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1. INTRODUCTION

Throughout this paper, we consider only simple connected graphs. We use the notation
d; (v) to denote the degree of a vertex v in a graph G. Let d; (u,v) denote the distance

between two vertices u and v in G and let w, (G) denote the sum of all distances from v to
all other vertices in G , that is,
w,G) =2y eds UV) withw G)=minfw, G):v eV G)}.

The complete graph on n vertices is denoted by K.

The topological indices (also known as the molecular descriptors) have been received
much attention by various authors in the past decades, and they have been found to be
useful in the structure activity relationships (SAR), structure-property relationships (SPR),
and pharmaceutical drug design in organic chemistry, see [4, 5, 15]. Indeed, the topological
index of a graph G can be viewed as a graph invariant under the isomorphism of graphs,
that is, for any topological index Tl , TI(G) =TI(H) if G zH .
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One of the most thoroughly studied topological indices was the Wiener index which
was proposed by Wiener in 1947 [17]. This index has been shown to possess close relation
with the graph distance, which is an important concept in pure graph theory. It is also well
correlated with many physical and chemical properties of a variety of classes of chemical
compounds. For more details, see[9, 10, 11, 12, 18]. The Wiener index of a graph G,
denoted by W G), is defined as W G) =’ d; (u,v)/2, where the summation goes

G)/2.

uve/ G)

over all pairs of vertices in G . One can easily observe thatW G) =) Wy

Vukicevic et al. [16] proposed a new graph descriptor p, called topological efficiency
index based on minimal vertex contribution w defined for a connected graph G as
NG
pG)=2NE)
VG)Iw@G)
The topological efficiency index of C fullerene graph was computed in [16]. In [3],

the topological efficiency of some product graphs such as Cartesian product, join, corona
product, composition and hierarchical product were given. The value of topological
efficiency index of some types of fullerenes and nanocones are obtained in [7, 8]. In this
paper, we obtain the topological efficiency index for some composite graphs such as tensor
product, strong product, symmetric difference and disjunction of two connected graphs.
Further, we have obtained topological efficiency index for a double graph.

2. BOUNDS FOR TOPOLOGICAL EFFICIENCY INDEX

In this section, we obtain the bounds for p of the given graph G. The minimum and
maximum degrees of G are denoted by ¢ (G) and A(G), respectively. The complement of G

denoted by G is a simple graph on the same set of vertices of G in which two vertices u and
v are adjacent in G if and only if they are nonadjacent in G .

Theorem 2.1. For any graph G with n vertices and m edges

2((n—1)n—m)£p(G)S 2V G) .
nw G) 2n(n -1)—-nA@G)

Proof. For a vertex v in G , there are d; (v) vertices which are at distance 1 from v and the
remaining n —-1-d; (v) vertices are at distance at least 2. Therefore

w, (6)2ds () + 20— 1 -ds () = 2(n— 1) -dg ().
By the definition of W (G)

W(G)=% PROE

N |-

> (2n-)-dy)=(n-1)n-m.
vel (G)
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Hence
6)-= W@G) . 2((n-2)n-m)
wG) nwG)

By definition of w (G), we get
w G)=minfw, G):v eV G)}
>2(n-1)-A@G).
Hence
_WE),. WE)

P =W 6) =20 -1 —naG)”

By Using Theorem 2.1 for the graph G, we obtain the following corollary.

Corollary 2.2. Let G be a graph with n vertices and m edges and let G be its
complement. Then
—. _n(n=1)+2m
p@)> RO -Dr2M
nw (G)

3. TENSOR PRODUCT

For two graphs G,and G,, the tensor product denoted by G,xG,, has vertex set
V G,)xV (G,) in which (g,,h)and (g,,h,)are adjacent whenever g,g, is an edge in G,
and h,h, is an edge in G,. Note that if G, and G, are connected graphs, then G, xG, Is

connected only if at least one of them is non-bipartite, see [6]. The tensor product of graph
has extensively been studied in relation to the areas such as graph colorings, graph
recognition, decompositions of graphs and design theory [1, 2, 6].

