4%) <(p )follows

Case 2. If p is even, then there exists a p-number of degree partitions for the

(p 2)

distances up to ——= and B-number of degree sum partitions for the distance. This is

equivalent to p{d(u) +d(v)} {1 F2 4t O 2)} g{d(u) +d(v)} g. Therefore

D) =008 <—<p2-;>“>”+4a Ol

Let K,, be a complete graph with p = 3 vertices. Then the degree of each

vertex is d(u) = (p — 1) and only one distance exists. Thus, there are p(pz L.

number of degree partitions occur for the distance. This implies that p(p ) [d(w) +
d(v)] and hence
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DD (e (Kp) = P& (p — 1) + (p — 1)]°1° = p2o=1(p — 1)+,

Let K;,_, be a star with p = 3 vertices. Then there exists a (p — 1) -

p—1)(p-2)

number of degree partition (1,p — 1) for the distance one and ( — number

of degree partition (1,1) for the distance two. This implies that
DD(a,b)(Kl.p—1) =(p-1DA+p-1)*+ (7’_1)2&(1 + 1)a2b

=(p—Dp*+(p-1)(p-2)2¢7"

Let W, be a wheel with p = 4 vertices. Then the degree of the surrounded
vertices are three and centre vertex is (p — 1) and maximum distance that exists is
two. For the distance one, there are (p — 1)-number of surrounded degree partitions
and (p — 1)-number of surrounded degrees with centre vertex degree. For the

(p-1)(p—4)

distance two, there are -number of surrounded degree partitions. This

implies that

DD(apy(W,) = (p—1)@B+3)*+ (p-1)(B+p —1)°

(3 + 3)22P

+(p -1(p-4)
2

=(p-1[6*+ (p+2)*+ (p—4)6°2°1. -

The corona G, ° G, is the graph obtained from the graphs G, and G, by taking one
copy of G; and |V(G;)| copies of G, and then joining each vertex of the i copy of G,
named (G,, i), with the i vertex of G, by an edge.

Theorem 2.6. Let G = Cp, © K, Withp; = 3 and p, = 1. Then,
p b 14 b
p1P2(2p2)° (?1 + 2) +p1(2p, +4)° (?1 + 1) if p;isodd

b b .
p1P2(2p2)° (p1+2) +p1(2p, +4)° (p17+1) if py is even

2

DD(a,b) (G) =

Proof. Let G = C,; oKy, with p; >3andp, > 1. Then,d(u;) =p, +2 for each
vertex u; of cycle C,,; and d(uj) = p, for each vertex u; of complete graph K.
Case 1. For p, is odd, d(u;) = % + 1 for each vertex u; of cycle C,, and d(w;) =

% + 2 for each vertex u; of complete graph K,,. Then,
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DD(a(@) = ) (d(w) + d(u;))*(d (i, u)))?

uu;EV(G)
= p102(2p2)* ( + 2) +p1(2(p, + 2))a( + 1)b

= P1P2 (2pz)“ (B2+ 2) +py (2p, + 4)° (22 1+2)b.

Case 2. Forp2 is odd, d(u;)=2"2+1 for each vertex u; of cycle C »1 and
d(u;) = 2= + 2 for each vertex u; of complete graph K,,. Then,
DD(a,b><G) => (d(uw) + d(a,-))%d(ui, w))?
ui,quV(G

= pipa(@0)* (P24 2) + 2, + 2)7 (B2 + 1)

= p1p2 (sz)a( 12 ) + p1(2p, +4)° (p1+1)b.

2.1 HARARY GRAPH

In 1962, Harary introduced the Harary graph, an n —connected graph with p vertices of
degree at least n and [%] edges. The construction of H,, depends on the relationship

between n and p. Harary graph H,, with1 <n <p is constructed by placing equally
spaced p vertices on a circle and joining them as follows:
Case 1. n=2mis even. By joining each vertex to its % neighbors in each

directions around the circle H,, ,, can be formed. Therefore, vertices {i, i+1,..,0i+

%} and {i, i—1,..,0— %} form clique in both the directions.

