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1. INTRODUCTION

All graphs considered in this paper are finite, undirected and simple, and refer to [2] for
notations and terminologies used but not defined here.

Let G be a connected graph with vertex set v(¢) and edge set E(G). For v € V(G), let
N;(v) (N(v) for short) denote the set of all the adjacent vertices of v in G and d;(v) =
|Ng (v)], the degree of v in G. Let w € N (u), d§ (u) = Xyen,w) d(w). Denote t;(uw) the
number of triangles in graph G that contain the vertex u. Call u a pendent vertex of G, if
d;(u) = 1 and uv a pendant edge of G, if one of its endpoints is a pendent vertex. Denote
by PV the set of pendent vertices of G. The distance, d(u,v|G) (or d(u,v) for short),
between vertices u and v of G is the length of the shortest u, v path in G. Let D(u|G) =
Yvev(c)d(u, v|G) and G — uv, G + uv denote the graph obtained from G by deleting the
edge of uv and adding an edge between u and v, respectively. An edge e is called a cut
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edge of a connected graph G if G — e is disconnect. Let B,, C,, S, and K,, be the path,
cycle, star and complete graph of order n, respectively.

A matching M in a graph G is a set of edges of G such that no two edges from M
share a vertex. If every vertex of G is incident with an edge of M, the matching M is called
a perfect matching.

In chemical graph theory, graph invariants are numbers related to graphs with
invariant structure. These invariants are also called topological indices. Topological indices
provide correlations with physical, chemical and thermodynamic parameters of chemical
compounds, see [17, 18, 26]. Among all the topological indices, the most well-known is the
Wiener index [29], which is defined as the sum of distances over all unordered vertex pairs
in G, namely, W(G) = Yy vcv(e) 46 (u, v).

A long time known property of the Wiener index is the formula [29]

W(G) = Ze=quE(G) nu(elG)nv(elG)’

where n,(e|G) and n,(e|G) are, respectively, the number of vertices of G lying closer to
vertex u than to vertex v and the number of vertices of G lying closer to vertex v than to
vertex u. It is applicable for trees. Using the above formula, another topological index
related, named by Szeged index, was introduced by Gutman [13], which is an extension of
the Wiener index and defined by Sz(G) = Xc=yver(c) nu(elGIn,(e]G). In addition, some
properties and applications of Wiener index and Szeged index have been investigated [1,
5-7,11, 12, 15, 16, 19, 20, 22, 24, 26, 29, 31, 32].

Given an edge e = uv € E(G), the distance between the vertex x and the edge e,
denoted by d(x,e), is defined as d(x,e) = min{d(x, u),d(x,v)}. Denote M,(e|G) =
{e € E(G):d(u,e) <d(w,e)}, M,(e|G) ={e € E(G):d(v,e) < d(u,e)} and M,(e|G) =
{e € E(G):d(u,e) =d(v,e)}. Let m=]|E(G)|, m,(elG) =M, (elG)|], m,(e|lG) =
|M,(elG)| and my(elG) = [Mo(elG)|, we have m,(elG) +m,(e|G) +my(elG) =m
Then, the edge-Szeged index [14] and revised edge-Szeged index [8] of G are defined as

SZe(G) = Ze=quE(G) mu(elG)m (elG)

SZ;(G) — Ze:uUEE(G)(mu(elG) + mo(elG)) ( U( |G) + mo(elG))
For the sake of simplicity, we consider the contribution ¢(e) of an edge e = uv defined as
$(e) = (my(e|6) + "2 (m, (e]6) + T,

Up until now, much work has been done on revised edge-Szeged index. Faghani and
Ashrafi [12] computed an exact formula for the revised edge-Szeged index of Cartesian
product of graphs. Liu and Wang [23] gave a lower bound of the edge revised Szeged index
among all m-edges cactus graphs with k cycles. Wang et al. [28] characterized the n-vertex
unicyclic graphs with a given diameter having the minimum edge-Szeged index. They used
a unified approach to identify the n-vertex unicyclic graphs with the minimum, the second
minimum, the third minimum and the fourth minimum edge-Szeged indices. Other results
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see [3, 4, 9, 21], and the references cited therein.

