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ABSTRACT

The geometric-arithmetic index is another topological index was defined as
ZQfde u)degg (v
GAG) =X veE 96 () degg (v) , in which degree of vertex u denoted by deg, (u). We

degg (u) +degg (v)
Z—JSG(U)SG(V), where eg(u) is

e=weE(G) £g(U)+eg (V)
the eccentricity of vertex u. In this paper we compute this new topological index for two
graph operations.

now define a new version of GA index as GA,(G) =
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1. INTRODUCTION

By a graph means a collection of points and lines connecting a subset of them. The points
and lines of a graph also called vertices and edges of the graph, respectively. If e is an edge
of G, connecting the vertices u and v, then we write e = uv and say "u and v are adjacent”. A
connected graph is a graph such that there is a path between all pairs of vertices. The fact
that many interesting graphs are composed of simpler graphs that serve as their basic
building blocks prompts and justifies interest in the type of relationship that exist between
various graph-theoretical invariants of composite graphs and of their components. The
composite graphs considered here arise from simpler graphs via several binary operations.
Such operations are sometimes called graph products, and the resulting graphs are also
known as product graphs.
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Let G be a graph on n vertices. We denote the vertex and the edge set of G by V(G)
and E(G), respectively. For two vertices u and v of V(G) we define their distance dg(u, V) as
the length of a shortest path connecting u and v in G. For a given vertex u of V(G) its
eccentricity ¢ (u) is the largest distance between u and any other vertex v of G. Hence,

&6 (U) =max,, g de (U,v) [1-7]. The minimum and maximum eccentricity over all vertices

of G are called the radius and diameter of G and denoted by R(G) and D(G), respectively.
The Zagreb indices have been introduced more than thirty years ago by Gutman and
Trinajesti¢ [8]. They are defined as:
M, (G)= > (dege(v)) and M,G)= - deg, (u)degs(v).
veV (G) uveE(G)
Now we define a new version of Zagreb indices as follows [9]:

M'G)= > cU)+el)and M;G)= > &U)elv).

uveE (G) uv eE (G)
It is easy to see that for every connected graph G, M, (G) =£(G).
A class of geometric—arithmetic topological indices may be defined as
GA jerera :ZUVEE&, where Q. is some quantity that in a unique manner can be
Q. +Q,

associated with the vertex u of the graph G, see [10]. The first member of this class was
considered by Vukicevi¢ and Furtula [11], by setting Q, to be the

2, deg, (u) deg,, (v)
deg, (u) +degg (v) °
where degree of vertex u denoted by deg;(u). The second member of this class was

considered by Fath-Tabar et al. [12] by setting Q, to be the number n, = n, (e|G) of vertices
of G lying closer to the vertex u than to the vertex v for the edge uv of the graph G:

GA(G) = ZuveE

2\n,n,
GAZ (G) = ZUVEE
n,+n

u \

The third member of this class was considered by Zhou et al. [13] by setting Q, to
be the number m, = m, (e|G) of edges of G lying closer to the vertex u than to the vertex v

for the edge uv of the graph G:
2,/m,m,
GA3(G) :ZuveE - -
m, +m,

The fourth member of this class was defined by Ashrafi et al. [14] as follows:
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_ 2,Jeg (U)eg (V)
GAG)=2wee—
&g (U) +eg(V)
where ¢, (u) denotes to the eccentricity of vertex u.

A fullerene graph is a cubic 3-connected plane graph with (exactly 12) pentagonal
faces and hexagonal faces. Let F, be a fullerene graph with n vertices. By the Euler formula
one can see that F, has 12 pentagonal and n/2 — 10 hexagonal faces [15,16].

Sometimes GA4 is a better descriptor for molecular structures than GA index. For
example, consider two distinct isomers of fullerene Cs, depicted in Figure 1. Since every
fullerene graph is 3 regular, then GA(Css:1) = GA(Css:2). But they have different GA4
value. In other words, GA,(C,,:1) =6 and GA,(C,; :2) =8.

ngil C33:2

Figure 1. Two distinct isomers of Csg.

Throughout this paper our notation is standard and mainly taken from standard
books of graph theory such as [17, 18] and [19 — 21]. All graphs considered in this paper
are simple and connected.

2. MAIN RESULTS AND DISCUSSION

The aim of this section is to compute GA4(G), for some graph operations. Before going to
calculate this index for graph operations, we must compute GA4(G), for some well-known
class of graphs.