Case 2. n is odd and p is even. Let n = 2m + 1. Then H,, is constructed by first
drawing Hyn, and then adding edges joining the vertices ito i+>1<i<”.
Therefore, vertices between itoi + %form a clique.

Case 3.n and p both are odd. Let n =2m + 1. Then H,, is constructed by first

p+1

drawing H,, , and then adding edges joining vertex 0 to vertices 2=2 and 222, and

vertex i to i + T’ 1<i< g. Therefore, the degree of 0 isn + 1 wh|Ie the degree
of other vertices is n. For more details, see [15].
The Harary graphs and their matrices have important applications to the theory of

designs and error-correcting codes. They are also, used as models for interconnection
networks in telecommunication, VLSI designs, parallel, and distributed computing.
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Theorem 2.7. LetG = H,,,, be a Harary graph withn =2m;m =1 and p =4 and is
even. Then,

. _1\2_1\P b

() DDy (6) =2p@) (L=2=2) +p(@)e (B) L ifm = 1.

(i)  DD(up)(G) = np(2n)*+p(p —n —1)(2n)*(2)?, if n =2m; m > 2.

Proof. Let G = H,, ,, be a Harary graph withn = 2m; m = 1 and p = 4 and is even. Then,
(1 If m = 1, the Harary graph is a cycle and it is a 2-regular graph. The maximum

distance of the graph is EJ The degree sequence will be (2,2,...,2) and the
distance sequence will be (1, 2., EJ) Then the degree distance sequence will
be 2p(2+2)(L+2+ -+ (p — 1)) +p(2 + 2) 2. Therefore,

DD (@) = 2p(@) (L22)" 4 piaye (2)',
(i) If n =2m; m > 2, the graph is » — regular and p times of (p — n — 1) vertices
are at the maximum distance at 2 and all other vertices at the distance 1. Then,
DD(4,)(G) = np(2n)*+p(p —n — 1)(2n)*(2)".

Theorem 2.8. Let G = H,, ,, be a Harary graph withn =2m +1;m > 1andp =5 and is
odd. Then,
DD(4)(G) = np(2n)*+p(p — n — 1)(2n)*(2)".

Proof. Let G = H,,,, be a Harary graph withn >2m +1; m > 1andp = 5and is odd.
Then, the graph is r — regular and p times of (p — k — 1) vertices have the distance 2 and
the remaining vertices have distancel. Therefore,

DD (44)(G) = np(2n)*+p(p — n — 1)(2n)*(2)". n

3. THE SECOND GENERALIZED SCHULTZ (OR GUTMAN) INDEX
For any positive real values a and b, the generalized second Schultz index is given by
ZZ(a,b)(G) = Z{ui,uj}EV(G)(d(ui)d(uj))a(d(uia uj))b-

Theorem 3.1. For any connected graph G with p > 3,
PEL5(6)]2[rad(6)]? < 2201y (6) < FE2[AG)P[rad(G)]"

Proof. Let G be a connected graph with p > 3. We know that
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§(6)? < d(wy).d(w;) < AG)?.
(8(6))%* < (d(uy).d(w;))* < (A(G))?
rad(G) < d(ui,uj) < 2rad(G).
(rad(G))® < (d(u;, w;))? < (2rad(G))>®.
Multiplying equations (20) and (22), we have

[6(6)]**[rad(6)]” < (d(wy). d(w;))*(d(w;, w;))” < [AG)]**[2rad(6)]”.

—”(”2‘1) [6(6)]**[rad(6)]” < ZZ(ap)(6) <~ (p — 1)****[A(G)]**2[rad(6)]°.

Theorem 3.2. For any connected graph G with p > 3,
2P0 [rad(6)]” < ZZ(q1)(6) < 2 (p — 1)***'[2rad(6)]".