In this paper, we give an effective method for computing the revised edge-Szeged
index of unicyclic graphs and identify the minimum revised edge-Szeged index of
conjugated unicyclic graphs. And we also give a method of calculating revised edge Szeged
index of the joint graph.

2. REVISED EDGE-SZEGED INDEX OF CONJUGATED UNIcYcLIC GRAPHS

For nonnegative integer 8 = 2, let T,z 5 (see Figure 1) be the tree obtained by attaching a
pendent edge to each of some  — 1 non-central vertices of the star Sg,;. Let T, 5 (S€€
Figure 1) be the tree obtained by attaching a pendent edge to each of some £ noncentral
vertices of the star Sg.q. Let 7(28,8) and U(2B, ) denote the set of conjugated trees
(trees with a perfect matching) and conjugated unicyclic graphs (unicyclic graphs with a
perfect matching) of order 2, respectively, where g is the number of matchings in G.

First, we introduce some lemmas that will be useful in the proof of the main result.

T2p.p Tz2p+1,8
Figure 1. The graphs T,z g and Tp.1 5.

Lemma 2.1. [25] Let G be a graph of order 24 with a perfect matching. If PV # @, then
for any vertex u € V(G), IN(w)NPV| < 1.

Lemma 2.2. [8] Let G be a unicyclic graph with n vertices. Then Sz;(G) < n; with
equality if and only if G is the cycle C,,.

From Lemma 2.2, it is obvious that Sz;(U(28,B)) < 23 with equality if and only
if U(2B,B) is the cycle C,5. Therefore, in the following, we only need to consider the
lower bound of revised edge-Szeged index of conjugated unicyclic graphs. First, we
introduce some useful graph transformations.
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Figure 2. The edge-lifting transformation.

Lemma 2.3. (The edge-lifting transformation) Let G be a connected graph which obtained
from a connected graph G,(u € V(G,),|G,] = 2) and a tree T,(v € V(T,),|T;| = 3) by
adding an edge e = uv and with perfect matchings.

(i) If e=uv € M (M is a perfect matching), let G’ (see Figure 2(i)) be the graph
obtained from G by deleting e from G, identifying u and v into a new vertex x and adding a
vertex y connected to x. Let the edge connecting x and y in G’ be again denoted by e. Then
Sz3(G) > Sz;(G).

(ii) If e = uv € M (M is a perfect matching), there exists a cut edge e;, = vw € M
in T;. Then, obviously, T; (see Figure 2(i)) can be seen as the graph obtained from a tree
T, and a tree T5; by adding an edge between a vertex w of T; and a vertex v of T,. Let G’
(see Figure 2(ii)) be the graph obtained from G by deleting e and e, from G, identifying u,
v and w into a new vertex x and adding an edge yz connected to x. Let the edge
connecting x and y, y and z in G’ be again denoted by e and e,. Then Sz;(G) > Sz;(G').

Proof. Note that G’ is a graph with perfect matchings, since G is a graph with perfect
matchings.
(i) Observe that after the modification of the graph, for every edge f, distinct from e,

the contribution ¢ (f) stays unchanged. For edge e, we have that ¢.(e) = %(IE(G’)I - i),

1 1 1
#6 @) = (1EG1+3) (IET)1+3) = [EGIET)]+ 5 (EG] + ETD +5

> (IE(G)] = 2) +5 (BN = 1) +5 = 2|E(G)] = 2> dgi(e).
Thus Sz;(G) > Sz;(G').
(ii) Observe that after the modification of the graph, for every edge f, distinct from
e and e, the contribution ¢ (f) stays unchanged. For edge e and e, we have that
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per(e) =2 (IEG)] - 2+3) =2|E(G)] -
per(er) = (IEGN - 1+3) =2 |E(G)] -
p (@) = (IE@DI+3) (IET) -+ BT +)
= [EGDIUET)] + [E(Ts)| + 1) + S (1G] + [E(T,)| + |E(T3)] + 1) + -
> |E(G)] -2+ (E@G)] - 1) +5=2|E@G)] -,

1 3
b6 (e) = (1B +5) (IET)1 +1BG)] +3)
= [ET)IET)] + 1EG)| + 1) + S (E(T)| + |E(T)] + [E(G)] +1) ++
> [E(G)] -2+ (E@G) - 1) +5 =2|EG)] -2,

Then ¢ (e) + ¢ (1) > ¢psr(e) + pr(eq). Thus Szi(G) > Sz;(G') and the proof is
completed. n

9
4
1
4

By Lemma 2.3, we have the following result.

