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Let ܩ =  in aܯ be a simple connected graph. A matching (ܧ,ܸ)
graph ܩis a collection of edges of ܩ such that no two edges from 
ܯ  share a vertex. A matching ܯ  is maximal if it cannot be 
extended to a larger matching inܩ . The cardinality of any 
smallest maximal matching in ܩ is the saturation number of ܩ 
and is denoted by (ܩ)ݏ. In this paper we study the saturation 
number of the corona product of two specific graphs. We also 
consider some graphs with certain constructions that are of 
importance in chemistry and study their saturation number.  
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1 INTRODUCTION 

Matching theory is a branch of graph theory concerned with study of structural and 
enumerative aspects of matchings, collections of edges of a graph that do not share a 
vertex. For a general background on matching theory we refer the reader to the classical 
monograph by Lovász and Plummer in [15] and for graph theory terms not defined here we 
also recommend [17]. 

The cardinality of matching ܯ of a graph ܩ is called the size of the matching. It is 
intuitively clear that matchings of small size are not interesting (each edge is a matching of 
size one, and the empty set is a matching of size 0). Hence, we will be interested in 
matchings that are as large as possible. 

A matching ܯ is a maximum matching if there is no matching in ܩ with greater 
size. The cardinality of any maximum matching in ܩ is denoted by ߙᇱ(ܩ) and is called the 
matching number of ܩ . Since each vertex can be incident to at most one edge of a 
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matching, it follows that the matching number of a graph on n vertices cannot exceed ⌊n/
2⌋. If each vertex of G is incident with an edge of M, the matching M is called perfect. So 
the number of vertices of a graph ܩ admitting a perfect matching is even, but the opposite 
is generally not true. Perfect matchings are obviously also maximum matchings. The study 
of perfect matchings, also known as Kekulé structures has a long history in both 
mathematical and chemical literature. The development of matching theory has been 
strongly influenced and stimulated by the study of perfect matchings in benzenoid graphs. 
Additional impetus came with discovery of fullerenes, again mostly dealing with perfect 
matchings ([5,6,13,18]), but including also some structural results ([2,7]). For more details 
on perfect matching, we refer the reader to see [15]. 

There is, however, another way to quantify the idea of large matchings. A matching 
ܯ  is maximal if it cannot be extended to a larger matching in ܩ . Obviously, every 
maximum matching is also maximal, but the opposite is generally not true. While there is 
vast literature on perfect and maximum matchings (see, for example, monographs in [15] 
and [3]), the results about maximal matchings are few and scattered through the literature. 
We mention here two papers that treat, among other topics, maximal matchings in trees 
([14,16]), one concerned with the structure of equimatchable graphs ([11]) and a recent 
paper about the saturation number of benzenoid graphs ([8]). 

The cardinality of any smallest maximal matching in ܩ is the saturation number of 
 the same term, saturation number, is also used in the literature) (ܩ)ݏ and is denoted by ܩ
with a different meaning; we refer the reader to [10] for more information). It is easy to see 
that the saturation number of a graph ܩ is at least one half of the matching number of ܩ, 
i.e., (ܩ)ݏ ≥ ܫ We recall that a set of vertices .([8]) 2/(ܩ)ᇱߙ  is independent if no two 
vertices from ܫ are adjacent. Clearly, the set of vertices that is not covered by a maximal 
matching is independent ([9]). This observation provides an obvious lower bound on 
saturation number of the graph ܩ , i.e. (ܩ)ݏ ≥ (݊ − ܩ where  2/(|ܫ|  is graph of order ݊ 
([2]). 

Next section is concerned with the saturation number of some specific graphs. We 
also study the saturation number of the corona product of two certain graphs. In Section 3, 
we consider some graphs with specific construction that are of importance in chemistry and 
study their saturation number. As consequences, we obtain the saturation number of some 
cactus chains. 

