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ABSTRACT. In chemical engineering, several processes are represented by singular
boundary value problems. In general, classical numerical methods fail to produce good
approximations for the singular boundary value problems. In this paper, Chebyshev finite
difference (ChFD) method and DTM-Pad e method, which is a combination of differential
transform method (DTM) and Pad’e approximant, are applied for solving singular boundary
value problems arising in the reaction cum diffusion process in a spherical biocatalyst. ChFD
method can be regarded as a non-uniform finite difference scheme and DTM is a numerical
method based on the Taylor series expansion, which constructs an analytical solution in the
form of a polynomial. The main advantage of DTM is that it can be applied directly to
nonlinear ordinary without requiring linearization, discretization or perturbation. Therefore, it
is not affected by errors associated to discretization. The results obtained, are in good
agreement with those obtained numerically or by optimal homotopy analysis method.

Keywords: Diffusion-Reaction; Biocatalyst; Effectiveness factor; Differential transform
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1. INTRODUCTION

Nowadays, boundary value problems (BVPs) appear more and more frequently in different
research areas and engineering applications [1, 2, 3, 4, 5, 6]. In chemical engineering,
several processes, e.g. isothermal and non-isothermal reaction diffusion process inside a
porous cylindrical/spherical catalysts [7], solidification of cylindrical/spherical objects [8]
and radial heat transfer from cylindrical/spherical bodies [9] are all represented by singular
BVPs. Solving the nonlinear singular BVPs accurately and efficiently is considered a very
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important issue. However, it is also very difficult since the nonlinearity and the presence of
singularity. In general, classical numerical methods fail to produce good approximations for
the singular BVPs. In this paper, we apply two known techniques, DTM—Pad’e method,
and Chebyshev finite difference (ChFD) method, to solve one such problem. For
demonstration, the reaction-diffusion process inside biocatalysts (cells and enzymes) has
been solved with the Michaelis-Menten kinetics [10, 11]. The resulting problem is a
nonlinear singular BVP [10, 12].

DTM-Pad’e technique is a combination of the differential transform method (DTM)
and the Pad’e approximations. The concept of DTM was first introduced by [13] for the
solution of linear and non-linear initial value problems in electrical circuit theory
applications. The main advantage of DTM is that it can be applied directly to nonlinear
ordinary without requiring linearization, discretization or perturbation. Therefore, it is not
affected by errors associated to discretization. This method is a semi-numerical and semi-
analytic technique that formalizes the Taylor series in a totally different manner. In the
traditional Taylor series method, there requires symbolic computation of the necessary
derivatives and is not always formidable as the order becomes large. However, DTM
obtains a polynomial series solution by means of an iterative procedure [13, 14]. Recently,
status of the differential transformation method has been discussed in [15]. There are many
works on DTM (see for example [15] and the references therein).

ChFD method can be regarded as a non-uniform finite difference scheme. This
method has proven to be successful in the numerical solution of various boundary value
problems. In this method the derivatives of the functiony(t) at a pointt;is linear

combination of the values of the function y at the Gauss—Lobatto points t, =cos(kz/N),
where k=0,1,2,...,N, and j isaninteger 0< j<N [4,5, 6].

The paper has been organized as follows: In the next section, the mathematical
formulation is introduced and in Section 3, the basic concepts of DTM and Pad’e
approximations are presented. In Section 4, we describe the basic formulation of ChFD
method. Section 5 applies DTM-Pad’ e and ChFD methods to the considered problem. Also,
numerical results are given and compared with other results reported previously. A brief
conclusion is given in Section 6.

2. PROBLEM FORMULATION
Many chemical reactions take place inside a catalyst pellet, which is a porous material. As

Ref. [10], consider an inert permeable spherical solid particle. Also we assumed that the
biochemical reaction follows Michaelis-Menten kinetics. The application of mass balance
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for the substrate (A) over a thin spherical shell inside the biocatalyst yields the following
model equation [7, 10]

5 (4, 2dC,)__rC,
“Ldr? rdr ) K _+C,’

1)

where C, denotes the concentration of substrate, D, is an effective diffusivity, r is the

radial distance, r,is a maximum reaction rate and K, is the Michaelis—Menten constant.
The two boundary conditions are

C,=C,, atr=R (catalystsurface) (2)
and
dc, :

i =0, at r=0. (center of the catalyst) 3)

Normalizing Eq. (1) using the following dimensionless variables [7, 10], i.e.