Lemma 2.4. Let G € T(2B,B) where B = 2. Then Sz;(G) = 4p% — 12—5ﬁ + 14—5 with equality
ifandonly if G = T (28, 5).

Let g = 3be an integer, and let C; = vyv, - v,v; be a cycle on g vertices. Let
Ty, T, ..., T, be vertex-disjoint trees, and let the root vertex of T; be v; for 1<i<g.
Denote by Cy(Ty, T2, ..., Ty ) the unicyclic graph obtained from of C; by identifying the
root vertex u; of T; with v; for 1 < i < g. Any unicyclic graph G with a g-cycle can be
denoted by the form C,(Ty, Ty, ..., T, ), where |T;| = ¢;, (i=1,2,..,9) and ¥/_, t; = n.
By Lemma 2.3, we can repeat the edge-lifting transformation to the unicyclic graphs
Cy(T1, Ty, ..., T, ) and we have

Lemma 2.5. If Cy(Ty, T, ..., Tg ) € U(2B, B), then
Szz (Cy(T1, Ty, ..., Tg)) = Sz (Cy(T1, Ty, ..., Ty))
with equality if and only if T, =T, for all k (1 <k < g), where |T;| = |T| = t4,
Ty = Top, g, It = 2Bk and Ty, = Top, 116, If tx = 265 + 1.
In the following, we give an effective method for computing the revised edge-
Szeged index among unicyclic graphs G = Cy(Ty, T3, ..., Ty ).

Theorem 2.6. If G = Cy (T, T, ..., Ty ), then
SZ;(G) = ?=1 W(Tl) + Z?=1(|G| - |Tl| + 1)D(UL|TL) Z?=1 Zf=1 |Tl ||T]|d(vl, 'U]|Cg)
~8(g) Qi IT N|Ty| + 20, 1Ti1?) —518(g) — 11IGI2 + 2161 + 1)g — 5G],
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where 6(g) = 0 for even g, §(g) = 1 for odd g.

Proof. We divide the edge of ¢ = Cy(Ty, Ty, ..., T4 ) into the following groups:

(a) the edges belonging to the tree T;, i = 1,2, ..., g; (b) the edges belonging to the
cycle C,. For the edge e = uv € E(T;), we assume that d(u,v;|T;) > d(v,v;|T;) for
i=12,..,9. For any vertex w € V(T;), it is counted d(w,v;|T;) times in the sum
Yeer(ry M (e|T;) for the edges in the path from w to v;. Thus X.cpryny (elT;) =
D(v|T;) for i =1.2,..., g, see [15]. Note that m,, (e|T;) = n,(e|T;) — 1 and m,(e|T;) =
n,(e|T;) — 1. The contributions to Sz;(G) pertaining to the edges of type (a) are A =

S8, Teencry (mu(elG) + 2242 (in, (e]6) +2ol12),
= 20, Teerry mu(elT) (my T + EG)] = [ETD + T, Teerry G161 —3)
= 271 Yeer(ry mu(e|T)m,(e|T;)
+ 2B = IETD ZecprymulelT) + (5161-3) 161 - 9)
=2 w(T) =3 AT = )2 + 2 (6] = ITi| + 1) Zeepry(nulelTy) — 1)
+(161-3) (61 - g)
=X, W) + 2,161 = 1Tl + D) DWIT) — 1612 + 7 1Glg ;161 + 1.