 

2 SATURATION NUMBER OF SOME GRAPHS 

This section is organized as follows. In the Subsection 2.1, we consider the saturation 
number of some certain graphs. We also examine the effects on the saturation number of 
them when they are modified by operations on their edges. Subsection 2.2 moves on to the 
saturation number of the corona product of two specific graphs. 
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2.1.  SATURATION NUMBER OF SOME SPECIFIC GRAPHS 

We start this section with the saturation number of some certain graphs. Let ௡ܲ, ܥ௡ and ௡ܹ 
be a path, cycle and wheel of order ݊, respectively. We have   

(i) ݏ( ௡ܲ) = ቐ
ቒ௡
ଷ
ቓ ,      ݂݅ ݊ ≡ (3 ݀݋݉)  2

ቔ௡
ଷ
ቕ .݁ݏ݅ݓݎℎ݁ݐ݋                   ,

 

(ii) ݏ(ܥ௡) = ቒ௡
ଷ
ቓ. 

(iii) ݏ( ௡ܹ) = 1 + )ݏ ௡ܲିଶ). 
 

The union ܩଵ ∪ ଶܩ  of graphs ܩଵ and ܩଶ  with disjoint point sets ܸ(ܩଵ) and ܸ(ܩଶ) 
and edge sets ܧ(ܩଵ)  and ܧ(ܩଶ)  is the graph with ܸ(ܩଵ) ∪ (ଶܩ)ܸ  and ܧ(ܩଵ) ∪  (ଶܩ)ܧ
([12]). In addition, a maximum matching in a disconnected graph consists of the union of 
maximum matchings in each of its components. So we can conclude the following useful 
lemma. 
 
Lemma 2.1 For any two simple graphs ܩଵ and ܩଶ, ܩ)ݏଵ ∪ (ଶܩ = (ଵܩ)ݏ +  .(ଶܩ)ݏ
 

 Here we consider the effect on the saturation number of the path and the cycle 
graphs when one edge of them is deleted. 
 
Proposition 2.2  (i) For every ݁ ∈ ௡ܥ)ݏ we have ,(ܩ)ܧ − ݁) = )ݏ ௡ܲ) ≤  .(௡ܥ)ݏ
(ii) Let ܸ( ௡ܲ) = ,ଶݒ,ଵݒ} … , {௡ݒ  and ݁௜ = ௜ାଵݒ௜ݒ ∈ )ܧ ௡ܲ)  where 1 ≤ ݅ ≤ ݊ − 1 . Then we 
have  

)ݏ ௡ܲ − ݁௜) = ൞
)ݏ  ௡ܲ)− 1,      ݂݅  ݊ ≡ ݅ ݀݊ܽ (3 ݀݋݉) 2 =  ݎ݋ 1

݊
2 ݊ ݎ݋  − 1 

)ݏ  ௡ܲ) + 1,                 ݂݅  ݊ ≡ ݅ ݀݊ܽ (3 ݀݋݉) 1 = ݊ ݎ݋ 2 − 2 
)ݏ  ௡ܲ),                                                                            ݐ݋ℎ݁݁ݏ݅ݓݎ.

 

Proof.  (i)  It is clear that ܥ௡ − ݁ = ௡ܲ. Considering the saturation number of ௡ܲ and ܥ௡, we 
have the result.  
(ii) For every ݁ ∈ )ܧ ௡ܲ), we have ௡ܲ − ݁ = ௠ܲ ∪ ௧ܲ  where ݉, ∋ ݐ ℕ and ݉ + ݐ = ݊. By 
Lemma 2.1, we can conclude that ݏ( ௡ܲ − ݁) = )ݏ ௠ܲ) + )ݏ ௧ܲ) . Now we consider three 
cases:  

