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The resolvent energy of a graph G is defined as ER(G) =
o ﬁ, where A; = A, = --- > A, are the eigenvalues of
the adjacency matrix of G. We extend this concept to directed

graphs with two approaches. The first approach, consider
ER(G) =YL, #, where o; =20, >-=0, are the

singular values of G. The second approach, define the
n 1

=1 n-R ()’
where z,, ..., z, are the eigenvalues of G and Re(z;) denotes

resolvent energy of a digraph G by ER(G) =

the real part of z;. We prove some properties of resolvent
energy for some special digraphs and determine the resolvent
energy of unicyclic and bicyclic digraphs and present lower
bound for resolvent energy of directed cycles.

Directed graph
Unicyclic digraph
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1. INTRODUCTION

The energy of a graph is a quantity based on the graph spectrum. Nowadays, it is so
interesting topic between researchers who study mathematical chemistry or spectral graph
theory. The energy of a graph, defined as the sum of the absolute values of its eigenvalues,
was first defined by Ivan Gutman in 1978 at a conference in Austria [11]. For finding more
information on graph energy we suggest to see [7, 10, 26]. There are many kinds of graph
energies, such as Laplacian energy [6] and Randi¢ energy [20].
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In 2008, Pena and Rada generalized the concept of energy to a digraph G as the sum
of the absolute values of the real part of eigenvalues of graph, [24]. Also, the digraph energy
was extensively studied [2, 17, 18, 22, 27, 28]. Nikiforov defined the energy of a digraph as
the sum of its singular values [23].

Very recently, Gutman et al. introduced the resolvent energy [14], and it is defined
by ER(G) = X1, n+lf where A > 4, > --- > A, are the eigenvalues of the adjacency
matrix of G. They made conjectures about resolvent energy of unicyclic, bicyclic and
tricyclic graphs. Afterward a lot of research has been done on it. In [1, 5], all of those
conjectures have been proven. In [14], established a number of bounds on the resolvent
energy and characterize trees, unicyclic and bicyclic graphs with smallest and largest
resolvent energies. For more results about resolvent energy see [8, 9, 12, 13]. The Laplacian
resolvent energy, signless Laplacian resolvent energy and normalized Laplacian resolvent
energy were recently put forward in [3, 25].

In this paper, we extend the concept of resolvent energy to directed graphs. We prove
some properties of resolvent energy for the directed unicyclic and bicyclic digraphs and
make two conjecture about it. Moreover, we present lower bound for resolvent energy of
directed cycles.

2. PRELIMINARIES

Let G = (V,E) be a finite and directed graph. We denote by V = {v,, ..., v,,} the vertex set
of G and by E = {ey, ..., e, } the directed edge (arc) set of G. Since G is directed, elements
of E are ordered pairs of elements of V. For v;, v; € V, denote by v;v; the directed edge (arc)
from v; to v;. Moreover, we call v; the head and v; the tail of v;v;, respectively.

Let v;v; be an arc. We call it simple if v;v; is not an arc in G. Also, if every arc in G
is simple, then G is called simple. Further, if both v;v; and v;v; are arcs in G, then they called
symmetric arcs.

Let deg®™(v;) = |[{v; € V,v;v; € E}| denote the outdegree of the vertex v;, and
deg™(v;) = [{v; € V,v;v; € E}| denote the indegree of the vertex v; in the digraph G.

A directed path of length n — 1 (n = 2), denoted by I_sn, is a graph with vertex set
{v;|i =1, ...,n}and arc set {v;v; 1|l = 1, ...,n — 1}. We call v; the initial vertex and v,, the
terminal vertex of the directed path I_sn, respectively. A cycle of length n, denoted by 5n, is
the digraph with the vertex set {v;|i =1,...,n} and arc set {v;v;;41]i=1,..,n—
1} U {v,v1}. A complete digraph on n vertices denoted by K,, with vertex set {v;li =
1,..,n} and arc set {v;v;, v;v;|1 < i,j < n, i # j}.

A directed graph is connected if there is an undirected path between any pair of

vertices, and strongly connected if there is a directed path between every pair of vertices. A
directed tree is a simple, directed, connected and acyclic graph.
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Let G = (V,E) be a digraph with n vertices. The adjacency matrix A = A(G) of the
graph G is defined such that its (i, j)-entry is equal to 1 if v;v; € E and 0 otherwise. The
characteristic polynomial ®@;(1) = |Al — A| of the adjacency matrix A of G is called the
characteristic polynomial of G and the eigenvalues of A are called the eigenvalues of G.