If g is even, then obviously, m, (e|G) = n,(e|lG) — 1 and m,(e|G) = n,(e|G) — 1.
The contributions to Sz;(G) pertaining to the edges of type (b) are

B ZeeE(C ) (m (€|G) + m0(6|G)) (m (elG) + mo(elG))._ ZEEE(Cg) nu(el(;)nv(el(;)
l=1 Z?=1|Ti||7}'|d(vi’ vleg).
If g is odd, then m,,(e|G) = n,(e|G) and m,(e|G) = n,(e|G). The contributions to
Sz;(G) pertaining to the edges of type (b) are

B = ZeEE(C )(m (e|G) + m0(3|G))( ( |G) + mo(€|G))
= Yeer(c,) (Mu(el6) +3n0(el6) ) (ny (el 6) + 3o (el6))
= 20, DI ITT | v1Co) = Bias ITIT) = 2 28, IT:12 +1GI2.
As Sz;(G) = A + B, the result follows easily. |

Lemma 2.7. (The branch transformation) Let G = Cy(Ty, T, ..., Tk, ... Tpy ..., Tg) €
U(2B,B) with its unique cycle C; =viv,-v, and N; = Z] 1 ,d(vl,v |C) where
v;,vj € C, and |T;| = t;. Suppose that there exist a path v, wu with root vertex v, in Ty.
Let G'=G —vew +vw, Figure 3. If (N +221) > (N + 22 )1 <k <1< g).
Then Sz;(G) > Sz;(G').
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Figure 3. The branch transformation of Lemma 2.7.

Proof. Note that t;, =|T,| =|Tx]| —2=t,—2 and ¢t; =|T/|=|T)| +2=1¢,+2, by
Theorem 2.6, we have that
* * "N — ) )
5220) - 57200 = 4]+ £26) - (4+ 224) 80l -
5(9) 5(9)
25(g) > 4| (N + "2 0) — (N + 22 0)| = 0.
Hence the proof is completed. |
L) 1 8@ — 3(g) 5(g)

As N+ Z20) = (W + 22 ) = (Me+ 520 = (No+ Z20) + 4d(vvilc,) -
26(g) > 0 if (N +22¢,) = (N, +Z2+,), we still have (N,; + 29 t,;) > (N; + 29 t;)
for the new unicyclic graph G', and Sz;(G) > Sz;(G'). By Lemmas 2.5 and 2.7, we have
that:

Lemma 2.8. Let G = Cy(Ty, T3, ..., Ty ) € U(2B,B). Then there exists a unicyclic graph
G' = Cy(Ty,T;,.., Ty) €EU2L,B) such that T/ =K, orK,(l<i<g-1) and
Sz;(Cy(Ty, Ty, .., Ty ) = Sz5(Cy(T1, T3, ..., Ty)):

Next we give some transformations among U(2p, ) which decrease the length of the
uniqgue cycle of the graph. By Lemma 2.8, there exist a unicyclic graph
G' = Cy(T{,T;,..,T;) € U(2B,B) such that T/ =K, orK,(1<i<g-1), Sz(G)=
Sz;(G") and the circuit C; = v,v, -+ v,v, be not changed. We have that (d(v,),d(v,)) =
(3,3) or (2,2) or (3,2). Since G’ = C,(T{, T3, ..., T;) € U2B, B), if (d(vy) d(v,)) =
(2,3), then (d(vg_l),d(vg_z)) =(3,3) or (2,2) or (3,2), we can reorder C, such that

(d(vy),d(v,)) = (3,3) or (2,2) or (3,2). In the following, we consider the three cases,
i.e. (d(vy),d(v,)) = (3,3), (2,2) and (3,2), respectively.
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Lemma 2.9. Let G = Cy(Ty, Ty, ..., Ty ) € U(2B,B) suchthatT; = K; or K, ,1<i<g-—
1, and the cycle length g > 5. If d(v,) = d(v,) =3, let ¢’ = G + vyv3 + vyv3 — Vyv; —
V15, then Sz3(G) > Sz;(G').

