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ABSTRACT 

Let G be a graph. In this paper, we study the eccentric connectivity index, the new version of 
the second Zagreb index and the forth geometric–arithmetic index.. The basic properties of 
these novel graph descriptors and some inequalities for them are established. 
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1. INTRODUCTION 

A topological index for a graph is a numerical quantity which is invariant under 
automorphisms of the graph. The simplest topological indices are the number of vertices 
and edges of the graph. Throughout this paper, all graphs are assumed to be simple 
connected with 1n  vertices and m  edges that are undirected. 
 In the last few years, the number of proposed molecular descriptors is rapidly 
growing [1]. A special class of these descriptors comprises is called topological indices. 
Topological indices are usually defined via the molecular graph. Graph theory is a 
mathematical discipline belonging to discrete mathematics. For more information on graph 

theory and application in chemistry we refer to [25]. Suppose that ),( EVG   is a graph 

with the vertex set V  and the edge set E, that nV ||  and mE || . One of the recent 

molecular descriptors defined by graph degree is the geometric–arithmetic indices of 
graphs and its variants. The general formula for the geometric–arithmetic index is given by 

)(/)2()( vQuQEuv vQuQGgeneralGA   , where for a vertex x , the number uQ  is 
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some quantity that, in a unique manner, can be associated with the vertex u [614]. As yet, 
for topological indices belonging to the GA-family have been conceived, named as the first 

1GA , second 2GA , third 3GA  and the fourth geometric–arithmetic index 4GA . The first 

geometric–arithmetic index of a graph G  is defined as 

),(/)2()(1 vdudEuv vdudGGA  
 
where xd  is the degree of the vertex x  in the 

graph G . The second geometric–arithmetic index is calculated by the formula 

),vnun/(Euv vnun)G(GA   22
 
where for any edge uve  , un  is the number of 

vertices that are closer to the vertex u than to the vertex v  and vn  is defined analogously. 

The third geometric–arithmetic index is defined by the formula 

   Euv ),vmum/(vmum)G(GA 23 where for any edge uve  , um  is the number of 

edges that are closer to the vertex u  than to the vertex v  and vm  is defined analogously.  

 Let xba ,,  be vertices and uve   be an edge of a graph G . The distance between 

a  and b  that denoted by ),( bad  is the length of a shortest path connecting a  and b  in the 

graph G . The distance between the vertex x  and the edge uve   is defined by 

)},(),,(min{),( vxduxduvxd  . The eccentricity of a vertex x  is denoted by x  and is 

given by }|),({ VyyxdMaxx  . The maximum value of eccentricity over all vertices 

of G  is called the diameter of G  and denoted by )(GD . Also, the minimum value of 

eccentricity among the vertices of G  is called the radius of G  and denoted by r(G). The 
eccentric connectivity index )(G  of the graph G  is defined as 

.)()(    Euve vuVx xxdG   The fourth geometric–arithmetic index 4GA  

of G  is defined as    Euve vuvuGGA )/(2)(4  . 

 The Zagreb group indices of a graph G  have been introduced more than thirty years 
ago by Gutman and Trinajstic [15]. Ghorbani [16] has defined two new version of Zagreb 
indices as follows: ܯଵ

ሻܩሺכ ൌ  ∑ ሾߝ௨ ൅ ாא௩ሿ௘ୀ௨௩ߝ   and  ܯଶ
ሻܩሺכ ൌ  ∑ ாא௩௘ୀ௨௩ߝ௨ߝ . It is easy to 

see that for any graph G , )()(*
1 GGM  . 

 
2. EXAMPLES 

Directly from the definition, we calculate the eccentric connectivity, the fourth geometric–

arithmetic and the new second Zagreb indices of the n –vertex complete graph nK , the 

complete bipartite graph trK , , the n –vertex cycle graph nC , the n –vertex  path nP  and the 

)1( n –vertex star nS . These are as follows: 
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3
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)(4   and nnSM 2)(*

2  .  

 In this paper, the main properties of  , 4GA  and *
2M  indices of graphs are 

established and some bounds for these indices with relation between them are presented. 
 
3. MAIN RESULTS AND DISCUSSION 

In this section, at first we calculate some bounds for the fourth geometric–arithmetic, the 
eccentric connectivity and new Zagreb indices of a graph, then present some relations 

between these indices. The famous inequality abbaab  2/)(  for any positive real 

numbers ba,  with equality if and only if ba   and also the Cauchy-Schwarz inequality 

have been used in the proof of the following propositions. Note that nKG   if and only if 

for all 1,  vuEuve  . 
 