Let A be any n by n matrix with real entries and A” is the transpose of A. The
(i, )—entry of AAT(ATA) of G is equal to the number of common out-neighbours (in-
neighbours) of v; and v;. Diagonal entries of the matrix AAT (AT A) represent outdegrees
(indegrees) of the vertices of G (see [19]).

The singular values of the matrix A are the square roots of the eigenvalues of AAT.
The singular values of graph G is the singular values of its adjacency matrix. The set of all
singular values of a graph G is denoted by Singular(G).

Throughout this paper, graphs are assumed to be finite and without loop, multiple
and symmetric arcs.

3. FIRST APPROACH: RESOLVENT ENERGY VIA SINGULAR VALUES

Let G be a simple directed graph of order n and o7 = --- = 0, be the singular values of its

1/2

adjacency matrix. If A4 is adjacency matrix of G, then by [15], o1 < [||A]||1]|4]]|e]"/*. Since

G 1s simple, ||A|]1, [|A]|w < n — 1. Consequently, g; < n.
We now define the resolvent energy for digraph as follow:

Definition 3.1. Let G be a digraph on n vertices with singular values oy, ..., 0. Its resolvent
1

n—o;

energy is ER(G) = Y-,
Lemma 3.1. Let G be a digraph. ER(G) = 1 if and only if G has no arcs.

Proof. ER(G) = 1 ifand only if 6y = 0, = -+ = 0, = 0, and this equivalentto A = 0. H

Theorem 3.1. Let G be a connected digraph of order n and there is at least one vertex vj in
G such that deg™(v;) = 1. Let G' be a digraph obtained from G by deleting the arc v;v;.
Then ER(G) = ER(G').

Proof. Let A(G) be the adjacency matrices of G with singular values ; = 7, ... > 0, = 0
and A(G") be the adjacency matrix of G’ with singular values o; > g, ... = gy, = 0. By [16,
Theorem 4.2], 0, = 01 = 0, = 05 = - 0, = 0y, = 0. Therefore, ER(G) = ER(G"). |
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Remark 3.1. Let G be a connected digraph of order n in which there is at least one vertex
vj such that deg™ (v;) = 1. Let G' be a digraph obtained from G by deleting v;v;, for some
vertex v;. Then ER(G) = ER(G").

Theorem 3.2. Let G be a connected digraph of order n and v; € V(G) such thatdeg™ (v;) =
0. Define G' by adding a pendant edge v, ,,v; at the vertex v;. Then

ER(G") = ER(G) + —.

Proof. By [16, Proposition 4.5], we have Singular(G") = Singular(G) U {1}, so the
theorem holds. L

In the following examples, we will show that by deleting an arc, the resolvent energy
may increase or decrease.

Example 3.1. Let G be a graph with the vertex set V = {v,, ..., v} and arc set
E = {v1V3, V1Vq, Va3, VU3, Vo Vs, Va Vg, VaV7, V3 Vs, V3 Vs, V3Vg, V3V, UsVy, VsV, Vs Vs,
VU4 Ve, V4 V7, VsV, V5V3, UsVg, UsV7, VsVUg, UsVg, Vg Vs, V7Us, V7 Ve, U7 Vg, V7Vg, Ugly,
VgVg, Vg4 }-
The adjacency matrix of G is

0 0 1 0 0 0 0 0 1y
101 01 1100
0 0001 1011
11 0 01 1 1 0 0
A=10 11 0 0 1 1 1 1
0 001 0 0 0 O0O
0 0001 1 O0 11
0 001 0 0 0 01
0 0 010 0 0 O O

and ER(G) = 1.2140. If G, = G\{v,vs}, then ER(G,) = 1.2148.

Example 3.2. Let G be a graph with the vertex set V = {v,, ..., vs} and arc set
E = {0102, V104, V501, VU3, V3V, V2 Vs, V3 V3, U3Us, V4Vs, UsVs, Us Vs }.
The adjacency matrix of G is

01010
|[10111]
A=lo 1 0 0 1
l01001J
00010

and ER(G) = 1.3904. If G, = G\{v,vs}, then ER(G,) = 1.3596.
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3.1 RESOLVENT ENERGY OF SOME SPECIAL DIGRAPHS

In the following, we compute the resolvent energy of some kind of directed graph, for this
purpose we need the next theorem.

Theorem 3.3. Suppose that G is a digraph, V(G) = {vy, ..., vy} and deg~(v;) < 1, for 1 <
i <n. Then Singular(G) = {y/deg*(v;): 1 <i <n}.