_r-ASR2 _ Rzrm B CAS
¢_JQDM_JDm4run’ﬁ‘Km’ )

y=—- X=—
Cu R’

gives the following dimensionless equation

2
dy 20 eQ<p)y_ (5)
dx®  xdx 1+ By)
The boundary conditions for Eq. (5) are
y(@) =1, (catalyst surface) (6)
dy
" 0. (center of the catalyst) ()
X x=0

Here, ¢ denote the Thiele modulus and ¢*signifies the ratio of the intrinsic chemical

reaction rate in the absence of mass transfer limitation to the rate of diffusion through the
catalyst [10], i.e.
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» _reaction rate at the catalyst surface
diffusion rate through the catalyst pores

Also, the ratio of the observed reaction rate to the rate in the absence of intraparticle
mass and heat transfer resistance is defined as the effectiveness factor (1) [12]. For a

spherical catalyst, the effectiveness factor is given by [11]:

3 dy
= —_—— . 8
n 7 x| (8)

As, pointed by [12], except for a few cases, the analytic solution of the boundary value
problem (1)-(3), is in general, not feasible, and the problem can only be solved numerically.
In [10] the optimal homotopy analysis method (OHAM) has been applied for solving
problem (1)—(3). Gottifredi and Gonzo [11] applied asymptotic matching approach to solve
the same problem but in a slab geometry. Homotopy analysis method [16] and Adomian
decomposition method [17] have been applied, again for a slab catalyst. Also, for spherical
catalyst, the restarted Adomian decomposition method has been used in [18]. In [19], in
several geometries and kinetics, an implementation of the Sinc—Galerkin scheme is used to
approximate effectiveness factor and concentration profile of key component when a single
independent reaction takes place in a porous catalyst structure where enzymes are
immobilized. The authors of [20] developed a robust numerical method for computing the
effectiveness factor of a heterogeneous reaction in a catalyst. The method is based on
shooting at the outer surface of the catalyst and is optimized for an accurate estimation of
the concentration gradient at the outer surface. Also, in [12] an efficient method for
computing approximate value of the effectiveness factor for an arbitrary rate expression and
for three representative catalyst shapes, namely, an infinite slab, an infinite cylinder and a
sphere is presented.

3. DIFFERENTIAL TRANSFORMATION METHOD ANALYSIS

The basic definition of the differential transform method is given as follows:
Differential transform of function y(x) is defined as:

11d"y(x)
Y(k)=—|——=| , 9

() k!{ dx | ®)
where y(X)is the original function and Y (k) is the transformed function. The inverse
differential transform of Y (k) is given by

Y09 =3 Y (0 (10)
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Combining Egs. (9) and (10) we have:

0

y(X)ZZX—{d Y(X)} . (11)

Sl dx

It is clear that the concept of DTM is based upon the Taylor series expansion.
However, the DTM does not evaluate the derivatives symbolically. In practical
applications, the function y(X) is expressed by a finite series and Eq. (10) can be rewritten

as follows:

y(x) = X, Y (k)x*, (12)

0

which means that y(x)=> "
operations performed by differential transform method are listed in Table 1.

Y (k)x* is negligibly small. Some of the fundamental

3.1. THE PADE APPROXIMATIONS

Given a function f(x) expanded in a Maclaurin series f(x)=zi°°:0aixi. A Pade
approximant is a rational function and the notation for such a Pad’e approximant is:

P.(X)
Qu(x)’

where P (X) is apolynomial of degree at most L and Q,,(x) is a polynomial of degree at
most M . Let

[L. M]=

(13)

PL(X) =Pot+ PX+ F’2X2+---+ PLXLv (14)
Q,(X) =0y +gxX+0,x°+...+ g, x™, (15)

are given. We note that there are L+1 independent coefficients in the numerator and
M +1 coefficients in the denominator. To make the system determinable, let g,=1. We

then have M independent coefficients in the denominator and L+ M +1 independent
coefficients in all. Now the [L,M] approximant can fit the power series through orders

L+M+1

1,x,%x%...,x""™ with an error of O(x ). Consequently

Z iXi _ Po+ PX+ PZZX +...+ PLﬁ +O(XL+M+1). (16)
“ l+q1X+q2X t...+(qyX

By cross-multiplying Eqg. (16), we find that

149X +Q.% 2440y x " )(a, +aX +aX *+...)=Po+PX +P X2 +... 4P X" +O0 (x “*M*).
ql qZ qM 0 a'l 2

(17)
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Equating coefficients of x"*, x~*%...,x"™™ inturn, we can write

G, +ly 18, +ota,, =0,

OuaL M2 t0y 8 mest--t8 =0,

quad, +0y @ ., +...+a_,, =0.

Thus, we have M linear equations for the M coefficients in the denominator. These
linear equations can be solved for the unknown Q's. Also, we can equate coefficients of

1,x,x%,...,x'to get Py, Py,...,P.. We have

Py, = ay,
Py =a; + quay,
P, = a, + q1a;, + qza,,

Min{M,L}
P, =a,+ Z qrLar—k-
k=1

Thus the numerator and denominator of the Pad’e approximants are determined. It is
worthy to mention here that, each choice of Land M leads to an approximants. The major
difficulty in applying the technique is how to direct the choice in order to obtain the best
approximant. A criterion which has worked well here is the choice of [L, M] approximants
such that L =M, [21]. The details of Pad"e approximants may be found in [22]. In this
paper, we construct the approximants using Maple software.

