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1. INTRODUCTION

All graphs G considered in this paper are undirected and finite on n vertices, loops and
multiple edges do not occur. If A denotes the class of all finite graphs then a topological
index is a function Top from A into real numbers with this property that Top(G) = Top(H),
if G and H are isomorphic, see [14, 15, 16]. The Wiener index [17] is the first reported
distance based topological index defined as half sum of the distances between all the pairs
of vertices in a molecular graph. Topological indices are abundantly being used in the
QSPR and QSAR researches. So far, many various types of topological indices have been
described. Estrada et al. [2, 3, 4, 5] introduced atom-bond connectivity (ABC) index,
which it has been applied up until now to study the stability of alkanes and the strain
energy of cyclo-alkanes. This index is defined as follows:
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where dg(u) stands for the degree of the vertex u. Graovac and Ghorbani [6] introduced a
distance-based analog of this index and Furtula [9] used the name Graovac-Ghorbani
index for this graph invariant.

For arbitrary vertices u and v, the distance d(u,v) is defined as the length of a
minimal path connecting u and v. For e =uv e E (G), let n, = n(u|G) and n,= n(v|G) be
respectively the number of vertices of G lying closer to vertex u than to vertex v and the
number of vertices of G lying closer to vertex v than to vertex u. Then the ABCgg index
is defined as follows:

n,+n —2
ABC.(G)= Y  |J~+——. ()
e=uveE(G) nunv
The normalized ABCgg index, NGG index, is defined by Dimitrov et al. [1] as follows:
NGG(G)= ). L 3)

e=uveE(G) 4/ N, N,
Furtula in [6] showed that the ABCgg index gave better prediction in the case of entropy
and acentric factor than ABC index. However, ABCgc is a distance-based topological
descriptor, while ABC is a degree-based one.
Gutman in [10] introduced a graph invariant, named as the Szeged index, defined by

Sz(G)= ). npn,. (4)
eeE (G)
Also, the vertex PI index of G is defined in [11] as
PI(G)= D n,+n,. (5)

ecE(G)

A fullerene is a molecule composed of carbon atoms in the form of many shapes
such as hollow sphere, ellipsoid, tube, etc. The most important fullerenes are spherical
fullerenes or buckyballs. Carbon nanotubes or buckytubes are cylindrical fullerenes, see
[12,13] for details. Fullerenes are similar in structure to graphite, but they may also
contain pentagonal and hexagonal rings. In mathematical language, a fullerene graph on n
vertices iIs a cubic 3-connected graph with exactly 12 pentagons and (n/2-10) hexagons,
where n # 20.

The aim of this paper is to present some bounds on ABCgg index and then we
compute the Graovac-Ghorbani index of an infinite class of fullerene graphs.

2. MAIN RESULTS AND DISCUSSION

For every edge e = uv of a graph G, we define N, ={xeV : d(u,x)=d(v,x)} and ny =

n-n -2
ABC,(G)= Y [Fw=Z
e=uveE(G) nu nv

[Nuy|. It is clear that
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Theorem 1. Let G be a connected graph with n vertices. Then

jim—ABCea(@) _ _n+2, 1

N z Jn,+n, -2 2n 2

e=uveE(G)

Proof. Since for every edge e= uv, n,+n, <n, n,n, <n/2xn/2=n?/4. Then we can

n +n,—2
ABC, (G)= ¥ [MINTZLZ oy T2
e=uveE(G) nu nv n e=uveE(G)

On the other hand, for every vertex u, we have n, > 1 and thus

ABCy(G)< Y. n-n,-2.

e=uveE(G)

conclude that

Since for integers a, b, x where a < x <b, we have

we can conclude that
| ABC,; G) _n+2|<n—2
> Jn-n,-2 2n " 2n
e=uveE (G)
This completes the proof.