Proof. Let A be the adjacency matrix of G and C = AAT. We have ¢;; = Y.7_; a;,aj,. Since
deg=(v;) <1,s0
y=fles’ @ =
0 i #J
which completes the proof. |

Similar to the above theorem we can prove the following theorem:

Theorem 3.4. Suppose that G is a digraph, V(G) = {vy, ..., v} and deg™(v;) < 1, for 1 <
i < n. Then Singular(G) = {\/deg=(v;): 1 <i < n}.

Remark 3.2. By Theorem 3.3, we have Singular(ﬁn) ={(1)"%,0}. This implies that
ER(P,) = 1+ Therefore, ER(P;) > - > ER(P,).

An out star (in star) is a directed star graph such that for every vertex v, deg™ (v) <
1 (deg*(v) <1).

Remark 3.3. Let §n be the directed out star of order n. By Theorem 3.3, we have

Singular(S,) = {/n — 1, (0)"" 1},
and so
n1, 1

+

n n—-vyn-1'

ER(S,) =

Consider the function
1
x—Vx—1

fa) ="+

Then we have
1 -1
1 15(x-1)2

F®) =z
and f(x) is an increasing function on [2, o), which implies that ER (§3) > -+ >FER (§n). It
is possible to obtain the same result for in star.
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Remark 3.4. By Theorem 3.3, we get that

Singular(C,) = {(1)"}.
So

ER(C,) = =14 —
Then

ER(C3) > -+ > ER(Cy).

Remark 3.5. Let K, |, be the complete bipartite graph with vertex partition V. = {vy, ..., V4 }

and U = {uy, ..., up}. Assume that asymmetric digraph Ea,b obtained from K, such that
each edge viu; of Ky p, is changed by an arc vu;. Then

Singular(K,,) = {Vab, (0)**?~1}. (1)
Hence,
= 1 +b-1
ER(Ka'b) - a+b—ab + aa+b ) (2)

An out tree (in tree) of order n, denoted by Tn, is a directed tree such that for every
vertex v of vertex set, we have deg™(v) < 1 (deg*(v) < 1).

Theorem 3.5. Let I_sn, Tn and §n be path, out tree and out star of order n, respectively. Then
ER(S,) < ER(T,) < ER(P)).

Proof. Let 13;1 = v, V;... 1, be the path, hence deg™(v,) = 0 = deg™ (v,,). Moreover, let
T,, be an out tree of order n. We construct T from ﬁ For this purpose, we cut edge v,,_,v,
from P and attach it to v; (we choose v; such that the resulting tree is more similar to n)

We call the new tree T1. By doing this, the vertex v,,_; of outdegree equal to 1, change to a

vertex with outdegree equal to 0, in T;. Also the vertex v; of outdegree equal to 1 changes
to vertex of outdegree equal to 2. Therefore,

= - 1
ER(T;) = ER(P, —cs
1 1
—ER(Pn)— +;+n—\/i'
Slnce — = + ER (P ) = ER (Tl) Now, we cut edge v,,_,v,_1 of T1 and attach it to

n— \/_ ’
another vertex in order to change Tl to a tree more similar to ']I‘n. We will continue this

process and every time we change a vertex of outdegree equal to 1 to a vertex of outdegree

equal to 0 (cut the pendant edge of ﬁ) and also change a vertex of outdegree equal to d to a
vertex of outdegree equal to d + 1 (add the cut pendent edge to a vertex). Consequently,

1 1
ER(THl)—ER(T)— +__n ﬁ+m.
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. 1 1 1 1 = = - —
Since —y + - > > + et ER(T;) = ER(T;;1). Therefore, ER(P,) = ER(T,,). By

the same argument, it can be shown that ER (§n) <ER (Tn), it follows that ER (§n) <
ER(T,) < ER(P)). [

3.2 RESOLVENT ENERGY OF THE UNICYCLIC DIGRAPH

In the sequel of this section, we denote by l—fm’n the connected unicyclic digraph with n > 3
vertices and unique cycle of order m, where 3 < m < n. We consider that the vertices in the
cycle are vy, vy, ..., Uy, It is clear that l_])m,n = E‘m U ’fl U..u ’fm, where ﬁ- is a directed
pendant tree of order t; hangs of v;, 1 <i <m. Hence t; > 1 and so X/, t; = n. Let
V(T = {v; = vi, v} ...,v,fi}, for 1 < i < m. Moreover, consider A; = A(T;) = [a;, ] to be

the adjacency matrix of T;.