Theorem 3.1. Let G be a connected graph and let A be the number of edges not in a
triangle ofG . Then

WG xK,)=rG)+oG)+2(r-1)+41.
Proof. LetV G) ={u,,u,,...u,} and V (K,) ={v,v,,...v }. The notation denotes the vertex
U;v;) in G xK, . First we compute the sum of the distances between a fixed vertex x;; to
all other vertices in G xK, . From the structure of G xK , we have following three cases.

Case 1. The distance between x;; and X, is 2. Thus, >\ "dq . (X% ) =2(r 1),
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Case 2. One can observe that, dg,, (X;,X,)=ds U;,u,) if uu, €EG). Define
E,={e €EG):eisinatriangle of G} and E, ={e eE (G):e is not in a triangle of G}.

If e=u,u, €E@G), then

ij !

A (0 X, :{2 if e =u,u, €E,,
M3 ife =uu, €E,.
Hence,
zin,k=1,i £k deKr Xy Xig) — zuiuk eE (G)deKr (X ij ’ij ) +Zuiuk ¢E (G)deKr (X ij 'ij)
= Zuiuk e, douk, (X5, Xyg) +Zuiuk e, Aok, (X, X5)
+2uiuk ¢E (G)deKr (X ij ’ij)
= ZUiuk e, 2t Zuiuk e, 3t Zuiuk £ 6)de Ui Uy)-
For anedge u; ,u, €E, UE,, d; (u;,u,) =1, we have
Z?,k=1,i¢kdexl<r(xi,-,xkj) =D e, A WU )+ X e (2+dg (U5 U, )
+ Zuiuk ¢E (G)dG u;,uy)
= 2 ee, O 20, e, @)W, G)
= zuiukeE (G)(l) + Zuiuk <E, @ +w, @)
=ds (U;)+4+w, G).
Case 3. The distance between x; to x, is dg (u;,u, ). Thus

Zin,k=1,i¢k ZI,H,,- | deKr (Xij 1 Xy ) = Zin,k=1,i¢k (r _l)dG (ui Uy ) = (r _l)Wui (G)
Combining the above three cases, we obtain
Wy, GxK,)=2(r -)+w, G)+d; ;) +4+(r - Yw, @)

=rw, G)+dg (u,)+4+2(r - 1).
From the definition of w (G), we obtain
w G xK, ) =min{frw, G)+d. U;)+ A+ 2(r -D)}=r(G)+w G)+4 +2(r -1),

where §(G) is the minimum degree of the graph G and A is the number of edges not in a
triangle of G. =

Recall from [13] that the Wiener index of the tensor product of G and K, is given by

the formula W G xK,)=r3W G)+(m+ A)r +nr(r — 1), where n, m and A are the numbers

of vertices, edges and edges not in triangle in G, respectively. Using Theorem 3.1 and
W (G xK, ), we obtain the p value for tensor product of Gand K, .
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Theorem 3.2. Let G be a graph with m edges. If A is a number of edges not lie on a triangle
in G, then
20W G)+(m +A)r +n(r -1))

nirw G)+dG)+2(r —-1))

pGxK,)=

4. STRONG PRODUCT

The strong product of two graphs G, and G, denoted by G, ®G,, is the graph with vertex
set V(G1)xV(Gz) = {(u, v): ueV(Gy), v eV(Gy)} and (u, x)(v,y) is an edge whenever (i)
u =v and xy € E(G2), or (ii) uve E(G1) and x=y, or (iii) uve E(G1) and xy € E(G,).

Theorem 4.1. Let G be a connected graph. Thenw (G ®K,)=r(G) +r —1.

Proof. LetV G)={u,,u,,...u.} and V (K,)={v,v,,...v, }. The notation denotes the vertex
U;v;) InWG®&K,).
Case 1. From the structure of W (G ®K ) , the distance between x; and x; equals 1.
Thus,
r-1

1 1deex, (X, %) =r -1
Case 2. The distance between x; and x,; equals d; (u;,u, ). Then
> enin ek, (X1 X,g) = Yoo )6 U U ) =w,, G).
Case 3. The distance between x; to x,, equals dg (u;,u, ). Thus
Zin,k=1,i¢k z;,|=1,j¢| doex, (X X)) = Zin,k=1,i;ek (r =dg (u; ,u, ) =(r —-w, G).