Example 1. Let K, denotes the complete graph on n vertices. Then for every veV(K,),

deg, (V) =n-1 and &, (v) =1. This implies GA,(K,)= X ZT‘Ez n(nz—l)_
uveE(G)
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Example 2. Let C,, denotes the cycle of length n. If n is even then for every i, then i-th row
i

of distance matrix of C, is 1,2,...,0,..., (n-1)/2, n/2, (n-1)/2,...,2,1. When n is odd then
i

theitisequalto 1,2,...,0 ,..., (n-1)/2, (n-1)/2,...,2,1. Hence,

,[nn
uveE(G) E+E
GA/(C,) = e .
N2 2
> —=—=—=n 2|n
uveE(G) n_1+n_l
2 2

Example 3. Let S, be the star graph with n + 1 vertices, Figure 2. The central vertex is
denoted by x and others vertices by uj, Uy, ..., Uy. Then for every 1 <i, j <n, we have dg(X ,

uveE(G)

Example 4. A wheel W, is a graph of order n which contains a cycle of order n, and for
which every vertex in the cycle is connected to other graph vertices, Figure 3. Suppose the
central vertex is denoted by x and the others by uy,u,.....,un. Then for every 1 <i, j <n we
have dg (X, ui) = 1, dg (Ui, Ui-1) = 1, dg (Ui, Uis1) = 1 and da(ui , uj) = 2j(j #i -1, i+1). So,

242 242

GA4(\AIH):Tn+n:(TZ+1)n.

Figure 2. The Star Graph with n+1 Vertices.
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Theorem 1.
2.M, (G
VORI (é))
Proof.

(AT = 5,e S0y 5 e etw)etv)
(8(U) + S(V)) uvu'v' (g(u) + S(V))(S(U ) + S(V ))

4e(We(Y) _ M;(G)
(e +eW) M, G)F

2 ZUVGE

Figure 3. The Wheel Graph with n+1 Vertices.

Theorem 2. Let G be a graph with m > 2 edges. Then

2M,G)

2, .«
M’ G) SGA4(G)S§M2(G).

Proof. We can suppose &(u) =g, (u) for the vertex u in G. It is easy to see that for every e =

uvin E(G), e(u)+e(v)>3. By the definition of GA4 index we have

3 2,/e(u )s(v) 2
GA,G)=2u e(U) + _(V ) 73 Zuv e VeU)e(v)

2 2 .«
< §ZuveE S(U )S(V ) _gM Z(G )

On the other hand,

GA,G)=u ZW ZUVEE S(U)s(v) 2M (G)

gu)+elv) M, G) M,G)
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This completes the proof.

The join G=G,+G, of graphs G; and G, with disjoint vertex sets V, and V, and
edge sets E; and E, is the graph union G, UG, together with all the edges joining V, and
V,. Itis easy to see that |V (G, +G,) |=nn, and | E(G, +G,) |=m, +m, +nn,.

Lemma 3 [19].
1 g, (w=1 or g5 (U=l
G +G, (U) _{ > ’

12 g W22 or gy (u)=2
Theorem 4. Let G, and G, be connected graphs, where w, =[{u eV (G)), &5 (u)=1}| for i=

1,2.

2\2

GA, (G, +G,)=m +m,+nn, +T(®l +o,)(N, +N, + o, +,).

Proof. Let g(u) =¢¢ ¢, (U) . So, we have

GA(G,+G)= ¥ 24/8(U)'8(V)

weE(G+G,) S(U) + S(V)

2 z»:(u)-a(v)Jr > ZQ/av,(u)-a(v)Jr > Za/a(u)-a(v).

weg(Guen, (U +E(V)  weglGucn e(U)+e(V)  weE@ac, o 8(U)+E(V)

By using table 1, it is easy to see that:

24/s(u)-s(v): 14y 242 1

332523;62)1 eW+e(V)  sumwa sow 3 suem-2

e(v)=2

_(w), 22 W,
_(ZJ —w,; x(n, w1)+[ml—[2J w, x (N, — )j

=m, +¥(wl x (N, —w,)),

2yeU)-&(v) _ Zl+z&+ 31

“VEE(%Jsz) eW+e(V)  cumma a3 =2

uv e(v)=2

:(V;ZJ %w x (N, —W)+( [V;ZJ—sz(nZ—WZ)]
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22

=m, +T(W2 x(n, _Wz))'

For computing the term > 2—“8@8(\/) according to table 1 we should

WG 6,y S HEW)

to consider the following classes of edges:

Case 1: Number of edges with &5 (U)=g5(V)=1 1is wxw,, where
uve E(G,+G,),uv¢ E(G),uve E(G,) .
Case 2: Number of edges with & (U)=1 and &, (v)=2 is

(N, =W)X W, + (N, —W,)xW,.