Theorem 3.6. Let l—])m,n be an unicyclic digraph such that all directed trees hang of vertices

in the cycle are out tree (in tree). The set of singular value of l—])m,n is the square roots of
outdegree (indegree) of all vertices.

Proof. Let T; be an out tree, so 4;A] = diag(deg* (v}), ..., deg‘“(vgl.)), for1 <i<m,by

Theorem 3.3. Let A be the adjacency matrix of l—fm’n. Suppose that the order of the vertices

on rows and columns of A are {vy, ..., Uy, v%, . vtll, e, UYL v{:‘n, }. Let
n=Y_,(-1, 1<i<m-1,

and

kk=m+n_,+1, 1<i<m,

where ny = 0. Then, the adjacency matrix A is a block matrix as follows:

A(Cm) Bl,z Bl,m+1
0 B, 0 .. 0

A=10 0 oo 0 ;
lo Bm+1,m+1J

where By ; = A(Cy,), By,j is an m by (tj_; — 1) matrix with zero elements except elements
on (j — 1)-th row, which are (a;,,,...,a;,, ), for2 <j<m+ 1, and

’ i

Bii = (ats), ki<ts <k
Let C = AA". Then, C is a block diagonal matrix as C = (C;;), for 1 < i,j < m + 1, such
that
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— T T
Cl,l - B1,1B1,1 + -t Bl,m+1Bl,m+1

ky—1
T Z]ikl al,] O ) O
:A(Cm)A (Cm) + 0 0 0 +
0O .. 0 O
+ :
0 0 Z;'l=km am,j
t
Z]1=2 al‘j 0
=1+10 =0
tm
0 Zj=2 amllj
= diag(deg™ (vy), ..., deg ™ (vn))
and
m+1
Cii = Z B;,B;, = B};
r=1 . .
= diag(deg*(v;" "), ...,deg*(vi 1)),
for2<i<m+1. o

Similarly, if T; is an in tree, for 1 < i < m, then we get the same result.

Remark 3.6. Let G = l—])m,n be an unicyclic digraph such that all directed trees hang of

. - 1 . .
vertices in the cycle are out tree. Therefore, ER(G) = }i—, ——— Similarly, if all
directed trees hang of vertices in the cycle are in tree, then E R(&) =2 m.

Lemma 3.2. Let 51 and 52 be unicyclic digraphs of order n with cycle of order k, which is
shown in the figure 1. Then ER (51) < ER(GZ)

Figure 1: Digraphs 51 and @2.
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Proof. By Theorem 3.6, the singular values of 51 and 52 are

Singular(G,) = {(1)* L, Vn—k + 1, (0)"" ¥}

and
Singular (Gz) = {()**,Vn =k = 1,¥2,(0)" 1},
Then,
ER(GY—ER(G)=++— 1 ___ 1 <)
(G1) (G) =7+ ————= e ————<0,
which implies that ER(G,) < ER(G,). -

Theorem 3.7. Let G = l—])m,n be an unicyclic digraph such that all directed trees hang of the
vertices in the cycle are out tree. Then ER(l—])m,n) < ER(C;).

Proof. Let 6,1 = v, V,...v,V; be a cycle and ﬁm,n be an unicyclic digraph. Similar to the
Theorem 3.5, we construct l—])m,n from 5n. Hence, we cut an arbitrary edge v;v;,, from 571

and adjacent v; to v;,,. Moreover, attach the edge v;v;,, to v, (we choose v, such that the

resulting graph is more similar to ﬁm,n). We call the new graph le. It implies that the
outdegree of v; changes from 1 to 0 and the outdegree of vk changes from 1 to 2. Therefore,

1 1
ER(Cl) = ER(C,) ——+ - —ﬂ+ —
Since —1 > - + \/_, ER(C ) = ER(Cl) It is clear that C1 is an unicyclic digraph. We will

continue thls process and every time we cut an edge of cyclic of graph such that the head
vertex of it has outdegree equal to one. Then attach that edge to a vertex in order to change

C; to an unicyclic digraph more similar to ﬁmn In addition, similar to above, we have

1
ER(CHl) = ER(C) - +— —m — \/_ Therefore, ER(C) > ER(ClH) which

implies that ER(Cn) > ER(Um,n). |

We did a lot of tests with MATLAB 2020 about resolvent energy of unicyclic
digraphs, finally we state the following conjecture:

Conjecture 3.1. Let )?n be an unicyclic digraphs of order n such that the cycle is from order
three with n — 3 vertices which have outdegree equal to one. Then ER ()?n) < ER(ﬁm,n).
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Figure 2. Unicyclic digraph )?n.
3.3. RESOLVENT ENERGY OF THE BICYCLE DIGRAPH

Suppose §n to be a bicyclic digraph of order n and Kisa subgraph of it such that K is the
unique bicyclic subdigraph of §n containing no pendant vertices. In the other word, §n obtain

from K by attaching directed trees to some vertices of K. 1t is well known that there are three
types of bicyclic digraphs containing no pendant vertex.