Proof. As G € U(2B,B), then G’ € U(2p, B). By Theorem 2.6, we have that
Sz;(G) — Sz;(G') = [-12 - 6|T;| — 4D(v5T5)]
+ [16 — 8B + 6T5] + 4D (vs|T5)] + 28+
+4Z}C']=4 |T; |d(v1,vj|Cg) + 42}6']:4 |Tj|d(v2’ vleg)
+2|T3] 29_,|Tj| d(vs,v|Cy) + 8 + 12|Ts]
—2(4 + |15 X9_,|Tj|d (vs, v |Cy-2)
—8(g)(4 +4|T;3]) + 6(g) (2 + 2|T51)
> (2-20(g)) + (12 - 28())ITs] - 68
+ 4Z?=4|7}|d(v1,vj|6g) +4Z?=4|7}|d(v2,vj|6g).
+2|Ts| 27| Tyld (v, v;]Cy)
—2(4+ |15 X9_,| T3] d (vs, v Cy—2)
(i) If the cycle length g is odd, then
Sz:(G) — Sz:(G") = 2 + 10|T5| — 68 + 122 |T | + 8|Tg+3 | + (4 + 2|T3|)|Tg+s|

+<4+4|T3|)z~j=w|T,-|

+

= —2+7|T;] +9Zg llT | +5ITass | + (1 +2T5 )| Tas]
+(1+ 4|T3|)Z“;]=gT”|Tj| > 0.

(i) If the cycle length g is even, then

Sz:(G) — Sz:(G") = _+ 12|T,] — 68 + 1222 |T| + 4|Tg |

+<4+4|T3|)zg 2l
=L olryl + X217 | + T, |+ @+ AN, 1] > 0

So, the proof is completed. |

Lemma 2.10. Let G = Cy(T, T, ... Ty ) € U(2B,B), such that T; =K, 0rK, 1<i<
g — 1) and the cycle length g > 5. If d(v,) = d(v,) = 2, let G' = G + v v3 — v,v4, then
Sz (G) > Sz;(G').
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Proof. As G € U(2B,B), then G’ € U(2p, B). By Theorem 2.6, we have that
Sz,(G) — Sz;(G') = [-1 - 3|T3| — 2D (v;3|T3)] + [3 — 68 + 3|Ts| + 2D (v3]T5)]
+26+ % +2%7,1T; |d(v1,v]Cy) + 254 IT;|d(v2, v C,)
+ 2| X7_,|Tj|d (vs, v5|C,) + 2 + 61T
= 2(2+|T5)) Z_,|T|d(vs, v Cy2)
— 8(9)@ + 2ITs]) + 5(g) (5 + 731

> <§ - %5(g)) + (6 —8(9)ITs| — 4p + 22?=4|Tj|d(v1’ vj|Cg)

+ 23] ,|Tild(v2 v|C,) + 2IT5| 25_,|Ty|d (va, vy C,)
=22+ ITs1) 29_,|T;1d (w3, 1 |Cy—2)-

(i) If the cycle length g is odd.
g+1
525(G) = Sz5(G') 2 4+ 5|Ts| — 4B + 6 X 2 |T| + 4|Tgss | + (2 + 2IT5 )| Tass|.
2 2
+(2+ 4T3 X9 g Ty
2

g+1

=3ITs| +4%,2,|T| + 2ITgss | + 2|5l Tgss| + 4ITs| Z;‘?:g_”|Tj| > 0.
2

(i) If the cycle length g is even.
941
52;(6) = 52;(6") 2 5+ OITs| — 4B + 6 X7 _, |Tj| + 2ITy, | + @ +4AITsD T, |7

j__E+3
_—1+4|7 |+4§:2_41|7'|+4|7 12 g |7'|>0
2 3 j= J 3 ]'_—E+3 J '

Hence, the proof is completed. |

Lemma 2.11. Let G = Cy(Ty, Ty, ..., Ty ) € U(2B,B) such that T; = K; or K5, 1 < i< g —
1, and the cycle length g > 5. If d(vy) =3, d(v,) =2, let G' =G + vyv;3 +vyv3 —

v,V — V1V,, then Sz3(G) > Sz;(G').