Table 1: The fundamental operations of DTM.

Original function Transformed function
y(x) = of (x) £ By () Y (k) = aF (k) + BG(k)
v =91 (x) v () =D e )
dx k!
X)=x" 1 k=r
y(x) Y(k)=5(k—r)={0 o
y(x) = f(x)g(x) Y(k) =Y F(mG(k-m)
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4. CHEBYSHEV FINITE DIFFERENCE METHOD

The well known Chebyshev polynomials of the first kind of degree n are defined on the
interval [-11] as, T, (t) =cos(ncos*(t)), n=0,1,... Obviously T (t)=1 T (t)=1t and
they satisfy the recurrence relations:

T.,O=2T@0)-T (), n=12..

We choose the grid (interpolation) points to be the extrema
t, =cos(%), k=012,..N,

of the N—th order Chebyshev polynomial T, (t). These grids, t, =-1<t,, <..<t <t;=1

are viewed as the zeros of (1—t2)T’(t) where T'(t) =dT /dt. These grids, are also called

the well known Chebyshev—Gauss—Lobatto points. The authors of [23] introduced the
following approximation of the function y(t):

N N 2 N "
Y ®=2"a, T, a8, =2 "yE)T (). (18)
n=0 j=0
The summation symbol with double primes denotes a sum with both the first and last terms
halved. The first and second derivatives of the function y(t) at the point t, are given by [4]

N
Y () =2 dMy(), n=12 (19)
j=0
where
40, & & no :
df =—1> > =T @,)T(t) k j=0L..N.
N = = ¢

(n+l)odd

20, & 2 n(n®-1%)6, :
a="0% 5 Mo ), k=01
n=0 1=0 |
(n+l)even

with 6, =6, =1/2, 0, =1 for j=12,..,N -1, and ¢, =2, ¢, =1for i >1.Itis easily
seen from (19) that the first and second derivatives of the function y(t)at any point from

the Gauss—Lobatto nodes are expanded as linear combination of the values of the function
at these points.
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5. APPLICATIONS AND NUMERICAL RESULTS

In this section, we will apply the DTM-Pad e method and ChFD method to the boundary
value problem (5)—(7).

5.1 APPLING THE DTM-PAD E METHOD

Taking differential transform of Eg. (5), one can obtain

@+ pY (O)k(k+1Y (k+1) +,BZK:Y(k1—1)(k —ki+D)(K—ki+2)Y (K—ki+2)

k=2

+2| (1+ Y (O)(k +1)Y (k +1) +ﬁzk:Y (ko)(k —ko +1)Y (k—ko+1) |- ¢°(L+ B)Y (k~1) =0,

kp=1

k=12,...,N -1, (20)

where Y (k) is the differential transformations of function y(X). From the boundary
conditions (6) and (7) we get

iY(i) =1 (21)
v 1) =0, (22)

respectively. The values of Y(i),i=012,...,N, can be obtained from Egs. (20)—(22).

Using these values in Eq. (12), we obtain solution of the BVP given in Egs. (5)—(7). As an
example for f=1,¢=2 and N =8, by using Eq. (20) we obtain

6Y (2) + 6Y (2)Y (0) + 2Y (1)° - 8Y (0) =0, (23)
12Y(3) +12Y (3)Y (0) +8Y (1)Y (2) -8Y (1) =0, (24)
20Y (4) + 20Y (4)Y (3) +14Y (1Y (3) + 6Y (2)*—8Y (2) =0, (25)
30Y (5) +30Y (5)Y (0) + 22Y ()Y (4) +18Y (2)Y (3) -8Y (3) =0, (26)
42Y (6) +42Y (B)Y (0) +32Y ()Y (5) + 26Y (2)Y (4) +12Y (3)*—8Y (4) =0, (27)
56Y (7) +56Y (7)Y (0) + 44Y (1)Y (6) + 36Y (2)Y (5) + 32Y (3)Y (4) - 8Y (5) =0, (28)

72Y (8) + 72Y (8)Y (0) +58Y (L)Y (7) + 48Y (2)Y (6) + 42Y (3)Y (5) + 20Y (4)> —8Y (6) = 0. (29)

Solving the system of algebraic equations (21)—(29), with the help of Maple, we get
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{Y (0) =0.488398, Y (1) =0, Y (2) =0.437516, Y (3) =0, Y (4) =0.078997, (30)
Y (5) =0, Y (6) =—0.004265, Y (7) =0, Y (8) = —0.0006470.