Type 1. Let B (p,q), where p,q = 3 be the bicyclic digraph obtained from two
directed cycles 5p and C q» Which have just one common vertex.

Type 2. Let B (p,L,q), where p,q = 3 be the bicyclic digraph obtained from two
directed cycles E'p and 5q with one unique directed path 1_51 connecting 5p and 6q.
Type 3. Let B (P, Py, By), where s,l,m = 3 be the bicyclic digraph obtained from
three pairwise disjoint directed paths from a vertex x to a vertex y, these three

directed paths are with length s,/ and m and are not in the same direction, for
instance, P; and P, are from left to right and P; is from right to left.

We consider that the vertices on K are {vy, ..., v} It is clear that
B,=KuT,u..uT,
where ﬁ- is a directed pendant tree of order a; hangs of v;, 1 < i < t. Hence a; = 1 and so

Y, =n

In the following, we compute the singular values of bicyclic digraphs. We consider
the following cases:

Case 1: Let K = §(p, q), |I?| =k =p+q—1 and A be its adjacency matrix. In

addition let C = AAT, hence c; i = Xr=1 Q;r@; and we have:
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Ty

o /W/

Figure 3. Bicyclic digraph B(p, q).

We consider the direction of both cycles are clockwise. Hence,

1 l—]ip,(lj)—(p—lk)(kp—l)
Cij =12 i=j=p
0 0.wW

Therefore,
det(C—AD) =1 -DP2(1-1DI2-1)—-2-1DA -1
= (1 = )PT94(2 - 1)%A
Then Singular(ﬁ ) = {(+v/2)%,(1)¥73,0}. For other cases of the direction on the
cycles, one can see its matrix AAT is similar to the above matrix, so their singular
values are the same.

Case2:LetK =B(p,L,@)and |[K|=k=p+q+1—2

/oy,
NI e

Figure 4. Bicyclic digraph B », L q).

Let the direction of both cycles are clockwise and the direction of the path be
from left to right. In this case, we have

1 i=j# 1,00 =k-qk),(kk-q)
Cij =2 t=j=1
0 o.w
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similar to the above case, we have Singular(ﬁ) = {(+/2)%, (1)¥73, 0}. For other
cases of the direction on the cycles and path, one can see its matrix AAT is similar to
the above matrix, so their singular values are the same.

Case 3: Let K = §(PS, P, P,), |1?| =k=s+1+m—4 and A be its adjacency
matrix. In addition let C = AA”, hence ¢;; = ¥}, a;a;, and we have:

Ug Us—1
’ ......
/

f Ust+m—1 Uk

Ui ¢—@  een Vg

Figure S. Bicyclic digraph B(Py, P;, Py).

Let top and middle paths be from left to right and the down path be from right to left.

1 i=j+1,0,j)=06-1k),(ks—1),
Ci]': 2 L:]:l,
0 0.W.

Therefore, S ingular(ﬁ ) = {(+v/2)%, (1)¥73, 0}. For other cases of the direction on the paths,
one can see its matrix AAT is similar to the above matrix, so their singular values are the
same.

Remark 3.7. Let G bea bicyclic digraph of order n of any type, without any directed pendant

trees,soER(é)z 2_4i=24 2

n-vz n-1 n

Similar to Theorem 3.5 and 3.7, the next theorem follows.

Theorem 3.8. Let En be a bicyclic digraphs of order n such that all pendent directed trees
hang of it are out tree. Also let He {E(p, q), E(p, l,q), E(PS, P;, P,))} be a bicyclic digraphs
of order n. Then ER(En) < ER (ﬁ)
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4. SECOND APPROACH: RESOLVENT ENERGY VIA EIGENVALUES

Let G be a simple directed graph of order n and z, ..., z,, be the eigenvalues of its adjacency
matrix. The spectral radius of G is defined by p = p(G) and defined as
p(G) = max|z].