g

Proof. As G € U(2B,B), then G’ € U(2pB, B). By Theorem 2.6,

Sz3(G) — Sz;(G") = =9+ [11 - 6B1 + 4%7_, IT; [d (v, v|Cy) + 229_, 1T|d (v2, v] Cy)
+2%7_,|Tild(vs, v|C,) + 14 - 8%]_,|Tjld(vs, vj[Cy-2)
-58(9) +268(g) + 28+

> <§—§5(g))—4ﬁ + 437, |Ti|d (v, vl Cy)

2



288 LIU, YOU AND TANG

+2%9_,|Tild (v v|Cy) +2X9_,|Ti|d(vs, vj|Cy) — 8 XI_,|Tj|d (w3, vj]Cy—2).

(i) If the cycle length g is odd, then

g+1
$2;(6) = Sz;(G") 22— 4B + 10X 2 |Tj| + 6|Tgss | + 4|Tgss| + 627 gr ITj1.
2 2 =
g+1

= 6+8Y,2,|Tj| +4ITozs | + 2Tass| + 437 puo[T}| > 0.
(i) If the cycle length g is even, then

g
* * ’ 33 P
52;(G) = Sz5(G) =~ — 4B+ 1252 |Tj| + AlTs,, | + 82;‘,’=§+3 |T;].

g
17 =+1 g
=2+ 1055 |5]+ 2Ts,, | + 657, 7| >0

The proof is now completed. |

= B D O
<— [ <2

H;s

Figure 4. Seven conjugated unicyclic graphs with § = 3.

Theorem 2.12. Let G = Cy(Ty, Ty, ...,Ty) €U(63). Then Sz (H,) <Sz;(H,) <

Szi(H3) < Sz;(H,) <Sz;(Hs) < Sz;(Hg) < Sz;(H,), where H;,1 <i <7, be shown in
Figure 4.

Proof. There are only seven conjugated unicyclic graphs in U(6,3), which was shown in

Figure 4. By calculating directly, we have that
Sz;(Hy) = 12—9, Sz;(H,) = 1:—1, Szi(H3) = 13—1, Sz:(H,) = ?1
Sz;(Hs) = 82—3 Szy(Hg) = 12—7 Sz;(H,) = 54.

So we have that Sz;(H;) < Sz;(H,) <Sz;(H3) <Sz;(H,) < Sz;(Hs) < Sz;(Hg) <
Sz;(H,). The result follows. m
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G, G, G; Gy

Gs Gs G,

Figure 5. Seven conjugated unicyclic graphs.

Theorem 2.13. Let G = Cy(T1, Ty, ..., Ty ) € U(2B,B) (B = 4).
(i) 1f4 < B <7, then 52(G) = 5% — 2 + -, with equality if and only if G = G,;
(ii) If B = 8, then Sz;(G) = 4p* + %ﬁ — 11, with equality if and only if G = G,;

Proof. By using Lemmas 2.7, 2.9, 2.10 and 2.11 repeatedly, the final graphs are {G;},1 <
i <7, see Figure 5. By calculating directly, we have that

S25(Gy) =567 —1p +2,
$25(G;) = 56> +2p -2,
Sz5(Gy) = 5% — 2 -2
$z;(G,) = 4B + = — 11,
$z;(Gs) = 4B% + 2B — 19,
Sz:(Gg) = 4% + 32—5 B — 55,
Sz:(G,) = 4B? + 32—1ﬁ — 43,

Then, we have that
$z;(6) = S25(Gy) =562 — 2+, fora <p <7,
Sz:(G) = Sz:(G,) = 4B% + 12—1ﬁ — 11, for B > 8.
The result follows. u

3. ON REVISED EDGE-SZEGED OF THE JOIN OF GRAPHS

In the section, we consider revised edge-Szeged index of the join graph. The join graph of
G and H, denoted by G v H, is the graph with vertex set V(G v H) = V(G) U V(H), and
with edge set E(GV H) =E(G) UE(H)U {uv |u e V(G), v € V(H)}. For the revised
edge-Szeged index of the graph G, let |E(G v H)| = m, we have
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525(G) = Becuver(e)(Mule) + moz(e)) (m,(e) + moz(e)).

