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ABSTRACT 

Let G be a simple connected graph. The first and second Zagreb indices have been introduced 

as   )G(Vv
2)v(Gdeg)G(1M  and   )G(Euv )v(Gdeg)u(Gdeg)G(2M , respectively, 

where )uG(degvGdeg  is the degree of vertex )u(v . In this paper, we define a new 

distance-based named HyperZagreb as .)G(Euve
2))v(Gdeg)u(G(deg)G(HM     In 

this paper, the HyperZagreb index of the Cartesian product, composition, join and 

disjunction of graphs are computed. 
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1. INTRODUCTION 

In this paper, it is assumed that G is a connected graph with vertex and edge sets V(G) and 

E(G), respectively. We consider only simple connected graphs, i.e. connected graphs 

without loops and multiple edges. For a graph G, the degree of a vertex v  is the number of 

edges incident to v , denoted by vGdeg . A topological index Top(G) of a graph G, is a 

number with this property that for every graph H isomorphic to G, Top(H) = Top(G). 

Usage of topological indices in chemistry began in 1947 when chemist Harold Wiener 

developed the most widely known topological descriptor, the Wiener index, and used it to 

determine physical properties of types of alkanes known as paraffin. In a graph theoretical 

language the Wiener index is equal to the sum of distances between all pairs of vertices of 

the respective graph. For a nice survey in this topic we encourage the reader to consult [14]. 
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Numerous other indices have been defined. The Zagreb indices have been introduced more 

than thirty years ago by Gutman and Trinajestić [6]. They are defined as: 





)(

2

1 )deg()(
GVv

vGM  

          



)(

2 ).deg()deg()(
GVuv

vuGM  

We encourage the reader to consult [1, 5, 16, 17, 18] for historical background, 

computational techniques and mathematical properties of Zagreb indices. We define the 

HyperZagreb index as: 





)(

2))(deg)((deg)(
GEuve

GG vuGHM . 

The Cartesian product HG  of graphs G and H has the vertex set 

)()()( HVGVHGV  and ),)(,( ybxa  is an edge of HG  if ba   and )(HExy , 

or )(HEab  and yx  .  

The join HG  of graphs G and H is a graph with vertex set )()( HVGV   and 

edge set )}()(:{)()( HVvandGVuuvHEGE  .  

The composition ][HG  or ( HoG ) of graphs G and H with disjoint vertex sets 

V(G) and V(H) and edge sets E(G) and E(H) is the graph with vertex set )()( HVGV   and 

),( 11 vuu  is adjacent to ),( 22 vuv   whenever 1u  is adjacent to 2u  or 21 uu   and 1v  is 

adjacent to 2v . 

The symmetric difference HG  of two graphs G and H is the graph with vertex 

set )()( HVGV   and 

}bothnotbut)H(E2v2uor)G(E1v1u|)2v,1v)(2u,1u{()HG(E  . 

The tensor product HG  of two graphs G and H is the graph with vertex set 

)()( HVGV   and )}H(E2v2uand)G(E1v1u|)2v,1v)(2u,1u{)HG(E  . 

The corona product HG   is defined as the graph obtained from G and H by 

taking one copy of G and )(GV  copies of H  and then joining by an edge each vertex of 

the i th copy of H  is named ),( iH  with the i th vertex of G . 

 

2. NEW GRAPH INVARIANT 

In this section, we define the HyperZagreb index of a graph and some exact formulae for 

the HyperZagreb index of some wellknown graphs are presented. We begin with the 

definition and crucial lemma related to distance properties of some graph operations. 
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Let us begin with a few examples, then we will give a crucial lemma related to 

distance properties of some graph operations. Our main results are applications of this 

lemma in computing exact formulae for some graph operations under HyperZagreb index. 

 

Example 1. In this example the HyperZagreb index of some well-known graphs are 

calculated. We first consider the complete graph nK . Then the degree of any vertex in this 

graph is 1n , thus 





)(

32 )1(2))(deg)((deg)(
knEuve

kkn nnvuKHM
nn

.