Combining the above cases, we obtain
W, GeK,)=r -1 +W, G)+(r- 1)wui G)= rw, G)+r -1.

By the definition of w(G), we have
w G @K, )=min{r -1+rw, G)}=rw (G)+r -1. |

Recall from [14] that the Wiener index of the strong product of G and K is given by
the formula of W (G ®K,)=raw (G)+n(r —1)/2, where n is the numbers of vertices of G.
Using Theorem 4.1 and W (G ®K, ) , we obtain the p value for strong product of G and K.

Theorem 4.2. Let G be a graph on n vertices. Then
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2[rw G)+n(r -1)/2]

P G oK) = WG v 1]

5. SYMMETRIC DIFFERENCE

For a given graph G, and G,, their symmetric difference G, @G, is the graph with the
vertex set V(G1)xV(G,) and the edge set

EG,86,)={u,x)V,y)|uveEG,) or xy €E (G,) but not both}.
The following lemma follows easily from the structure ofG, &G, .

Lemma 5.1. Let G,and G,be two connected graphs with n,and n, vertices respectively.
Then
(1) VG, ®G,) HV G [xIV G,) .
(i) The distance between two vertices (u, x) and (v,y) of G, &G, is given by
oo, (UX )Y ) = {12 L:)\ihinlili(i) orxy €E (G,)but not both,
(iii) The degree of a vertex (u, x) in G, &G, is
dg,ec, U, X) =nyds (U)+ndg (X)—2ds (U)dg, (x).

Theorem 5.2. Let G, and G, be two connected graphs with n; and n, vertices. Then
(i) V\_/(Gl @Gz) = 2n1n2 —-2- nzé (Gl) _n15 (Gz) +29 (61)5 (Gz)-
(i) W G, ®G,) = n,n, (n,n, —1) — (m;nZ + m,n?) +4m,m,, where §(G;) and §(G,) are
the minimum degree of G; and G, respectively.

Proof: (i) For any vertex (u, x) in G,&G,, there are d; 4 (u,x) vertices which are at
distance 1 from (u, x) and the remaining [V (G, ®G,)|-1-dg 4 (U,X) vertices are at
distance 2, therefore by Lemma 5.1, we obtain
W, ¢ (G, @G,) = (n,U) +ny(X) —2u)(Xx))(D)

+(nn, —1-(n () +ny(X) —2U)(X)))(2)

= 2n,n, —2-n,U)-n,(Xx)+2W)(x).
By the definition of w(G), we have

W G, €G,) = min{2nn, — 2 —n,(U) —ny(x) + 2(u)(x)}
=2nn,—- 2 -n,o@G,) —-nd@G,) + 266G,)0G,).
(ii) By case (i), and the definition of Wiener index, we have
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1
W G, €G,) :EZUEV (Gl)zxev (GZ)W(u,x)(Gl ©G,)

=n,n,(nn, -1) —(M,nZ +m,n’) +4 mm,.

Using Theorem 5.2, we obtain the p value for symmetric difference of G, and G, .
Theorem 5.3. Let G, be a graph with n; vertices and m; edges, i =1,2. Then

2(n,n,(n;n,-1)—(m.n2 +m,n?)+4m,m
p(Gl%Z): ( 1 2( 1''2 ) ( 1''2 2 1) 1 2) ]
nnn,(2n,n, -2-n,0 G,)—n0 G,) +26 G,)0 G,))

6. DISJUNCTION

The disjunction of the graphs G, and G,, denoted by G,vG,, has the vertex set
V G,)xV G,) and edge set E(G,vG,) = {(u, X)(v, y) | uveE(G) (or) xyeE(G)}. The
following lemma is easily follows from the structure of G, vG,.