= iZe=quE(G)(m + mu(e) - mv(e)) (m + mv(e) - mu(e))-

= L wer@(mu(e) = my(e))2

Theorem 3.1. Let G and H be simple graphs, where |E(G vV H)| = m, |G| = nq, |[E(G)| =
3
my, |H| = n, and |[E(H)| = my. Then Sz;(G v H) === — (S, + S, + 53), where

$1 = Yemwer@l(d5 @) + ds @) — (d§ @) + ds ()2,

S, = Ze:quE(H)[(dg(u) + dH(u)) - (d?(v) + dH(U))]Z,

S5 = Zemuwer[(ds (@) = dg (@) + (np = 1) + (my —my) + (d§ (W) — A (v) ) +
(ts () — ta )]

Proof. We divide the edge of G v H into three groups: E(G), E(H) and E' ={uv :u €
V(G), v € V(H)}.

Case 1. e =uv € E(G). When ¢’ =u'v' € E(H) or u' € V(G), v' e V(H), u' #
u,v, then dgyy(u,e’) =dgyy(v,e’) =1. When e”" =u"v'" € E(G) and d;(u,e') =
2,dg(v,e'") =2, then dgyy(u,e'”) =dgyu(v,e’”) =2, Let N;i(u) = Ng(w)\{v} and
N (u) = Ny(u) U N,(u) U N3(u), where

N;(u) = {w € N;(u)| wis in a triangle that contains edge uv},

N,(u) = {w € N/;(u)| wis in a quadrilateral that contains edge uv},

N3 (u) = Ni(uw) \ { N, (u) U N,(u)}.

Then, one known that
m,(e|G V H) + ZweNl(u)(dG W) —=2)=n, +(dg(u) —1) + ZWENl(u)(dG w) —-2)
+ Ywen,w(deW) = 2) + X en,ay(de(w) — 1)
=n, +(d;(w) - 1) + ZweNl(u) de(w) — [Ny (u)|
+ Ywen, @) e W) =N, ()| + Xen, ) de (W)
= (IN; )|+ N, (u) |+ N3 (u)]).
=n, +d5(w) —ds(v) — INy(W)| — [N, (W)

Similarly, we have that m,(e|GV H) + X en, ) (dc(W) — 2) = n, +d§ (v) —
dg(u) — [Ny (v)| — [N, (v)]. It is obvious that X,en, w)(de(W) — 2)=Xyen, w)(de (W) —
2). Then,

$1 = uver@y(mu(€) = my(0))? = Zuvero)[(d5 ) + de () = (d§ ) + do () 17

Case 2. e = uv € E(H). Similarly, we have that
S, = ZquE(G)(mu(e) —m,(e))* = ZquE(H)[(dg(u) +dy (u)) - (d?(v) + dH(U))]Z-

Case 3. e = uv € E'. One known that m, (e|G vV H) = d;(u) + (n, — 1) + (m, —
di(v) + ty(v)) and m,(e|G v H) = dy(v) + (n; — 1) + (m; — d§ (u) + t;(w)). Thus,
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S5 = Zeeuver[(de (W) = dy (@) + (np =) + (my —my) + (d§ (W) — A (v)) +
(ta (@) = ts (W)

3
In summary, we have that Sz; (G v H) = mT - i (5; + S, + S3) and the result follows. m

By Theorem 3.1, one can calculate revised edge-Szeged index of some special
graphs, such as the complete bipartite graph K,,, = K, V K,, , the wheel graph W, =
K; V C,_q,n = 5,the fangraph F, = K; V P,_;, n = 6.

. 1
Sz23(Knn) = Sz;(Kp V Ky) = an(nzm2 — (n —m)?),
1
Sz;(W,) =Sz;(K, V Cp_q) = Z(n —1)(4n?+20n —73),(n = 5),

1
Sz,(E) =Sz;(K, V P,_y) = Z(4n3 +8n? — 118n + 203), (n > 6).
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