1 If ݊ = 3݇  for some ݇ ∈ ℤ , then ݉ = 3݇ଵ  and ݐ = 3݇ଶ  where ݇ଵ,݇ଶ ∈ ℤ  and 
݇ଵ + ݇ଶ = ݇.  So )ݏ ௡ܲ − ݁) = ൫ݏ ଷܲ௞భ൯ + ൫ݏ ଷܲ௞మ൯ = ݇ଵ + ݇ଶ = ݇ = )ݏ ௡ܲ) ;  or ݉ =
3݇ଵ + 1 andݐ = 3݇ଶ + 2 where ݇ଵ,݇ଶ ∈ ℤand ݇ଵ + ݇ଶ = ݇ − 1. Then ݏ( ௡ܲ − ݁) =
൫ݏ ଷܲ௞భାଵ൯ + ൫ݏ ଷܲ௞మାଶ൯ = ݇ଵ + (݇ଶ + 1) = ݇ = )ݏ ௡ܲ). 
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2  Suppose that ݊ = 3݇ + 1 for some݇ ∈ ℤ. So we have ݉ = 3݇ଵ  and ݐ = 3݇ଶ + 1 
where ݇ଵ, ݇ଶ ∈ ℤ  and ݇ଵ + ݇ଶ = ݇. Therefore, ݏ( ௡ܲ − ݁) = ൫ݏ ଷܲ௞భ൯ + ൫ݏ ଷܲ௞మାଵ൯ =
݇ଵ + ݇ଶ = ݇ = )ݏ ௡ܲ) ; or ݉ = 3݇ଵ + 2  and ݐ = 3݇ଶ + 2  where ݇ଵ, ݇ଶ ∈ ℤ  and 
݇ଵ + ݇ଶ = ݇ − 1.   Then ݏ( ௡ܲ − ݁) = ൫ݏ ଷܲ௞భାଶ൯ + ൫ݏ ଷܲ௞మାଶ൯ = (݇ଵ + 1) +
(݇ଶ + 1) = ݇ + 1 = )ݏ ௡ܲ) + 1.  Note that this case happens when ݁ = ݁ଶ  or 
݁ = ݁௡ିଶ. 

3  If ݊ = 3݇ + 2 for some ݇ ∈ ℤ, then ݉ = 3݇ଵ + 1 and ݐ = 3݇ଶ + 1 where  ݇ଵ,݇ଶ ∈
ℤ  and ݇ଵ + ݇ଶ = ݇.  So we have ݏ( ௡ܲ − ݁) = ൫ݏ ଷܲ௞భାଵ൯ + ൫ݏ ଷܲ௞మାଵ൯ = ݇ଵ + ݇ଶ =
݇ = )ݏ ௡ܲ) − 1. Note that this case happens if ݁ = ݁ଵ, ݁ = ݁௡ିଵ or ݁ = ݊/2 (when ݊ 
is even); or  ݉ = 3݇ଵ and ݐ = 3݇ଶ + 2 where ݇ଵ, ݇ଶ ∈ ℤ and ݇ଵ + ݇ଶ = ݇. Then  

)ݏ  ௡ܲ − ݁) = ൫ݏ ଷܲ௞భ൯ + ൫ݏ ଷܲ௞మାଶ൯ = ݇ଵ + (݇ଶ + 1) = ݇ + 1 = )ݏ ௡ܲ). 
 
2.2.  SATURATION NUMBER OF THE CORONA PRODUCT OF TWO SPECIFIC GRAPHS 

In this subsection, we consider the corona product of two certain graphs and study their 
saturation number. We recall that the corona of two graphs ܩଵ and ܩଶ, written as ܩଵ ∘  ଶ, isܩ
the graph obtained by taking one copy of ܩଵ and |ܸ(ܩଵ)| copies of ܩଶ, and then joining the 
݅-th vertex of ܩଵ to every vertex in the ݅-th copy of ܩଶ. 
 
Theorem 2.3 Let ܩ  be a simple graph of order݊ . Then ܩ)ݏ ∘ (௠തതതതܭ = (ܩ)ᇱߙ + ݈ , where 
ܯ is the size of maximum matching (ܩ)ᇱߙ  of ܩ  and ݈  is the number of ܯ -unsaturated 
vertices of ܩ. In addition, if ܩ has a perfect matching, then ܩ)ݏ ∘ (௠തതതതܭ = ݊/2 . 
 