Proposition 1. For any graph ,G  

 i) mG 2)(   with equality if and only if nKG  , 

 ii ) mGGA )(4  with equality if and only if kEuve vu  ,  for some k , 

 iii ) mGM )(*
2  with equality if and only if nKG  . 

Proof. For proving this proposition, it is enough to notice that for all ,1,  xVx   when 

1n .                                                                                                                                       ■ 
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Proposition 2. Suppose G is a graph with m  edges. Then 3/22)(4 mGGA   with 

equality if and only if nSG  , where nS  denotes the )1( n – vertices star. 
 

Proof. Since for any edges uve  , vu    or 1||  vu  , we can assume that vu   . 

If uvx  / , then )1/(2)/(2  xxvuvu  . Suppose )1/(2)(  xxxf . By 

derivation, we can conclude that f  is increasing on the closed interval ]1,2/1[ . So, for any 

]1,2/1[x , )2/1()( fxf  . This shows that 3/221/2 xx  and 3/22)(4 mGGA  . 

Now we prove that 3/22)(4 mGGA   if and only if nSG  . If nSG   then for any edge 

uve  , 2u  and ,1v  so 3/22)(4 mGGA  . If 3/22)(4 mGGA   and G is not 

isomorphic to nS , then there exists an edge uve   such that 2u  or 1v . Since 

3u  or 2v , then for uvx  / , 13/2  x  and so 5/62)1/(2 xx . In this 

case, 3/225/623/)1(22)(4 mmGGA  .                                                            ■ 

 
Note. It is easy to see that if EE '  with |E| = m then 

'
2

3/2'2 mEuve
vu

vum  
 
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. 

 
    In this part, we present some relationships between the fourth geometric–arithmetic 

index )(4 GGA , the Eccentric connectivity index )(G  and new Zagreb index )(*
2 GM  of a 

graph G . 
 

Proposition 3. Suppose G  is a graph then ./2)(4 nmGGA   
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Proposition 4. )()(2/1 *
24 GMGGA    with equality if and only if nKG  . 
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Proof. Since 1x  for any vertex x, we can conclude that for any edge 2,  vuuve  . 

Therefore, we have:  vu
vu

vu

vu 
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

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 2

1
2

 and then  )()(
2

1 *
24 GMGGA  

 
with 

equality if and only if for any edge uve   we have ,1 vu  which completes our 

proof.                                                                                                                                       ■ 
 
Proposition 5. Let G  be a graph then )()( *

24 GmMGGA  with equality if and only if 

nKG  . 

Proof. Since vu
vu

vuuve 
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2
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24 , 

mGmM )(*
2  and so )()( *

24 GmMGGA  .                                                                     ■ 

 
Proposition 6. Let G  be a graph then

 
)1()()( *

24  mmGMGGA  with equality if and 

only if nKG  . 

 
Proof. By applying the hypothesis in the proof of Proposition 4, we can see 
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Note. we can see that if for an edge 1,  nuve u , then 2 nv . Therefore, for each 

322,  nvuuve . 
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Proof.  By definition,  
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The equality holds if and only if 2KG  .                                                                              ■ 
 

Proposition 9. If G  is a graph, then )(
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Proof. Note that any positive real numbers ba,  satisfy the inequality abba 4)( 2   and 

equality holds if and only if 1 ba . We can easily to see that 
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Proposition 10. Suppose that G  is a graph, then the following statements hold: 

i) )(4)( *
2

2 GMG  , 

ii) )](22[)( *
2

2 GMmG  , 

iii) )](2)([)( *
2

2 GMGG   . 

 

Proof. The proof of this proposition by applying the inequality ab
ba



2

 for any positive 

real numbers ba,  is similar to the proof of propositin9 and it is omitted.                             ■ 

 
Proposition 11. Let G  is a graph. 

 i) If 1},min{,  vuEuve  , then )()( *
2 GMG  ; 

 ii) If 1},min{,  vuEuve  , then )()( *
2 GMG  . 

 

Proof. To prove this proposition, it is enough to notice that if 1},min{,  vuEuve  , 

then vuvu    and if 1},min{,  vuEuve  , then vuvu   .                     ■ 
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