1<isn
Here, we introduce the resolvent energy of a digraph by the real part of its eigenvalues. First
we recall some results.

Lemma 4.1. ([21]) Let A = (a;j) be an n X n nonnegative matrix. Then
min 37, a;j < p(4) < max ¥i, a;j.
Corollary 4.1. Let G be a simple digraph with n vertices and A = (a;;) be its adjacency
matrix with eigenvalues zy, ..., zy. Then | Y- a;j| <mn, fori =1,...,n, and we have
|zi| < p(4) <n.

Now we define resolvant energy for digraph as follow:

Definition 4.1. Let G be a graph on n vertices with eigenvalues zy, ..., Zy. Its resolvent
energy is
ER(G) =YY", —

=1 n_Re(z;)

3)

where Re(z;) denotes the real part of z;.

Since G is a simple digraph, so by Corollary 4.1, |Re(z;)| < n and hence equality
(3) is well-defined.

Definition 4.2. Let G be a digraph with n vertices and eigenvalues zi, ..., z,. The k-th
spectral moment of the digraph G is defined as
M, = My (G) = X7, Re(zf).

Lemma 4.2. Let G be a digraph. Then My (G) is equal to the number of self-returning walks
of length k.

Proof. By [4], the sum of k-th power of all eigenvalues of a graph is equal to the number of
self-returning walks of length k. Let z4, ..., z,, be eigenvalues of the digraph G. Assume that
Zq, -, Zg are complex numbers and zs,q,...,Z, are real numbers. If G has complex
eigenvalues then they will always occur in complex conjugate pairs. Let z; = |z;|(cos(6;) +

i sin(6;)), forj =1, ...,s. Then
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= |zj|*(cos(k6)) + i sin(k6))),

It follows that

k
1121

= Y7, Re(zf) = My (G).
This completes the proof.

s k n
j=1 2 + Xj=st1

= 222 _y |zi|¥cos(k6)) + X412

k

J
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j=1,..,s.

In the following examples, we will show that by deleting an arc, the resolvent energy

may increase, decrease or not change.

Example 4.1. Let G be a digraph with the vertex set V = {vy, ...,

vs}, arc set

E = {v1V;,V1V3, V1 Vg, V1 Vs, Va V1, Vp Vs, V3Vs, V3Vs, V3 Vs, VsVp, UsVq, Vs Vs ).

The adjacency matrix of G is
[0
1
A=10

;

and ER(G) = 1.076097. If G, = G\{vsv,}, then E

Example 4.2. Let G be a digraph with the vertex set V = {vy, ...,

1
0
1
1
0
n

WMo oo O R

O R R -

1

|
1

q

(G,) = 1.076491.

vs}, arc set

E = {0103, V1V, Ua V1, Vo V3, VaVs, Vo Vs, U3Vs, V3 Vs, UsVz, Vs Vs, UsVs ).
The adjacency matrix of G is

01010
[10111]|
A=lo 1 0 0 1
l01001J
00010

and ER(G) = 1.087597. If G, = G\{v,vs}, then ER(G,) = 1.080998.

An out tree (in tree) of order n, denoted by Tfn, is a directed tree such that for every
vertex v of vertex set, we have deg~(v) < 1 (deg™(v) < 1). Moreover, an out star (in star)
is a directed star graph such that for every vertex v, deg~(v) < 1 (deg*(v) < 1).

Example 4.3. The resolvent energy of out star (in star) or out tree (in tree) digraphs of order
n is equal to 1, and after deleting any edge does not change.

The next theorem is very useful in calculating the resolvent energy of a graph.

Theorem 4.1. Let G be a digraph and Gy, ..., Gy, its strong components. Then
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ER(G) =YX, ER(G)).

Proof. Since Gy, ..., Gy are strong components of G, @ (x) = Pg, (X) ... Pg, (x), then
Spec(G) = UL, Spec(Gy),
this completes the proof. u

Let G be an acyclic digraph with n vertices. Since its strong components are isolated
vertices, so the characteristic polynomial of G is ®;(x) = x", by Theorem 4.1. Therefore,
the resolvent energy of an acyclic digraph is equal to 1.

A linear digraph is a digraph such that every vertex has indegree and outdegree equal
to 1. Clearly, a linear digraph consists of cycles. By the following theorem (the Coefficient
theorem for Digraphs) we can calculate the characteristic polynomial for digraph.