Proof.  Suppose that ܯ is a maximum matching of ܩ and ܵ has the smallest cardinality 
over all maximal matchings of ܩ ∘  and ܩ unsaturated vertex of-ܯ be a ݑ ௠തതതത. Let the vertexܭ
,ଶݒ,ଵݒ} ௠തതതത with the vertex setܭ ௨ be a copy of(௠തതതതܭ) … ,  is adjacent ݑ ௠} such that the vertexݒ
to all vertices of (ܭ௠തതതത)௨. Thus there exists ݒ ∈ ,ଵݒ} ,ଶݒ … ݒݑ ௠} such thatݒ, ∈ ܵ. Now if for 
ܯ -unsaturated vertices ݑଵ, ,ଶݑ … ௟ݑ,  of ܩ , put ܵ = ܯ ∪ ൛ݑ௜1|ݒ ≤ ݅ ≤ ݈, ݒ ∈ ൟ(௨೔(௠തതതതܭ))ܸ , 
then ܵ has the smallest cardinality over all maximal matchings of ܩ ∘  ௠തതതത and so we haveܭ
the result. Now suppose that the graph G has a perfect matching ܰ = {݁ଵ, ݁ଶ, … , ݁୬/ଶ}. To 
obtain a maximal matching ܵ with the smallest cardinality for ܩ ∘  ௠തതതത, it is enough to putܭ
ܵ = ܰ, and so ܩ)ݏ ∘ (௠തതതതܭ = |ܵ| = |ܰ| = ݊/2. 
 
Corollary 2.4 For every݊,݉ ∈ ℕ, )ݏ ௡ܲ ∘ (௠തതതതܭ = ௡ܥ)ݏ ∘ (௠തതതതܭ = ⌈݊/2⌉. 
 
Proof.  Clearly, for every even݊, the path ௡ܲ and the cycle ܥ௡ have perfect matching and by 
Theorem 2.3 we have ݏ( ௡ܲ ∘ (௠തതതതܭ = ௡ܥ)ݏ ∘ (௠തതതതܭ = ݊/2. Now suppose that ݊ is odd. Then 
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for every maximum matchingܯ, the path ௡ܲ and the cycle ܥ௡ have only one ܯ-unsaturated 
vertex. So by Theorem 2.3, ݏ( ௡ܲ ∘ (௠തതതതܭ = ௡ܥ)ݏ ∘ (௠തതതതܭ = ⌊݊/2⌋ + 1 = ⌈݊/2⌉. 
 
Theorem 2.5 For any simple graph ܩ of order ݊, we have  

ܩ)ݏ ∘ ௠ܲ) = ൜݊ݏ
( ௠ܲ) + (ܩ)ᇱߙ + ݈,     ݂݅ ݉ ≡ (3 ݀݋݉) 1

)ݏ݊ ௠ܲ),                                          ݐ݋ℎ݁݁ݏ݅ݓݎ  

where ߙᇱ(ܩ)  is the size of maximum matching ܯ  of ܩ  and ݈  is the number of ܯ -
unsaturated vertices of ܩ.  
 
Proof. Let ݑ ∈ ) and (ܩ)ܸ ௠ܲ)௨  be a copy of ௠ܲ  with the vertex set {ݒଵ, ,ଶݒ … ,  ௠} suchݒ
that the vertex ݑ  is adjacent to all vertices of ( ௠ܲ)௨ . Suppose that ܵ  and ଵܵ  have the 
smallest cardinality over all maximal matchings of graphs ܩ ∘ ௠ܲ and ௠ܲ, respectively. So 
ܩ)ݏ ∘ ௠ܲ) = |ܵ| and ݏ( ௠ܲ) = | ଵܵ|. We have three cases: 

1 Suppose that ݉ = 3݇  for some ݇ ∈ ℤ . It can be easily verified that if ݒ ∈
,ଶݒ}  is ܵ-saturated ܩ belongs to ܵ. Hence every vertex of ݒݑ ௠ିଵ}, then the edgeݒ
and so there is no edge of ܩ  in ܵ . Also the number of edges in the smallest 
maximal matching of the graph ( ௠ܲ)௨ −  is equal to the number ݒݑ with the edge ݒ
of edges in the smallest maximal matching of the graph ௠ܲ. Thus we can conclude 
that |ܵ| = ݊| ଵܵ| and we have ܩ)ݏ ∘ ௠ܲ) = |ܵ| = ݊| ଵܵ| = )ݏ݊ ௠ܲ). 