Proof. Let G be a connected graph with p > 3. We know that
1<d@)<p-1
1< (d(uy). d(w))* < (p— 1)%4,
(rad(G))”? < (d(uy,w))? < (2rad(G))®.
Multiplying equations (24) and (25), we have
[rad(6)] < (d(u)d(w;))*(d(u;, 1))? < (p— 1)2%[2rad(6)]"
@ [rad(6)]? < ZZ(py(6) < 2 (p— 1)2**1[2rad(G)]".

Theorem 3.3. Let G be any connected graph with p > 3. Then,
D < 7701y (6) < E(p — 1)@+,

Proof. Let G be a connected graph with p > 3. We know that
1< (d(ui).d(uj))a < (p-1)2%,
1<d(u,w)<p-1,
1< (du,up))’ < (p—1)°.

Multiplying equations (26) and (28), we have

1< (du).d(w))*(du;, u))’ < (p—1)p —1)?,

p(z;—l) < ZZ(a'b)(G) < g(p — 1)a+b+1,

Theorem 3.4. For any connected graph G with p > 3,
PED (8(6))® < ZZ(apy(G) < 2 (A(6))*(p — 1)1,
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Proof. Let G be a connected graph with p > 3. We know that

(6(6))* < (d(uy). d(w))* < (A(G) )*. (29)
l1<d(uw)<p-1 (30)
1<(@w)’ <(p-1)" (31)

Multiplying equations (29) and (31), we have
PO (5(6))** < ZZ(a) (6) < Z(AG))**(p — 1)P*1. .

Proposition 3.1. Let G be the class of some standard graphs. Then,

| 2p(aye () if p is odd
(1) ZZ(a,b)(Cp) = N b '
2p(4)¢ (%) + p(4)° (g) if piseven
(i) ZZ(ap)(Kp) = p(p — 1)2%1,
(iii) ZZ(apy(Kip-1) = (0 = D((p — 2)2° + 2(p — 1)?).
(iv) ZZ(apy(W,) =2(p — 1)((3p — 3)* + 9° + (p — 4)992°1,

Proof. Analogous version from Proposition 2.1 and definition of ZZ, ,y(G) we have the
following results. m

Theorem 3.5. Let G = C,; © Ky, withp; > 3 and p, = 1. Then,
p b P b
P1p2(2p2)*° (;1 + 2) +pi(p, +2)¢ (—1 + 1) if p, is odd

ZZp)(G) = ) Sb .
p1p2(2p2)* (p12 ) + py(p, + 2)° (p1 ) if p, is even

Proof. Let G = Cp; o K,, with p; > 3and p, > 1. Then, d(u;) = p, + 2 for each vertex
u; of cycle Cpy and d(u;) = p, for each vertex u; of complete graph K,
Case 1. For p, is odd, d(u;) = 2 + 1 for each vertex u; of cycle Cpy and d(u;) =

% + 2 for each vertex u; of complete graph K. Then,
22an(©) = ) (). d())*( @y D)
Uuj, quV(G
b
= p1p2(2p2)** ( + 2) +pi(p, + 2)*° ( + 1)

+2 b
= P1P2(2P2)2a( 2) +p1(p, + 2)*° <1T) :
Case 2. Forp2 is odd, d(u)=2"2+1 for each vertex u; of cycle C »1 and

d(u;) = 2= + 2 for each vertex u; of complete graph K,,. Then,
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ZZ (0 (6) = Z (@) dw)* (@)’

ui,quV(G
b
p1—2 pr1—1
= p1p2(2p,)*° <1T + 2) + p1(p, + 2)*° <1T + 1)

= p1p2(2p,)*° (p12—+2)b +p,(p, +2)%° (M)b.

