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Relation between Wiener, Szeged and detour indices
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ABSTRACT. In theoretical chemistry, molecular structure descriptors are used to compute
properties of chemical compounds. Among them Wiener, Szeged and detour indices play
significant roles in anticipating chemical phenomena. In the present paper, we study these
topological indices with respect to their difference number.
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1. INTRODUCTION

A graph can be represented in an algebraic way, by considering a matrix named, adjacency
matrix. This matrix is defined as A = [a;] where a;; = 1, for an adjacent pair v; and v; and O
otherwise. Here V(G) = {v1,vy, ..., Vn} and E(G)={e1,e2,...,em} are the set of all vertices and
edges of G, respectively. If G is given, then A is uniquely determined, and vice versa. The
distance matrix D = [d;] can be defined for G with entries d; = 0 and dj;, i/ as the distance
between vertices v; and vj, see [2,10]. The detour matrix can be defined similarly, with
respect to the length of the longest path between vertices. For given vertices x,y eV (G),
d(x,y) and dd(x,y) denote to the lengths of shortest and longest paths between x and vy,
respectively. The distance and detour matrices were introduced for describing the
connectivity in directed graphs. The Wiener and detour indices are defined as follows,
respectively:

W(G)=1 ¥ d(uv) and DD(G)== ¥ dd(u,v).

u,veV (G) u,veV (G)

These graph invariant are studied by several authors in recent years [1,3-5,11-16,19-23]. Let
D(u) = Y xev(@)d(u,x) and DD(u) = Yxev)d(u,x). It is clear that
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W (G) _1 >’ D(u) and DD(G) _L > DD(u).

ueV (G) 2 ueVv (G)
For e=uv e E(G), let n(u|G) and n(v|G) be respectively the number of vertices of G lying
closer to vertex u than to vertex v and the number of vertices of G lying closer to vertex v
than to vertex u. The Szeged index of the graph G is defined as [7-9,12]

Sz2(G)= )’ n(u|G)n(v|G).

eeE(G)

A well-known result of Klavzar et al. states that #(G) > 0, and by a result of Dobrynin and
Gutman #(G) = 0 if and only if each block of G is complete.

Nadjafi—Arani et al. in [17,18] determined connected graphs whose difference
between Szeged and Wiener numbers are n, for n = 4, 5. Following their work, Ghorbani et
al. in [6] proved that for any integer n#1,2,4,6 there is a graph G with x(G)=n, where
1(G)=DD(G)-W(G). In other words, they proved the following theorem.

Theorem 1. For any integer n > 7, there is a graph G where u(G) = n.

They also showed that for a given integer n, a graph G with x«(G) = n can’t be
determined uniquely. The main goal of this paper is to compute the relation between above
topological indices.

2. MAIN RESULTS AND DISCUSSIONS

The symmetries of objects can be interpreted by means of group action. Let G be a group
and X a nonempty set. An action of G on X is denoted by (G | X) and X is called a G-set. It
induces a group homomorphism from G into the symmetric group Sx on X, where gx = x¢
for all xeX. The orbit of x will be indicated as x® and defines as the set of all x¢, geG.

A bijection o on the vertices of graph G is called an automorphism if for edge e = uv
then o(e) = a(u)a(v) is an edge of E. Let Aut(G) = {a: V-V, «a is bijection}, then Aut(G)
under the composition of mappings forms a group. We say Aut(G) acts transitively on V if
for any vertices u and v in V there is a € Aut(G) such that a(u) =v. Similarly, the edge

transitive graph can be defined.

Lemma 2. Suppose G is a graph, Ai, Ay, ....,A; are the orbits of Aut(G) under its natural
actionon V(G) and x,y € Aj, 1<i<t. Then D(x)=D(y) and DD(x)=DD(y). In particular, if
G is vertex-transitive then for every pair (u,v) of vertices D(u) = D(v) and DD(u)=DD(v).

Proof. It is easy to see that if vertices u and v are in the same orbit, then there is an
automorphism ¢ such that ¢(u) =v. Thus

D(V) = yev (6)d (V. Y) = Zwey (6) 8 (9(1), 0(w) = Sy () d (u, w) = D(u),
DD(V) = Zyev (6)dd (v, ¥) = Zwev () dd (o), (W) = Xwev (G)dd (u, w) = DD(u).
If G be a vertex-transitive graph then D(u) = D(v) and DD(u)=DD(v), u,veV(G).
This completes the proof.
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Theorem 3. If G is vertex-transitive, then for every vertex u in G we have
W(G) = %D(u) and DD(G) = %DD(U).
Proof. By using Lemma 2, one can verify that
V|

1 1 1
W(G) =2 Xx yev (6)4(%¥) =5 Lxev (6) Zyev (6) 4 (% ¥) =5 Xxev (6) P(Y) =—-D(¥).