Theorem 4.2. [4, Theorem 1.2] Let G be a digraph with characteristic polynomial
Dp(x) =x"+bx" 1+ -+ b,_1x + b,. 4)
Then fork =1, ...,n
b, = ZLeLk (—1)Comp(L):
where L}, is the set of all linear subdigraphs L of G with exactly k vertices; comp(L) denotes
the number of components of L.

4.1 RESOLVENT ENERGY OF THE CYCLIC DIGRAPH

Now we consider cyclic digraph. Let 5n be the cycle of n vertices. By Theorem 4.2, one can

easily see, the characteristic polynomial of C; is @ é, (x) = x™ — 1 and so the eigenvalues

of 5n are the n-th roots of unity. Therefore, the adjacency spectrum of cycle 5n is

Spec(@n) = {cos(?) +1i sin(?), k=0-n—-1} (5)
and the resolvent energy of En is E R(fn) =ynr? ﬁ
n—cos(T)

In order to compare the resolvent energy of the circles and gain better view of the
properties of resolvent energy, we have done extensive computer-assisted studies. The
results were as follows:

ER(C;) =1.071429 ER(C,) = 1.006231
ER(C,) =1.033333 ER(C,,) = 1.005038
ER(C;) =1.020642 ER(Cyp) = 1.000050
ER(C;) =1.014186 ER(C,y) = 1.000013
ER(C;) =1.010363 ER(Cop) = 1.000001
ER(C;) = 1.007905
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We did a lot of tests with MATLAB 2020, which are shown in Figure 2. The results

show the energy resolvent of C,, decreases with increasing n. Finally we state the following
conjecture:
_ResolventEnrgy of Cn_

- i Resclvent Enrgy of Cn
g 100006 o i

100005 pC100

¢

102 b - |
Lc200
-G8 — g0 :513 G300 i )

oY S S— " . . . 1 . . . (O C600 1 CPH RN C0R0 C1000
1 2 3 4 5 B 7 8 1 2 4 5 & 7 8 g 10

Figure 4. The resolvent energy of cyclic digraph.

Conjecture 4.1. The resolvent energy of 5n decreases with increasing n, in other word
ER(C3) > ER(C,) > ---.

4.2 RESOLVENT ENERGY OF THE UNICYCLIC DIGRAPH

In the sequel of this section, we denote by l_])m,n the connected unicyclic digraph of girth m
with n > 3 vertices and unique cycle of order m, where 3 < m < n. We consider that the
vertices in the cycle are vy, v,, ..., Uy, It is clear that

Upn = CnUT, U...UTy,
where ﬂ is a directed pendant tree of order a; hangs of v;, 1 < i < m. Hence a; = 1 and so

Yimia;=n.

Figure S. The unicyclic digraph of order n and girth m.
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Now we want to calculate the resolvent energy of ﬁmm. By Theorem 4.1, we have
the next result.

Theorem 4.3. Let G = Uy, .. Then

1 ik, (ai=1)
ER(G) = Xik=1 e + T
n—cos(T) n
m 1 n-m
= - + .
Zk_l n—cos(—zr’:ln) n

In the following, we compare the resolvent energy of unicyclic digraphs. As you can
see in Table 1, we show the resolvent energy of unicyclic digraph of order n < 10.

Table 1. The resolvent energy of unicyclic digraph of order n < 10.

ER(ﬁn,n) ER(ﬁn—l,n) ER(ﬁn—Z,n) ER(ﬁn—&n) ER(ﬁn—ZL,n) ER(ﬁn—S,n) ER(ﬁn—G,n) ER(ﬁn—Zn)
1.071429
1.033333| 1.027778
1.020642| 1.016667 | 1.013636
1.014186| 1.011828 | 1.009524 | 1.007692
1.010363 | 1.008883 | 1.007405 | 1.005952 | 1.004762
1.007905| 1.006917 | 1.005929 | 1.004942 | 1.003968 | 1.003951
1.006231| 1.005538 | 1.004846 | 1.004154 | 1.003462 | 1.002778 | 1.002193
10{1.005038| 1.004534 | 1.004030 | 1.003526 | 1.003023 1.002519 | 1.002020 | 1.001586

O|0| AN |w|l B

Also we did a lot of tests with MATLAB 2020, which are shown in Figure 4. The results
show that the resolvent energy of l—fm’n decreases with decreasing m for the fix n. Finally we
state the following conjecture:

Conjecture 4.2. For a fixed n, the resolvent energy of ﬁm,n decreases with decreasing m,
in other word

ER(U3p) <+ < ER(Up_12) < ER(Upp)- (6)

4.3 LOWER BOUND ON RESOLVENT ENERGY OF DIRECTED CYCLE

Now, we present a lower bound on ER(C;). First, consider the following trigonometric
identity.