2 Assume that ݉ = 3݇ + 1 for some ݇ ∈ ℤ. If ܯ is a perfect matching of ܩ, then put 
ܵ = ଵܵ ∪ ଵܵ ∪ …∪ ଵܵᇣᇧᇧᇧᇧᇤᇧᇧᇧᇧᇥ

௡ି௧௜௠௘௦

 .ܯ∪

So ܩ)ݏ ∘ ௠ܲ) = |ܵ| = ݊| ଵܵ| + |ܯ| = )ݏ݊ ௠ܲ) + .(ܩ)ᇱߙ  Now suppose that ݑ  is an 
ܯ -unsaturated vertex of ܩ  and ( ௠ܲ)௨  is a copy of ௠ܲ  with the vertex set 
,ଶݒ,ଵݒ} … , ݑ ௠} such that the vertexݒ  is adjacent to all vertices of ( ௠ܲ)௨ . Then 
there exists ݒ ∈ ,ଵݒ} ,ଶݒ … ݒݑ ௠} such thatݒ, ∈ ܵ. Suppose that ݑଵ, ,ଶݑ … , -ܯ ௟ areݑ
unsaturated vertices of ܩ and put  

                       ܵ = ଵܵ ∪ ଵܵ ∪ …∪ ଵܵᇣᇧᇧᇧᇧᇤᇧᇧᇧᇧᇥ
௡ି௧௜௠௘௦

ܯ∪ ∪ ൛ݑ௜1|ݒ ≤ ݅ ≤ ݒ,݈ ∈ ܸ(( ௠ܲ)௨೔)ൟ.  

Then we have ܩ)ݏ ∘ ௠ܲ) = |ܵ| = ݊| ଵܵ| + |ܯ| + ݈ = )ݏ݊ ௠ܲ) + (ܩ)ᇱߙ + ݈. 
3 If ݉ = 3݇ + 2  for some ݇ ∈ ℤ  and ݒ  is one of the vertices in the set 

,ସݒ,ଶݒ,ଵݒ} ,ହݒ ,଻ݒ … ,௠ିଷݒ, ,௠ିଵݒ ݒݑ ௠}, then the edgeݒ  belongs to ܵ. Therefore, 
every vertex of ܩ is ܵ-saturated and so there is no edge of ܩ in ܵ. Similar to the 
proof of (1), since the number of edges in the smallest maximal matching of the 
graph ( ௠ܲ)௨ −  is equal to the number of edges in the smallest ݒݑ with the edge ݒ
maximal matching of the path ௠ܲ, so |ܵ| = ݊| ଵܵ| and it implies that ܩ)ݏ ∘ ௠ܲ) =
|ܵ| = ݊| ଵܵ| = )ݏ݊ ௠ܲ).  

 



294                                                                                                                    ALIKHANI AND SOLTAN 

 

By similar method, we can have the following theorem which gives the saturation 
number of ܩ ∘   .௠ܥ
 
Theorem 2.6 For any simple graph ܩ of order݊, we have 

ܩ)ݏ ∘ (௠ܥ = ൜ ݊ݏ
(௠ܥ) + (ܩ)ᇱߙ + ݈,              ݉ ≡  (3 ݀݋݉)  0

݁ݏ݅ݓݎℎ݁ݐ݋                                                ,(௠ܥ)ݏ݊  

where ߙᇱ(ܩ) is the size of maximum matching ܯ of the graph ܩ and ݈ is the number of ܯ-
unsaturated vertices of ܩ.  
 