2

b

Theorem 3.6. Let G = H,, be a Harary graph withn =2m; m =1 and p =4 and is
even. Then,

O Z2an(@ = 2@ (E22) + paye (2)' it m=1.
(iD)  ZZp)(G) = p(n)***  +p(p —n— 1(M)**(2)%, if n=2m; m > 2.

Proof. By Theorem 2.8, the results (i) and (ii) follow. ]

Theorem 3.7. Let G = H,, , be a Harary graph withn = 2m+1;m > 1l andp = 5and is
odd. Then,
ZZ(ap)(6) = p(n)*** +p(p —n — 1)(n)**(2)".

Proof. By Theorem 2.8, the claim follows. ]

Theorem 3.8. (Radon’s inequality) [13] For real numbers t >0, x4, x5,...,x; >0,
a;, a,, ...,as >0, then following inequality holds:

t+1
s xn+ > (ZS=1xn)t+1

=gt T CSoian)t

Now, we use the Radon's inequality to give the relation between DD, ,)(G) and
ZZ 1) (G).

Theorem 3.9. Let G be a connected graph with p > 3 and is odd. Then,
AG)S(G)DD 4y (G) < (A(G) + 8(G)) ZZ (0 ) (CIYW ()P

Proof. Let each n in Theorem 3.9 corresponds to the vertex pair (u;,u;) with s = @
and ¢ = 1. Then each x,, is replaced by (d(u;) + d(w;))*(d(w;, u;))? and a, is replaced

by (d(ul) d(u]'))a(d(ui, u]'))b. ThUS,
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Cic; (@) + d()) (d(us w))?) E(d(u) d(w))®
Yicj(@y). d(w;))(d(uy, )P = (d(w).d(u))e

DD(ab)(G)Z d(u d(u b
77, b)(G) d(u aGuy | (0w
d(u;) d(uj) (A(G)+5(G))
a(u;) \/ d(u;) < (A(G)8(6))

DD(q )(6)? (A(G)+5(G)) N
ZZ(q p)(G) = (A(6)8(6)) (d( i1 1)) .

(d(ui,uj))b,

Therefore,

4. THE FIRST GENERALIZED SCHULTZ POLYNOMIALS

For any positive real number a and b, the first generalized Schultz polynomial of a graph G
is given by

DD(a,b)(Gax) = Zi<j(d(ui) + d(uj))a x(d(ui'uj))b,

where (d(u;, u;))? denotes the distance between the pair of the vertices and d(u;) denotes
the degree of the vertex u;.

Observation 4.1.
(i The DD, 1)(G, x) has no constant terms.

(i) Derivatives of the DD, (G, x) is the degree distance index of the graph at
x =1

Observation 4.2. Let G be the class of standard graphs. Then

b
(4p)a(1 x( 7))

(i)  DDpy(Cpx) =

(i) DD(ap)(Kp x) = @p(p— Dy

(i) DD(apy(Kip-1.%) = (p( — )“x + [2| (p - 1)x?".

(V) DD(ap)(Wip-1,%) =2(p — D)((p — 2)* + 6%)x
+2(p — 1)((p — 4)6a)x2b_1.

Theorem 4. 1. Let G = Cp; © Ky, with p; = 3 and p, = 2. Then,
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( L B) L B)
P1p2(2p2)? (%) +p1(2p, +4)° (% if py is even
p1+3\P

if p,isodd

b
) . 1_x(P12+4) , . 1_x( .
P1P2(2p2)* | = | * 11 (P2 + D) | ——

\

Proof. Let G = C,, © K, with p; > 3and p, > 2.Then, d(u;) = p, + 2 for each vertex u;

of cycle Cpy and d(u;) = p, + 2 for each vertex u; of complete graph K, is d(w;) = p,.
Case 1. For p, is even, for each vertex u; of cycle the distance is % + 1 and for