Remark 4.1. We have

&) b
cos(a+ (k—1)-).
Eeos(at (k=13

sin
kL cos(a + ib) =
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In this case, we have the following results:

1. Letn = 4k, so

k-1 M _
i=1 COS—== 0.

2. Letn =4k + 2, so

k 4im
i=1 COS— = -1/2.

3. Letn=4k+ 1orn = 4k + 3. Wehave

k 1 1
LlCOS

n 4sm(—) 2

)

2i-1)m 1
i-(‘=1 COS( ) = 2oin (Y
sm(Zn)

Theorem 4.4. Let 5n be a cycle of order n. Then

r 2n 2 n(n-4) _
5 t-t vl n = 4k,
2n nn-2) _
ot T L L n =4k + 2,
ER(C,) = 2
( Tl) L (n-1)(n“-n+1) n=4ak + 1,
n-1 nn2-n+2)
- 2_
1 (n-3)(n*-3n+1) n= 4k+3,
n-1 n(n2-3n+2)

where k is a positive integer.

Proof. We consider the following two cases:
* Let n be even, hence n = 2(2k + ), where [ € {0,1}. By (5), the set of real
part of spectrum of 571 is

{il,i(coszf)(z),i(cos%)(z), ..t (cos M)(Z) +(l cosZE )(2)}

Therefore,

ER(Ca) = 5+ = + 22007 [ + ——] + 1

n—cos——  nm+cos—— n
k+l 1 2n 2(1-D
+22 nz—cosz%-l_ n
Now by the Cauchy-Schwarz inequality, we get that
> 2n an(k+1-1)>? 2(1-10)
ER(Cy) = 2 2 (et 1) T osz% n
_2n n an(k+1-1)2 2(1-1)

n?-1  p2(k+1-1)- Zk"'l 1(1+cos4ﬂ) n
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__2n n an(k+1-1)>? . 2(1-1)
n?=1 " n2(k+1-1)—5(k+l-1)-3 Tk "1 cos™ ™ n
We denote
ktl-1 . ﬂ
M = 3 cos 1T,
which implies that
> 2n an(k+1-1)>? 2(1-10)
> .
ER(C")—nZ—l nz(k+l—1)—%(k+l—1)—%M n

On the other hand, by Remark 4.1, if [ = 0, then M = 0, otherwise M = —% so the

proof is complete.
* Let n be odd, hence n = 2(2k + 1) + 1, where [ € {0,1}. By (5), the set of real

part of spectrum of 571 1S
{1, (cos 27”) @, (cos %ﬂ) @, ..., (cos ZRT?T) @),

k
(—cos %)(2), (—cos 37”)(2)’ o (=co (2(k+l) 1)n)(2)}
k+l
Therefore,
ER(C)—_+ZZ [ L — + 1. ]+ 21 .
" =1 COSZ% n+c05@ n+cos(2k;1)ﬂ.’
Now by the Cauchy-Schwarz inequality, we get that
ER(C) >+ — 2 | 22
= -1 nk Z Lco szﬂ nk Z{yzlco (Zi;l)n"
We denote
X = 256:1 coszﬁ, Y = Z{‘c=1 (21—1)71_
So

2k?
nk—-X = nk+y’

ER(Cy) = ——+——

On the other hand, by Remark 4.1, we get that X = — L —land Y =—o
4sm(2—) 2 4sm(—)

Consequently,

= 1 2k? 2k?
ER(Cn)ZE-}_nk T T T

t n
asin(z) 2 asin(z=)
2Kk2 (2nk+3)

n—-1 + n2k24 nk 1 1
2 Bsm(—) 1651n2(—)

: . 1
Since sm(%) <80

5 1 2kP(2nk+3)
ER(Cy) = —+—

-1 nZk+—

By Theorems 4.1 and 4.4, we get the next corollary.
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Corollary 4.2. Let l—jm,n be an unicyclic graph. Then

[ 2n 2 n(n-4)  n-m

S tLt Tt n = 4k;
2n n(n-2) n-m _ .
——+ e +— n =4k +2;
ER(Upn) = 3 - _
( m,n) 1 (n-1)(n*-n+1) , n—-m n =4k + 1;
n-1 n(n2-n+2) n
- 2_ -
1 (n-3)(n*-3n+1)  n-m n =4k +3,
n-1 n(n2-3n+2) n

where k is a positive integer.
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