 

Let nmK , denote a complete bipartite graph. Then we have: 

 .

)K(Euve

2)nm(mn2))v(kdeg)u(K(deg)n,mK(HM

n,m

n,mn,m


  

For a cycle graph with n vertices, we have: 





)(

2 16))(deg)((deg)(
n

nn

CEuve

CCn nvuCHM . 

For a path with n vertices, we have: 





)(

2 3016))(deg)((deg)(
n

nn

PEuve

ppn nvuPHM . 

For wheel on 1n  vertices, we have: 

)456())(deg)((deg)( 2

)(

2  


nnnvuWHM
n

nn

WEuve

WWn . 

Finally, for a ladder graph with n2  vertices, 3n , the HyperZagreb index can be 

computed by the following formula: 

156108))(deg)((deg)(
)(

2

2

2

22
 



nvuLHM
n

nn

LEuve

LLn . 

 

Lemma 1. Let G and H  be two connected graphs, then we have: 

 

(a) ,)()()(])[()()( HVGVHGVHGVHGVHGV 

,)()()()()( HEGVHVGEHGE 

,)()()()()( HVGVHEGEHGE 

,)()()()(])[(
2

GVGEHVGEHGE 

,)()(2)()()()()(
22

HEGEGVGEHVGVHGE 

.)()(4)()()()()(
22

HEGEGVHEHVGEHGE   

      (b) HG  is connected if and only if G and H  are connected. 
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      (c)  If ),( ba  is a vertex of HG then   ).(deg)(deg),(deg baba HGHG   

      (d) If ),( ba  is a vertex of ][HG  then   ).(deg)(deg)(),(deg ][ baGVba HGHG   

      (e) If ),( ba  is a vertex of HG  or HG , we have: 

             ).(deg)(deg2)(deg)()(deg)(),(deg babGVaHVba HGGHG H   

              ).(deg)(deg)(deg)()(deg)(),(deg babGVaHVba HGGHG H   

       (f) If a  is a vertex of HG   then, we have: 










)()()(deg

)()()(deg
)(deg

HVaGVa

GVaHVa
a

H

G

HG  

                          

Proof: The parts (a) and (b) are consequence of definitions and some famous results of the 

book of Imrich and Klavzar [7]. For the proof of (c-f) we refer to [8].  

 

Theorem 1. Let G and H be graphs. Then we have: 

))G(1M)H(V)H(1M)G(V(5)H(HM)G(HM)HG(HM   

                      + 






  )H(E)G(E)G(E
2

)H(V)H(E
2

)G(V8  

                      +   )()((4))()(()()( 2 HEGEGVHVHVGV  . 

 

Proof: From the definition we know: 

)}H(Vv),G(Vu:uv{)H(E)G(E)HG(E  UU  

So, we have: 






)HG(Euv

2)vHGdeguHG(deg)HG(HM   

                     =   



)H(Euv

2)vHGdeguHG(deg  

                     +  



)G(Euv

2)vHGdeguHG(deg  

                     + .

)}H(Vv),G(vu:uv{uv

2)vHGdeguHG(deg


  

 

It is easy to see that: 

  )1()()()()(4)()deg(deg 1

2


 
Auv

HGHG HEGVHMGVHHMvu

 
and similarly we have: 
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  )2(.)()()()(4)()deg(deg 1

2


 
Buv

HGHG GEHVGMHVHHMvu  

Finally, we can write: 

  





 
Cuv

HVv
GVu

GGHGHG GVvHVuvu

)(
)(

22 )(deg)(deg)deg(deg  

                                           )H(E)G(E8)G(1M)H(V)H(1M)G(V   

                                            + 




  )H(E)G(E(42))G(V)H(V()H(V)G(V  

                                            + )3(.)G(E
2

)H(V)H(E
2

)G(V4 






   

 

Combining these three equations ((1), (2), (3)) will complete the proof.  