Proposition 2.7 For any simple graph ܩ , (i) (ܩ)ݏ ≤ ଵܭ)ݏ ∘ (ܩ ≤ 1 + (ܩ)ݏ  and  (ii) 
௠തതതതܭ)ݏ ∘ (ܩ = ݉൫ܭ)ݏଵ ∘  .൯(ܩ
 

Proof. (i) Suppose that ܭଵ = {ݑ}  and ܵଶ  has the smallest cardinality over all maximal 
matchings of graph ܩ − ݒ where ݒ ∈ ܩ)ݏ So .(ܩ)ܸ − (ݒ = |ܵଶ|. To obtain the maximal 
matching ܵ  with the smallest cardinality for ܭଵ ∘ ܩ , put ܵ = {ݒݑ} ∪ ܵଶ . Then we have 
ଵܭ)ݏ ∘ (ܩ = |ܵ| = 1 + |ܵଶ| = 1 + ܩ)ݏ − ܩ)ݏ Also it can be easily verified that .(ݒ − (ݒ =
ܩ)ݏ or (ܩ)ݏ − (ݒ = −(ܩ)ݏ 1 and it implies the result. (ii)It is clear that  

௠തതതതܭ ∘ ܩ = ଵܭ) ∘ (ܩ …∪ ଵܭ) ∘ ᇣᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇥ(ܩ
௠ି௧௜௠௘௦

. 

Now the result follows from Lemma 2.1.    
 

We end this section with the following conjecture. 
 

Conjecture 2.8 Let ܩଵ and ܩଶ be two simple graphs and |ܸ(ܩଵ)| = ݊. Then  
(ଶܩ)ݏ݊ ≤ ଵܩ)ݏ ∘ (ଶܩ ≤ (ଶܩ)ݏ݊ + (ଵܩ)ᇱߙ + ݈ 

where ߙᇱ(ܩ) is the size of maximum matching ܯ of the graph ܩଵ and ݈ is the number of ܯ-
unsaturated vertices of ܩଵ.  

 

3. SATURATION NUMBER OF THE LINK AND THE CHAIN OF GRAPHS 

In this section, we investigate the saturation number of some graphs with specific 
construction that are of importance in chemistry. First we consider the link of graphs. 
Let ,ଶܩ,ଵܩ  … ௞ܩ,  be a finite sequence of pairwise disjoint connected graphs and let 
௜ݕ,௜ݔ ∈ ௜ୀଵ௞{௜ܩ} of the graphs ܩ The link .(௜ܩ)ܸ  with respect to the vertices {ݔ௜,ݕ௜}௜ୀଵ௞  is 
obtained by joining by an edge the vertex ݕ௜  of ܩ௜  with the vertex ݔ௜ାଵ  of ܩ௜ାଵ  for all 
݅ = 1, 2, … , ݇ − 1 (see Figure 1 for ݇ = 4) ([4]). 

 

  
 

Figure 1. A link and a chain of four graphs, respectively.  
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In general, there is no a certain relation between ܩ)ܮ)ݏଵ,ܩଶ, … ((௞ܩ,  and ݏ(ܩ௜) 
where 1 ≤ ݅ ≤ ݇. For example,  

,ସܥ)ܮ൫ݏ ହܲ, ସܲ)൯ = (ସܥ)ݏ + )ݏ ହܲ) + )ݏ ସܲ), ,ସܥ)ܮ൫ݏ ହܲ,ܥସ)൯ = (ସܥ)ݏ2 + )ݏ ହܲ) − 1, 
,ସܥ)ܮ൫ݏ              ହܲ,ܥସ, ହܲ)൯ = (ସܥ)ݏ2 + )ݏ2 ହܲ) − 2.  
But for some special graphs there are certain relations. In the following proposition, we 
consider the saturation number of the link of some cycles. As usual ݀(ݔ,  denotes the ,(ݕ
distance between two vertices ݔ and ݕ. 
 