Lemma 6.1. Let G, and G, be two connected graphs with n; and n, vertices respectively.
Then
(i) IV G, vG,) =V G %IV G,)I.
(i) The distance between two vertices (u,x) and (v,y) ofG, vG, is given by
1 uveE(G)orxy €eE(G,),
2 otherwise.

dleG2 (U,x), (v,y)) :{

(iii) The degree of a vertex (u,x) in G, vG, is
dg,e, (U,X)) =nds (U)+nds (U)-dg (U)dg, (X).

Theorem 6.2. For two graphs G, and G, we have
(i) V\_/(Gl VGz) = 2n1n2 —-2- nzé (Gl) _n15 (Gz) +0 (Gl) 0 (Gz)-

(ii)) W G, vG,) =n,n, (n,n, —1) — (m,n + m,n?) +2m,m,.

Proof. (i) For any vertex (u,x) in G,vG,, there are d; . (u,x) vertices which are at
distance 1 and the remaining |V (G, vG,)|-1-d; ¢ (u,x) vertices are at distance 2. By
Lemma 6.1, and the definition of w , ,, (G, vG,) we obtain
W ) G1 VGy) = (N (U) +ny () — U)(x))D) + (N, =1—n, ) +ny (X) —2u))(2)
= 2nn, —2-n,(U)-n,(x)+2U)(X).
By the definition of w (G), we have
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W (G, vG,) =min{2n,n, -2 -n, () -n,(x) +Uu)(x)}
=2nn,-2-n,0G,)-nodG,)+G,) 0 G,).
(i1) By case (i), and the definition of Wiener index, we have
1
WG, vG,) = EZUEV (Gl)zxgv )W G, vG,)

=n,n, (NN, -1)— (MnZ + m,n?) +2mm,.

Using Theorem 6.2, we have the following theorem.

Theorem 6.3. Let G; be a graph with n; vertices and m; edges, i =1,2. Then

2(nyn, (nyn, 1) = (M;n; +m,n;) +2mym,

pG,vG,) = :
nn,(2nn, —=2-n,6 G,) —n6 G,) +3 6,)6 G,))

7. DouBLE GRAPH

Let us denote the double graph of a graph G by G”, which is constructed from two copies
of G in the following manner. Let the vertex set of G be V (G)={v,Vv,,...v,} and the

vertices of G~ are given by two sets X ={x,,X,,...x,} and Y ={y,,y,,...y,}. Thus for
each vertex v, eV (G), there are two vertices x, and y,in V (G"). The double graph G~
includes the initial edge set of each copies of G, and for any edge v,v; €E G), two more

edges x;y; and x;y; are added.

Lemma 7.1. Let G be a connected graphs with n vertices. Then the distance between two
vertices of G are given as follows,

(i) VG )|=2nand |[EG)|=4n.

(i) dg.(X;,X;) =de (x;,%;), 1,j €{L,2,...,n}.

(i) dg(X;,y) =dg (X5, y;), 1,j e{L2,...,n}.

(vi) dg+(X;,Y;)=2, i€{,2,..,n}.

Theorem 7.2. Let G be a connected graph with n vertices. Then
(HwG)=2w G)+2,
({[Y)W G )=2W G) +n.
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Proof. (i) Using Lemma 7.1, we compute the sum of distances between a fixed vertex x; to

all other vertices in G”.
Case 1. From the structure of G, the sum of distances from a fixed vertex x; to x i

inG is dg.(X;,X;)=wW,;G).

Case 2. The sum of distances from a fixed vertex x; to y; in G™ is dg. (X, Yi)=
Wxi (G)

Case 3. The sum of distances from a fixed vertex x; to y; in G is dg.(X;,y;) =2.

Combining the above cases, we have w, (G*) = 2w, (G) +2. From the definition of w(G),
we obtain:
w G7)=min{w,G)+2}=w G)+2.
(ii) By Case (i), and the definition of Wiener index, we have

WG =%zuev(6)w 67)= Y, ) (2WE) +2) =W G) +n.

Using Theorem 7.2, we obtain the p value for double graph of G .

Theorem 7.3. Let G be a connected graph with n vertices. Then
x WV G)+n
2nw G) +1)
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