Theorem 2. Let G be a connected graph and m is the number of edges. Then

ABC,.(G) > PL(G)-2m
eerm Sz2(G)

Proof. It is not so difficult to see that

n +n —2

u \2
ABC,. (G) = z nu+nv—22 z nu+nv—22 e=W/eE (G)
e=ung(G) nu nv e=uvekE (G) nu nv z nu nv
e=uveE(G)

3. ABCgs INDEX OF FULLERENES

An automorphism of a graph G is a permutation ¢ on the set of vertices which preserves
the edge set, namely e = uv is an edge of G if and only if o(u)o(v) is an edge in G. The set
of all automorphisms of G is denoted by Aut(G) which under composition of mappings
forms a group. Now consider the molecular graph of fullerene Ci2, (n > 2), Figure 10. This
class of fullerenes has exactly 12n carbon atoms and the first member of this class of
fullerenes can be obtained by putting n = 2, namely Cy4. In [7] it is proved that the
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symmetry group of this class of fullerenes is isomorphic to the dihedral group of order 24.
Also, Ghorbani et al. in [8] proved the following result.

Theorem 3 [8]. Let Ci2n (n is even) is the fullerene graph. There are n + 1 orbits under the
action of automorphism group on the set of edges.

Edges Ny, Ny, Ny Number
€1 18,18,12n-36 12
() 15,12n-31,16 12
es 24,12n-28,4 24
€4 18,12n-18,0 12
es 32,12n-34,2 24
€6 30,12n-30,0 12
e7 40,12n-42,2 24
es 42,12n-42,0 12
€9 50,12n-51,1 24
€10 54,12n-54,0 12
€11 60,12n-61,1 24
e12 66+0%6,12n-(66+0x6),0 12
€13 66+1x6,12n-(66+1x6),0 24
e14 66+2x6,12n-(66+2x6),0 12
€15 66+3%6,12n-(66+3x6),0 24
en-1 | 66+(N-13)x6,12n-(66+(n-13)x6),0 24
en | 66+(n-12)x6,12n-(66+(n-12)x6),0 12

n+1 | 66+(n-11)%6,12n-(66+(n-11)x6),0 12

Table 1. Computing ny, ny and ny, for edges in the different orbits of fullerene
graph Cion, (nisevenand n >12).

Theorem 4. Let Ey, ...,E, be the orbits of G under the action of Aut(G) on E(G). Then
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r n-n -2
ABCg 6)= [\, o |E: X[ ©

u-'v

Proof. Let Ey, ...,E, be the orbits of G. For two edges e = uv and f = ab in the same orbit
of G, we can prove that {ny, n,}={n,, np}. This completes the proof.

Theorem 5. Consider the fullerene graph Ci2,, where n is even and n > 12. Then

ABC,¢ (C1p) = lZX\/T+12>< 1on -18 12n—6

— 4 24x [—————+
15x (12n —31) 24 x (12n — 28)

12n—4 12n -2
— =TT 412«
18x (12n —18) 32x (12n —34)

—_—
30 (12n — 30)
12n - 12n -2 12n-3
—+1 — 4+ 24x | ———— +
40 % (12n —42) 42x (12n - 42) 50x (12n —51)
tn-2 ., [ im-3 . [i;n-2
54x (12n —54) 60 (12n — 61) 6N x 6n

(n/2)-6 _ (n/2)-6 _
12 Z \/(12n —6612;) x (66 + 2i) el Z; \/(12n —66—(2i1in1))>2<(66+(2i +1))
Proof. For every edge e=uv, the value of n(u), n(v) of the edge e = uv is determined as
reported in Table 1, see [8]. If n > 12, then by using Table 1, for every edge e=uv, one can
determine the value of \/(n— n, —2)/n,n, and applying the Eq. (6) yields the proof.