Similarly the second part can be resulted from Lemma 2.

Lemma 4. Suppose G is a graph, Ei, Ey, ....,E; are the orbits of Aut(G) under its natural
action on E(G) and e=uveE;, 1<i<t. Then n(u|G)=n(v|G). In particular, if G is
edge-transitive then for every edge e=uv, n(u|G) =n(v|G).

Theorem 5. If G is edge-transitive then for every edge e=uv, we have
Sz(G) = E|n(u|G)n(v|G).

Proof. Apply Lemma 4.

Suppose now 7(G) = Sz(G) - W (G) and k(G) = DD(G) — Sz(G), then
k(G) = w(G) —n(G).

Example 1. Consider the square H depicted in Figure 1. It is well-known fact that H is both
vertex and edge-transitive. The distance and detour matrices of H are as follows:

D(G) Vi V2 V3 Vg DD(G) Vi Vo V3 Vg
Vi 0 1 2 1 Vi 0 3 2 3
Vo 1 0 1 2 Vo 3 0 3 2
V3 2 1 0 1 V3 2 3 0 3
Vy 1 2 1 O Vy 3 2 3 O

Hence, by Theorems 3,5 one can deduce that
W (H) :gx4:8, DD(G) :gx8:16, Sz(G)=4x4=16 and u(H) =8.

In general, for a cycle on n vertices, we have the following theorem.
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Vy V,

Figure 1. A labeled square.

Theorem 6. For the cycle C, on n vertices, we have

m 2|n
8
k(Cp) =
n(nz—l) 2/n
8

Proof. Since C, is both vertex and edge-transitive, by a direct computation, we have
e niseven, DD(U)=2(n-1)+2(n-2)+...+1(n-n/2) = (5n>-4n)/A4.
e nisodd, DD(u)=2(n-1)+2(n-2)+...+2(n-1)/2 = (5n*-7n)/4.

Hence, by using Theorems 3,5 one can prove that for any vertex u of C,,

2 3
neh=%) (32_4) 2|n n 2|n
DD(C,) = , Sz(Cp) =
n(3n2—4n+1) 21N n(n—l)2 2/n
8 4

This completes the proof.

Theorem 7. Suppose G is both vertex and edge-transitive r-regular graph, then
DD(G)-Sz(G) = %[DD(U) —rxn(u|G)n(v|G)].

Proof. According to Theorems 3,5 for every edge e=uv we have

DD(G)-Sz(G) = % DD)—|E|n(u|G)n(v|G)= % DD(u) —%n(u |G)n(v|G)

:%[DD(U)— rxn(u|G)n(v|G)].

It is clear that if T is a tree, then W(T)=DD(T)=Sz(T) and so x(G)=0. Further,
k(G) = u(G) if and only if all blocks of G are complete. In other words, if G is a graph
whose blocks are complete, then x(G) ¢{L,2,4,6}. Hence, it is natural to ask about values
of x(G)*?
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Let r, s > 0, denoted by U means a complete graph on n vertices with r and s
pendent vertices added to a and b, respectively, see Figure 2. In the following, we
determine this value for graph U, *.

u,”

n

Figure 2. Graph U, *.

Theorem 8.
n3 - 3n2 +6n-6
2

K(Up'") = +n2(s+r)—2r(n+s)—sn(r+3)_n+2.

Proof. Let Q be the clique of G, by using group action, we have to consider five types of
vertices:
e Case 1, e=vja by Figure 2, one can see that
n(vp|G)n(a|G)=n+s+r-1.
There are s+r edges of this type and so the contribution of these edges is
(s+r)(n+s+r-1).
e Case 2, e=ab by Figure 2, one can see that
n(a|G)n(b|G) =(s+1)(r+1).
o Case 3, e=xja where x; € Q. By Figure 2, one can see that
n(x |G)n(a|G)=s+1.
There are n-2 edges of this type and so the contribution of these edges is
(n=2)(s+1).
o Case 4, e=x;b where x; € Q. By Figure 2, one can see that
n(x |G)n(b|G)=r+1.
There are n-2 edges of this type and so the contribution of these edges is
(n=2)(r+1).
o Case 5, e=xixj where i#j and Xj, Xj € Q. By Figure 2, one can see that
n(x |G)n(x; |G) =1.

There are (n—2)(n—3)/2 edges of this type and so the contribution of these edges is
(n=2)(n-3)/2.