DD(a'b)(G, X) =3

each vertex u; of complete graph K, the distance is % + 2. Therefore,
DD 4)(G,x) = Z (d(u;) + d(uj))ax(d(ui'”j))b
ui,quV(G)
p1t2 p1+1
2 ,
. p1(2(p; +2))%x*

= Z,_Zl p1p2(2p2)*x" + Z'_
<%+z>”>

By .
1 2
—xl_x +p,(2p, +4)° = xl_x

= p1p2(2p;)? (

Case 2. Suppose that p, is odd, then for each vertex u; of cycle C,, the distance is
2

211 + 1 and for each vertex u; of complete graph K,, the distance is Pl 42,

Then,
(d(wy). d(uj))ax(d(ui,uj))b
)

DD(a(G.6) = )
ui,quV(G
P17,

P17, ' -
p1p2(2p2)*x' + ) )
1=

p1(2(p; + 2))*x!

(P1+4)b ( +3)b
= p1p2(2p;)*° (%) +p1(2p, +4)° %

P1

1=

Theorem 4.2. Let G = H,, be a Harary graph withn =2m,m > 1 and p = 4 and is

even. Then,
(52’
. 1—x\ 2 .
(i) DD(a,b)(Hn,p’x) = ZP(4)a< T—x ) ifm=1.
(i) DD(a'b)(Hn'p,x) =np(2n)*x +p(p —n — 1)(2n)*x?’, ifn = 2m, m > 2.
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Proof. (i) If H,,, is a 2-regular graph. The maximum distance of the graph is EJ The
degree sequence will be (2,2, ...,2). Therefore,

DD a1y (G,x) = Z (d(u;) + d(uj))ax(d(ui'”j))b

ui,quV(G)

= Zi5=1 2p(4)axi = 2p(4)a (1—951(_?) >

(ii) If H,, is r —regular and p times of (p —n — 1) vertices are at the maximum
distance at 2 and all other vertices at the distance 1. Then,

DD(ap(G.X) = ) () d (1)) o A"
ui,quV(G)

DD gy (Hnp, x) = np(2n)%x + p(p — n — 1)(2n)2x?".

5. THE SECOND GENERALIZED SCHULTZ POLYNOMIALS

For any positive real numbers a and b, the second Generalized Schultz (Gutman)
polynomial of a graph G is given by

221G, %) = Ticj(du)d () x@0um)",

where (d(u;, u;))? denotes the distance between the pair of the vertices and d(u;) denotes
the degree of the vertex u;.

Observation 5.1.
()  The ZZ41)(G,x) has no constant terms.

(i) Derivatives of the ZZ, ,)(G, x) is the degree distance index of the graph at x = 1.

Observation 5.2. Let G be the class of standard graphs. Then

p+2\P
; _ () (a- () )
(1) ZZ(a,b)(Cpax) =P 1_9;

(i) ZZpy(Kp x) = p(p — 1)?%x.
(iil) ZZ(ap)(Kip-1,%) = (0 — 1)2%x + (F;)x?.
(V) ZZ(p)(Wip-1,x) = 2(p — 1)(Bp — 3)* + 9%)x + 2(p — 1) ((p — 4)6%)x

2b-1

Theorem 5. 1. Let G = Cp; © Ky, with p; = 3 and p, = 2. Then,
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ZZ(a'b)(G, X) =X

Proof.

e

b b
_ —+3) _ —+2)
P1p2(2p2)*° (”T> +pi(p, +2)° (”T> if py is even

2
1-x

P1DP2 (2P2)2a (1_x—
\

By Theorem 4.1, the desired result follows. ]

Theorem 5.2. Let G = H,,, be a Harary graph withn =2m. m>1 and p =4 and is

even. Then,
NC Ok
() ZZap)(Hnp x) = 2p(4)° (1 — ) ifm=1.
(i) ZZgp)(Hnp, x) = p(n)22*ix + p(p —n — 1)(n)2%x?’if n = 2m; m > 2.
Proof. By Theorem 4.2, the desired result follows. ]
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