Proposition 3.1 Let ܥ௠ be a cycle of order ݉ and ݔ௜, ௜ݕ ∈ for every 1 (௜(௠ܥ))ܸ ≤ ݅ ≤ ݊. If 
,௜ݔ)݀ (௜ݕ = ݀௜, then we have 

ݏ ቌܮ ൭ܥ௠ ௠ܥ, , … ௠ᇣᇧᇧᇧᇤᇧᇧᇧᇥܥ,
௡ି௧௜௠௘௦

൱ቍ =

⎩
⎪⎪
⎨

⎪⎪
⎧
݉                                    ,(௠ܥ)ݏ݊ ≡ ,(3 ݀݋݉) 0 1 ≤ ݀௜ ≤ 5
−(௠ܥ)ݏ݊ ቔ௡

ଶ
ቕ ,                     ݉ ≡ ௜݀,(3 ݀݋݉)  1 ∈ {1, 3, 4}

−(௠ܥ)ݏ݊ (݊ − 1),                 ݉ ≡ ௜݀,(3 ݀݋݉)   1 ∈ {2, 5}

−(௠ܥ)ݏ݊ ቒ௡ିଵ
ଷ
ቓ ,                        ݉ ≡ ,(3 ݀݋݉) 2 ݀௜ ∈ {1, 4}

(௠ܥ)ݏ݊  − ቔ௡
ଶ
ቕ ,                        ݉ ≡ ௜݀,(3 ݀݋݉) 2 ∈ {2, 3, 5}

. 

Proof. We consider all cases which has stated for the saturation number of the link of some 
cycles. The construction of maximal matchings with the smallest cardinality for examples 
of these cases, is shown in Figures 2, 3, 4, 5 and 6, respectively. So we have the result.              

 

 
 

 
 

 
Figure 2. ݏ൫ܮ(ܥ଺,ܥ଺,ܥ଺,ܥ଺,ܥ଺)൯ = 10. 

 

 
 

 
Figure 3. ݏ൫ܮ(ܥ଻,ܥ଻,ܥ଻,ܥ଻,ܥ଻)൯ = 13. 
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Figure 4. ݏ൫ܮ(ܥ଻,ܥ଻,ܥ଻,ܥ଻,ܥ଻)൯ = 11. 

 

 
 

 
Figure 5. ݏ൫(଼ܥ,଼ܥ,଼ܥ,଼ܥ,଼ܥ)ܮ൯ = 13. 

 

 
 

 
Figure 6. ݏ൫(଼ܥ,଼ܥ,଼ܥ,଼ܥ,଼ܥ)ܮ൯ = 13. 

 
Here we study the saturation number of the chain of graphs. Let ܩଵ,ܩଶ, …  ௞ be aܩ,

finite sequence of pairwise disjoint connected graphs and let ݔ௜, ௜ݕ ∈  of ܩ The chain .(௜ܩ)ܸ
the graphs {ܩ௜}௜ୀଵ௞  with respect to the vertices {ݔ௜,ݕ௜}௜ୀଵ௞  is obtained by identifying the 
vertex ݕ௜ with the vertex ݔ௜ାଵ for 1 ≤ ݅ ≤ ݇ − 1 (see Figure 1 for ݇ = 4) ([4]). Similar to 
Proposition 3.1, the following observation presents the saturation number of the chain of 
paths and cycles, respectively. 
 
Observation 3.2 (i) Let ௠ܲ be a path of order ݉. Then  

)ܥ)ݏ ௠ܲ , ௠ܲ , … , ௠ܲᇣᇧᇧᇧᇤᇧᇧᇧᇥ
௡ି௧௜௠௘௦

)) =

⎩
⎪
⎨

⎪
)ݏ݊⎧ ௠ܲ) − ቔ

݊
3
ቕ ,                     ݂݅ ݉ ≡ (3 ݀݋݉) 0

)ݏ݊ ௠ܲ),                                 ݂݅ ݉ ≡ (3 ݀݋݉) 1

)ݏ݊  ௠ܲ) + ඌ
−2(݊ − 1)

3 ඐ ,   ݂݅ ݉ ≡ .(3 ݀݋݉) 2

 

(ii)  Let ܥ௠ be a cycle of order ݉ and ݔ௜,ݕ௜ ∈ for every 1 (௜(௠ܥ))ܸ ≤ ݅ ≤ ݊. If ݀(ݔ௜,ݕ௜) =
݀௜, then we have  
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௠ܥ)ܥ)ݏ ௠ܥ, , … ௠ᇣᇧᇧᇧᇤᇧᇧᇧᇥܥ,
௡ି௧௜௠௘௦