It follows that
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DDU;" :M+(s+ (% =n+1)+s(s—1) +r(r —1) + sr(n +1)
and
SZUy ) =(n+r+s=1(s+r)+(s+)(n+r-1)+(n-2)(r +1+nT_3)'
Thus,
DD(U ") -Sz(U*) = n°-3n° +6n-6 +n’(s+r)—2r(n+s)—sn(r+3)—n+2

2
and the proof is comple.

REFERENCES

[1] D. Ami¢ and N. Trinajsti¢, On the detour matrix, Croat. Chem. Acta 68 (1995) 53-62.
[2] J. Devillers and A. T. Balaban (Eds.), Topological Indices and Related Descriptors in
QSAR and QSPR, Amsterdam, Netherlands, Gordon and Breach, 2000.

[3] M. V. Diudea, G. Katona, I. Lukovits and N. Trinajsti¢, Detour and Cluj-detour indices,
Croat. Chem. Acta 71 (1998) 459-471.

[4] A. A. Dobrynin and A. A. Dobrynin, On the Wiener index of certain families of
fibonacenes, MATCH Commun. Math. Comput. Chem. 70 (2013) 565-574.

[5] A. A. Dobrynin, R. Entringer and I. Gutman, Wiener index of trees: Theory and
applications, Acta Appl. Math. 66 (2001) 211-249.

[6] M. Ghorbani and N. Azimi, Differences between detour and Wiener indices, Australas
J. Combin. 59 (3) (2014) 352-360.

[7] 1. Gutman, A. A. Dobrynin, The Szeged index—a success story, Graph Theory Notes N.
Y. 34 (1998) 37-44.

[8] I. Gutman, A formula for the Wiener number of trees and its extension to graphs
containing cycles, Graph Theory Notes, New York 27 (1994) 9-15.

[9] I. Gutman, P.V. Khadikar, P.V. Rajput and S. Karmarkar, The Szeged index of
polyacenes, J. Serb. Chem. Soc. 60 (1995) 759-764.

[10] F. Harary, Graph Theory, Addison-Wesley, Reading, Massachusetts, 1969.

[11] H. Hua, Wiener and Schultz molecular topological indices of graphs with specified
cutedges, MATCH Commun. Math. Comput. Chem. 61 (2009) 643—-651.

[12] H. Hua and S. Zhang, A unified approach to extremal trees with respect to
geometric—arithmetic, Szeged and edge Szeged indices, MATCH Commun. Math. Comput.
Chem. 65 (2011) 691-704.

[13] P. E. John, Ueber die Berechnung des Wiener-Index fuerausgewaehlte Delta-
dimensionale Gitterstrukturen, MATCH Commun. Math. Comput. Chem. 32 (1995) 207-
219.



Relation between Wiener, Szeged and detour indices s51

[14] M. H. Khalifeh, H. Yousefi-Azari, A.R. Ashrafi and S.G. Wagner, Some new results
on distance-based graph invariants, European J. Combin. 30 (2009) 1149-1163.

[15] T. Mansour and M. Schrok, Wiener, hyper-Wiener, detour and hyper-detour indices of
bridge and chain graphs, J. Math. Chem. 47 (2010) 72-98.

[16] T. Mansour and M. Schork, Topological Indices: Bridge and Chain Graphs, Chapterin:
I. Gutman and B. Furtula (Eds), Distance in Molecular Graphs—Theory, MCM,
Kragujevac, 2012 293-348.

[17] M. J. Nadjafi-Arani, H. Khodashenas and A. R. Ashrafi, Graphs whose Szeged and
Wiener numbers differ by 4 and 5, Math. Comput. Model. 55 (2012) 1644-1648.

[18] M. J. Nadjafi-Arani, H. Khodashenas and A. R. Ashrafi, On the differences between
Szeged and Wiener indices of graphs, Discrete Math. 311 (2011) 2233-2237.

[19] M. Randi¢, L. M. De Alba and F. E. Harris, Graphs with the same detour matrix,
Croat. Chem. Acta 71 (1998) 53-68.

[20] G. Ricker and C. Riicker, On topological indices, boiling points and cycloalkanes,
J.Chem. Inf. Comput. Sci. 39 (1999) 788-802.

[21] B.E. Sagan, Y.-N. Yeh and P. Zhang, The Wiener polynomial of a graph, Int. J.
Quantum. Chem. 60 (1996) 959-9609.

[22] S. Sardana and A. K. Madan, Application of graph theory: Relationship of molecular
connectivity index, Wiener’s index and eccentric connectivity index with diureticactivity,
MATCH Commun. Math. Comput. Chem. 43 (2001) 85-98.

[23] H. Wiener, Structural determination of paraffin boiling points, J. Amer. Chem. Soc. 69
(1947) 17-20.