Using Egs. (12) and (30) yield

y(x) = 0.488398 + 0.437516X* + 0.078997x" —0.004265x° — 0.000648x°.

The [4,4] Pad’e approximant gives

V(0= 0.488398 + 0.440757x* +0.086077 x* . (31)

1+0.006636x* +0.008551x*
5.2.  APPLING THE CHFD METHOD

Since the Gauss—Lobatto nodes lie in the computational interval [-1,1] in the first step of

ChFD method, the transformation t =2x —1 is used to change Eg. (5) to the following
form:

2
LY, B Ay A+p)y

dt? t+1dt ' (1+By)

(32)

also the boundary conditions (6) and (7) are changed to
y@)=1, y'(-1)=0. (33)

Now, to find the solution y(t) in (32), by applying the ChFD method, a collocation scheme
is defined by substituting (18) in (32) and evaluating the result at the Gauss—Lobatto nodes
t, for k=12,..,N -1 and using Eq. (19), we get

. 8 N a+B)y)
43 dPy() +——> dPy(t,)-¢* =0, k=12,..,N-1, (34)
,Z(; oo tk+l,-z=(; V(6= 1+ By(t))
for k=0and k=N by using the boundary conditions (33) we obtain
N
Y(to) =1, Zdrsll,)jy(tj) =0. (35)
j=0

Therefore Egs. (34) and (35) generate a set of N +1 nonlinear algebraic equations, which
can be solved for the unknown y(t,),k =0,...,N. Consequently y(t) given in equation
(18) can be calculated.
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5. 3. NUMERICAL RESULTS

The following expressions are obtained for the same value of parameters (8 =1¢ =2) by
using OHAM [10] and by using the relation of Li et al. [24]

Yoraw (X) = 0.489948 + 0.437501x° + 0.075384 x"* — 0.002834x°,
y,(X) =0.457427 + 0.418479%* + 0.124094%°,

respectively. Figure 1 shows the dimensionless concentration profiles computed by the
DTM-Pad’e method and ChFD method for N =8 together with those obtained by the
approximate relation of Li et al. [24] and the result obtained by Danish et al. [10]. From
Figure 1, we can see that the DTM-Pad’e method and ChFD method, are in good agreement
with those obtained by OHAM. Also, for ¢ =2 and different values of # and N, Table 2
shows the value of effectiveness factor n obtained by the present methods, the numerical
(eventual exact) method reported in [10], OHAM [10] and the relations provided by Li et
al. [24]. Table 2 shows that the results obtained by present methods are in good agreement
with those obtained numerically or by OHAM. Furthermore, in Figures 2 and 3 we
calculate the following absolute residual error

2(1+ﬁ)yN|
@+ By,

for ¢ =2 and different values of N and B. Here, y,(x) is the computed result by using
DTM-Pad’e method. The order of Pad’e approximation[L,M], is calculated with the
following formula:

|dZYN+EdYN
‘dx2 X dx

IRes(x)| = —¢

N/2 if N even
L=M = .
(N-1)/2 if Nodd
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Figure 1 : Comparison of dimensionless concentration profiles obtained by the ChFD
method, DTM-Pad’e method, the relation of Li et al. [24] and OHAM [10].

It can be seen from Figures 2 and 3 that | Res(x)| decrease by increasing N .
Finally, in Figure 4 the | Res(x)| is plotted for ¢ =2,N =10 and different values of 3.
Here, y, (X) is the computed result by using ChFD method.

Table 2 : The values of effectiveness factor (1) obtained by different methods

n
OHAM ,
Numerical | Lietal. (n =8) ChFD DTM-Pad’e
) B | solution [24] ElO] s (nes Tnew  nem

2 1 0.8716 0.9069 | 0.8716 | 0.8716 | 0.8705 | 0.8716 | 0.8716
2 10 0.9647 0.9673 | 0.9645 | 0.9647 | 0.9650 | 0.9641 | 0.9644
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B=1, ¢=2

|Res(q |

Figure 2 : Plot of |Res(x)| for 8 =1,¢ =2 and different values of N, for DTM-Pad’e

method.

Figure 3 : Plot of |Res(x)| for B =10,4 =2 and different values of N, for DTM-Pad’e

method.
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Figure 4: Plot of |[Res(x)| for $=2,N =10 and 8 =1(upper) and B =10(down), for
ChFD method.
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5. CONCLUSION

The current study has successfully applied DTM-Pad’e and ChFD methods to solve
nonlinear singular boundary value problems which frequently arise in chemical and
biochemical engineering. The results of both numerical methods are compared with those
predicted by OHAM and with other results reported in the literature. The work emphasized
our belief that these methods are reliable techniques to handle these types of problems.
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