 

Theorem 2. Let G and H be graphs. Then we have: 

 

)()(16)()(8)()(8)()()()()( 11 HEGEGMHEHMGEGHMHVHHMGVHGHM   

 

Proof: From the definition of the Cartesian product of graphs, we have: 

}),(),(:),)(,{()( baHExyoryxGEabybxaHGE   

therefore we can write: 

 

 




)HG(E)y,b)(x,a(

2)y,b(HGdeg)x,a(HGdeg)HG(HM  

                     +  





)H(Exy
)y,a)(x,a(

2)y,a(HGdeg)x,a(HGdeg  

                     =  





)G(Exy
)x,b)(x,a(

2)x,b(HGdeg)x,a(HGdeg  

                     +   
 



)G(Va )H(Exy

2yHdegxHdegaGdeg2  

                     =   
 



)H(Vx )G(Eab

2bGdegaGdegxHdeg2  

This implies that,  

.)()(16)()(8)()(8)()()()( 11 HEGEGMHEHMGEGHMHVHHMGV   

 

Theorem 3. Let G and H be graphs. Then we have: 
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  )()()(2)()()()(][ 1

4
HMHVGEHHMGVGHMHVHGHM   

    .)()(2)()()()(8 11 HVGMHMGEHEHV   

Proof: From the definition of the composition ][HG  we have:  

 

   






)G(Eab
])H[G(E)y,b)(x,a(

2)y,b(]H[Gdeg)x,a(]H[Gdeg]H[GHM  

                    +   





)(
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2
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HExy
HGEyaxa

HGHG yaxa  

So we have: 
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




)(
])[(),)(,(

2

][][ ),(deg),(deg
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HGEybxa

HGHG ybxa  
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  
 


)( )(

1

22
))(deg)()(deg()(2))(deg)((deg)()()(
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)4(.)H(E
2

)H(V)G(1M8)H(E)H(V)G(E8)H(1M)H(V)G(E2)G(HM
4

)H(V 

Moreover,  

 





)(
])[(),)(,(

2

][][ ),(deg),(deg

HExy
HGEyaxa

HGHG yaxa  

  
 


)( )(

2
)(deg)(deg)(deg)(2

GVa HExy

HHG yxaHV

 



)(

1

22
)()(deg)(4)()(deg)()(4

GVa

GG HMaHVHHMaHVHE  

)5(.)H(E)H(V)H(1M8)H(HM)G(V
2

)H(V)H(E)G(1M4 

 

It is easy to see that the summation of )4(  and )5(  complete the proof.  

                                                                                                                                       

Theorem 4. Let G and H be graphs. Then we have: 

 

 1)(2)()(4)()(5)()(5)()()()( 11  HVGEHVHMGVGMHVHHMGVGHMHGHM

   .)(4)(2)()()()()()(8
3

HEHVHVHVGVGEGVHE   

 

Proof: Let )(GEA  , ),( iHEB   and ),( iHandGbetweenedgesC   then: 

     
 

 
Auv Auv

GGHGHG HVvHVuvu
22 )(deg)(deg)deg(deg  
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  )6(.)()()(4)( 1 GMGEHVGHM 

  
 

 
)(

1 )(

22 1deg1deg)deg(deg
GV

i HEuv

HH

Buv

HGHG vuvu  

                                       )7(.)H(1M4)H(HM)H(E4)G(V   

 

      



 

)},(),({

22
1deg)(degdegdeg

iHVvGVu
Cuv

HG

cuv

HGHG vHVuvu  

                                            )()(4)(2)(41)()()(
22

GEHVHVHEHVHVGV   

                                            )8(.)(2)()(4)()()()( 11 GEGVHEHMGVGMHV   

Combining these three equations ((6), (7), (8)) complete the proof.  

 

3. FUTURE WORK 

In addition, further research we seek to generalize the above theorems for n graph. Then 

you can see the similarities between generalization of the first and second Zagreb and their 

generalization to HayperZagreb index of graphs. 
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