)) =

⎩
⎪⎪
⎨

⎪⎪
−(௠ܥ)ݏ݊ ⎧ ඌ

݊ − 1
2 ඐ ,     ݂݅ ݉ ≡ ,(3 ݀݋݉) 0  ݀௜ ∈ {1, 2, 4, 5}

݉ ݂݅                                        ,(௠ܥ)ݏ݊ ≡ ,(3 ݀݋݉) 0  ݀௜ = 3
−(௠ܥ)ݏ݊ (݊ − 1),             ݂݅ ݉ ≡ ,(3 ݀݋݉) 1 1 ≤ ݀௜ ≤ 5

−(௠ܥ)ݏ݊ ቒ
݊
2
ቓ ,                     ݂݅ ݉ ≡ ,(3 ݀݋݉) 2  ݀௜ ∈ {1, 4}

−(௠ܥ)ݏ݊  (݊ − 1),         ݂݅ ݉ ≡ ,(3 ݀݋݉) 2  ݀௜ ∈ {2, 3, 5}.

 

 
Now we shall study the saturation number of cactus graphs that are of importance in 

chemistry. A cactus graph is a connected graph in which no edge lies in more than one 
cycle. Consequently, each block of a cactus graph is either an edge or a cycle. If all blocks 
of a cactus ܩ are cycles of the same size ݇, the cactus is  ݇-uniform. A triangular cactus is a 
graph whose blocks are triangles, i.e., a 3-uniform cactus. A vertex shared by two or more 
triangles is called a cut-vertex. If each triangle of a triangular cactus ܩ has at most two cut-
vertices and each cut-vertex is shared by exactly two triangles, we say that ܩ is a chain 
triangular cactus. The number of triangles in ܩ is called the length of the chain. Obviously, 
all chain triangular cactus of the same length are isomorphic. Hence we denote the chain 
triangular cactus of length ݊ by ௡ܶ. An example of a chain triangular cactus is shown in 
Figure 7. Clearly, a chain triangular cactus of length ݊ has 2݊ + 1 vertices and 3݊ edges 
([1]). 

By replacing triangles in the definition of triangular cactus by cycles of length 4, we 
obtain a cactus whose every block is ܥସ. We call such a cactus, square cactus. Note that the 
internal squares may differ in the way they connect to their neighbors. If their cut-vertices 
are adjacent, we say that such a square is an ortho-square and if the cut-vertices are not 
adjacent, we call the square a para-square ([1]). An ortho-chain square cactus of length ݊, 
௡ܱ, is shown in Figure 7. The following corollary gives the saturation number of the chain 

triangular cactus and the ortho-chain square cactus of length ݊. 
 

 

 
 

Figure 7. A chain triangular cactus ௡ܶ and an orth-chain square cactus ௡ܱ, respectively. 
 
Corollary 3.3 Let ௡ܶ  and ௡ܱ  be a chain triangular cactus and an ortho-chain square 

cactus of length݊, respectively. Then we have  (i)for every݊ ≥ 1, )ݏ ௡ܶ) = ቔ௡ିଶ
ଶ
ቕ + 2 and  

(ii) for every ݊ ≥ 1, )ݏ ௡ܱ) = ݊ + 1. 
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Proof.  (i)  By the Observation 3.2 (ii),  
)ݏ ௡ܶ) = ,ଷܥ,ଷܥ)ܥ)ݏ … ଷᇣᇧᇧᇧᇤᇧᇧᇧᇥܥ,

௡ି௧௜௠௘௦

)) = ݊ − ቔ௡ିଵ
ଶ
ቕ. 

Now the induction on ݊ implies that  ݊ − ቔ௡ିଵ
ଶ
ቕ = ቔ௡ିଶ

ଶ
ቕ + 2 and so we have the result. 

(ii)  It follows from Observation 3.2 (ii).  
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