[Edges| Co | Cw | Co [ Cou | Cuo |

e 10/10]4]16]16]16|18| 18|36 | 18| 18|60 18] 18 | 84
e 119 |4|15|21[12|15]41|16|15|65|16|15| 89 |16
& 8 |8 |8|18(24|6 |23|44|5 |24|68|4 |24] 92 | 4
& - |- [-]18[30]0 |[18[54|0 |18|78|0 |18|102] 0
es ~ - 122224 |29[40(3 [32]62]2 |32 86 | 2
& == |-1- - |- |30|42|0 [30]66]|0 |[30[9 |0
e; C = [=]- |- |- [34|34|4 [39]54|3 |40] 78 | 2
e S == = - - - |- [42]54]0 [42] 78 |0
& - - - - - - - 47472 |50 69 | 1
e |- |- |-1- |- |- |- |- |- |-1]-1-1]54]66]0
e |- |- |-1- |- |- |- |- |- |- [-1-1]59]59]2

Table 2. Some exceptional cases of the fullerene graph C,,, (n is even).

For n < 12, the exceptional cases can be computed by data of Table 2 as follows:
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18 [18 [14
ABC..(C,,) = 12 4/ - +12 / /_ |8 18 |14,
ca(Cas) =12 8 62~ 4100 * Voo TVea’
ABCGG(C48)=J'2X —+12>< £+24X —+12>< ﬁ-ﬁ-le £
\'25 315 \23 \'540 484
(i [ [
256 " \315 ~ 2432 "\5a0 T \asa”
ABCGG(C72):12>< —+12>< ﬂ+24>< —+12>< E+24 67
\324 615 V1012 972 1160

70 67 70
=12 x( +2 + +2 + )
324 615 1012 972 1160 1260 1156
ABC_.(Cy) =12><‘/ﬂ +12 x E+2
+12><‘/ +24>< +12><1/ +12><,/
6 2268 209
—12><(\/ \/ +2\/ %0 +\/ 2\/ +\/94
324 975 1632 1404 1984 1980
Vo Vs * Ve
+2 +
2106 2268 2209
ABC,.(C,,) =12 x ﬂ+12>< —+24><‘/ll4 +12 x E
324 1335 2208 1836
+ 24 x 116 +12 x ‘f 118 + 24 x ,/ 116 +12 x| 118 + 24 x ‘/—117
2752 2700 3120 3276 3450
+12 x +12><4/ll =12 x (\/ \/102 +2 114 +\/118
3564 481 324 1335 2208 1836
\/ 116 \/ 118 \/ 116 \/ 118 \/ 117 \/ 118 \/116
+2 + +2 + +2 + +
2752 2700 3120 3276 3450 3564 3481

Theorem 6. The fullerene graph Ci2, (n is odd) has exactly n + 1 orbits under the action of
automorphism group on the set of edges.

N—

Proof. Suppose n is an odd number. The graph C,,, has n + 1 levels such that the first and

the last levels have 6 edges and the other levels have exactly 12 edges. There are 6 edges
between i-th and i+1-th levels that we call them as i-th set of vertical edges. By rotation p
= 60 around the central hexagon one can see that the edges of the first level and the last
level are in the same orbit. Also, a reflection a which maps the central hexagon to the last
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one maps the edges of the first level to the edges of the last level. This means that the
edges of the first and the last levels are in the same orbit under the action of automorphism
group on the set of edges.

Figure 1. The fullerene graph Cyzn (0 is even).

One can prove that i-th and (n+1-i)-th (1<i <(n-1)/2) set of vertical edges are

in the same orbit under the action of the group <p, a>. Note that in the case that i =
(n+1)/2, we have an orbit of size 6 and the other orbits are of size 12. Also, by a similar
argument, one can see that the edges of the j-th and (n+2—j)-th (1< j <(n+1)/2) levels

are in the same orbit. In other words, C,,. has 1+ (n—1)/2 orbits of size 12, (n—-1)/2
orbits of size 24 and one orbit of size 6. This means that the number of orbits of C,,, on
the set of edges isn + 1.

By a similar argument, we can compute the values n,,n,,n, for arbitrary edge e =uv in
the case that n is even. The resulted values can be found in [8].