Case 3: Number of edges with e (U)=g5 (V)=2 is (N, —w;) < (N, —W,).

Therefore,
2 Je(u)-e(v) 5 Lkzzﬁ+ s 1
E(G,4G,), s(U)+¢(v - -1 -1, 3 = =2
A R

22

= W,W, +T((n1 —W)W, +(n, _Wz)Wl)+ (n, —w;)(n, —W,).

Finally, we have:

J‘s 22 -3
3

GA,(G,+G,) =m +m, +nn, + ——=(n +n,) (W, +W,) — (W, +Ww,)°.

Corollary 5. If w,=w, =0, then GA,(G,+G,)=m +m,+nn, = E(G,+G,)]|.

Lemma 6 [18]. Let Gy, ..., Gk be some connected graphs. Then:

1
DIEG, +-+G) -2 E(Gi)|+—i|V(Gi)|jil|V(G,-)|
J#i
—Zm+ Zan,

i=1 j=1
] #i

Jit g5 (U)=1
2) S(Gl+---+Gk)(u) = 2 Jdi: &, (U) >2
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Table 1. Values of ¢, (u),e;(v) for edges e = uv.

Graph Gy G,
#Vertices N n,
#Edges my m,
: W, W,
#Edges with e5(U) =¢g5(v) =1 5 J [ 5 ]
# Edges with g5 (U) =1,e5(v) =22 w, x (N, —w,) W, x (N, —W,)

Wl
_ _ — W,
#Edges with g5(U) >2,e5(vV) =2 m, [ 2 W, x (N — W) m, —( 22]—W2 x(n, —w,)

# Vertices with g (u) =1 Wi W,

Theorem 7. Let Gy, ..., Gk be some connected graphs. Then:

2ﬁ_3+ini K ~2J2-3
3 i1 i 3

GA(G +:--+G,)=m+

k 2
(Xw)".
k
Corollary 8. If > w; =0, then GA,(G, ++--+G,) =| E(G, ++--+G,) |=m.
i=1
The disjunction G,vG,of graphs G, and G, is the graph with vertex set
V(G)xV(G,) and (u,,Vv;) is adjacent with (u,,v,) whenever uu, € E(G))or vv, e E(G,) .
Further, |V(G,vG,)|=nn, and | E(G, vG,) = mn,? +m,n> —2mm, .
Lemma 9 [19].

1 gg(@=1 and g (x)=1
2 g, ()22 or gy (X)22

Egve, (B, X) = {

Theorem 10.

22 -3

GA,(G,vG,) = m+T(w1w2 x (NN, —WW,)).

Proof.

GA (G vG,)= 3  AE@XEby) i+ Y 22 | 1.

@xb.Y)EGVE,) £(a,X)+e(b,y)

e(a,x)=1l, e&(a,
e(by)=l &
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W, W
The number of edges e = uv with g(u)=g(v) =1 is ( 12 ZJ. Similarly, it is easy to

see the number of edges e = uv with ¢gu)=1 and ¢g\Vv)=2 s

W, W, x (NN, —1—(w,w, —1)) =w,w, x(n,n, —W,W,) . Finally, the number of edges e

—_ : . W, W,
=uvwith g(u)=¢g(v)=2 is m— 5 —W,W, x(n,n, —w,w,).

Corollary 11. If w, =0 or w, =0, then GA,(G, vG,)=m=E(G,vG,)]|.

The symmetric difference G, @G, of two graphs G, and G, is the graph with
vertex set V(G,)xV(G,) and E(G,®G,)={(u,,u,)(V,,V,)|uy, € E(G,) oru,v, € E(G,)}.
Also, |V (G, ®G,)|=nn, and | E(G, ®G,) |=mn,” + mn’ —4mm,.
Lemma 12 [19]. g5 o, (8,X)=2.

Theorem 13. GA,(G, @G,) =| E(G, ®G,)|.

Proof. GA(G,®G,)~  y @by o

@x)(b,y)eEGeG,) &(a,X)+&(D,Y)  (@x)(by)eEG,86,)
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