Theorem 7. The Graovac-Ghorbani index of the fullerene graph Ci2,, nis odd and n > 11,
can be computed as follows:
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34

12n

-18

12n -6

ABC,, (Cp,, ) =12 x S 12X [ 2
15x (12n —31) 24x (12n - 28)
12n -4 12n -2
—  +12%x [ —————+
18x (12n —18) 32x (12n - 34) 30 (12n — 30)
[ 12n-4 12n -2 12n-3
+12x [——— "% ioax |—=— T2
40x (12n — 42) —42) 42x (12n - 42) 50 (12n —51)
n-2 12n-3 12n -2

4 24x [——————— +6X
54 % (12n —54) 60x (12n —61) 6n x 6n

(n 13)/2 _2 g2 12n -2
+24 ) :
\/(12n —-66— 2|) (66+2i) = \/(12n —-66 —(2i +1)) x (66 + (2i +1))

Figure 2. The fullerene graph Ci2, (n is odd).

Proof. If n > 11, then by using Table 3, one can determine the value of
\/(n —-n,, —2)/n,n, foreveryedge e=uv. Now applying Eq. (6) yields the proof.
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Edges Ny, Ny, Nuy Number
e1 18,18,12n-36 12
e2 15,12n-31,16 12
e3 24 12n-28.4 24
€4 18,12n-18,0 12
es 32,12n-34,2 24
€5 30,12n-30,0 12
e7 40,12n-42,2 24
es 42,12n-42,0 12
€9 50,12n-51,1 24
€10 54,12n-54,0 12
€11 60,12n-61,1 24
€12 66+0%6,12n-(66+0x6),0 12
€13 66+1x6,12n-(66+1x6),0 24
€14 66+2x6,12n-(66+2x6),0 12
€15 66+3%6,12n-(66+3x6),0 24
€n-1 | 66+(n-13)x6,12n-(66+(n-13)x6),0 12
en | 66+(n-12)x6,12n-(66+(n-12)x6),0 24

en+1 | 66+(n-11)%6,12n-(66+(n-11)%6),0 6

Table 3. Computing ny,n, and ny, for edges in the different orbits of fullerene
graph Cizn, (nisodd andn >11).

For n <9, the exceptional cases can be computed by data of Table 4 as follows:

ABC. (Cop) =12 x (|22 412 |25 424 |22 L6 |34
196 196 224 324

=6x(2 §+2 §+4 £+ ﬂ).

V1o ~ V1o6 ~ N224 V324
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ABCGG (Ceo) 12 x 34 +12 x 43 + 24 x + 12 x 58 + 24 x ﬂ
\'324 \ 450 V 756 780
+—6x‘/———
900
=6><(2\/34 +2\/43 +4\/53 +2\/58 +4\/54 +\/58 ).
324 450 714 756 780 900

ABC,; (Cy) =12 % | +12 % [— + 2 J +12x |32 Loax |12
324 795 1344 1188 1550

2J 82 _+4J 79 4_2J 82
1188 1550 1620
1628 \1764

ABCQJCm)leX/j%—+12xij—+24xjigi+12xjigi+24x 104
324 1155 1920 1620 2368
+12 % 106 + 24 x 104 +12 x 106 + 24 x 104 +6x ﬁ
\ 234 2 \ 2772 2793 2916
:6X(2/§£_+2 /90 4 102_+2J106_+4J104 2\/106
324 1155 1920 1620 2368 2340

104 106 104 106
+ 4\/ + 2\/ + 4\/ + \/ )-
2640 2772 2793 2916

w
N
N
33
(o]
ol

+

SN
g
=
w
AN
SN

+

o
(@]
&
o

Edges Css Ceo Cas Cios

e 1411418181824 18|18 |48 |18 |18 |72
e 14114 18|15(30|15|15(53|16|15|77 |16
es 14116 16|21 ({34|5 |24(56|4 |24(80|4
€4 18118|0|18|42|0 |18|66|0 |18|90|0
€5 - |- |-126130|4 [31|50|3 (32742
€6 - |- |-130|30|0 |[30|54|0 [30|78]|0
g7 - |- |-1- 1-]- (371443 |40|66]|2
eg - |- |-1- |- |- (421420 |(42]66]|0
€9 - - - |- - - - - - 49 | 57| 2
€10 - - - - - - - - - 5415410

Table 4. Some exceptional cases of the fullerene graph C,,. (n is odd).
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