Iranian Journal of Mathematical Chemistry, Vol. 3, No. 1, February 2012, pp.73 —80 HMC

Some topological indices of graphs and some
inequalities

M. MOGHARRABY® AND B. KHEZRI-MOGHADDAM?

'Department of Mathematics, Persian Gulf University, Bushehr—75169, Iran
Department of Mathematics, Payame Noor University P. O. Box: 71955-1368, Shiraz,
Iran

(Received July 24, 2011)

ABSTRACT

Let G be a graph. In this paper, we study the eccentric connectivity index, the new version of
the second Zagreb index and the forth geometric—arithmetic index.. The basic properties of
these novel graph descriptors and some inequalities for them are established.
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1. INTRODUCTION

A topological index for a graph is a numerical quantity which is invariant under
automorphisms of the graph. The simplest topological indices are the number of vertices
and edges of the graph. Throughout this paper, all graphs are assumed to be simple
connected with n>1 vertices and m edges that are undirected.

In the last few years, the number of proposed molecular descriptors is rapidly
growing [1]. A special class of these descriptors comprises is called topological indices.
Topological indices are usually defined via the molecular graph. Graph theory is a
mathematical discipline belonging to discrete mathematics. For more information on graph
theory and application in chemistry we refer to [2—5]. Suppose that G = (V,E) is a graph
with the vertex set V and the edge set E, that |V |=n and | E|=m. One of the recent

molecular descriptors defined by graph degree is the geometric—arithmetic indices of
graphs and its variants. The general formula for the geometric—arithmetic index is given by

GAgeneraI G)= ZUVEE (2{/QuQy)/(Qy +Qy), where for a vertex X, the number Qy; is
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some quantity that, in a unique manner, can be associated with the vertex u [6—14]. As yet,
for topological indices belonging to the GA-family have been conceived, named as the first
GA|, second GA,, third GA; and the fourth geometric—arithmetic index GA,. The first

geometric—arithmetic index of a graph G is defined as
GA(G) = Y yyeg (2(/dudy)/(dy +dy), where dy is the degree of the vertex X in the
graph G. The second geometric—arithmetic index is calculated by the formula
GA2 (G)=2uveE 2\/nu—nv /(ny +ny ), where for any edge e =uv, n; is the number of
vertices that are closer to the vertex U than to the vertex v and n, is defined analogously.
The  third  geometric—arithmetic = index is  defined by the  formula
GA3(G)=XveE ZW /(my +my ), where for any edge e =uv, my; is the number of
edges that are closer to the vertex U than to the vertex v and m, is defined analogously.
Let a, b, X be vertices and € =uv be an edge of a graph G. The distance between
a and b that denoted by d(a,b) is the length of a shortest path connecting a and b in the
graph G. The distance between the vertex X and the edge e=uv is defined by
d(x, uv) = min{d(x,u),d(x,v)}. The eccentricity of a vertex X is denoted by &, and is
given by ey = Max{d(x,y)|y €V}. The maximum value of eccentricity over all vertices
of G is called the diameter of G and denoted by D(G). Also, the minimum value of

eccentricity among the vertices of G is called the radius of G and denoted by r(G). The
eccentric  connectivity index £(G) of the graph G is defined as

$(G) =2 yev Uxéx = Le—yveE (6u *+év)- The fourth geometric—arithmetic index GA4

of G is defined as GA4(G) = X a_,yeE 2Véuéy /(eu +év)-

The Zagreb group indices of a graph G have been introduced more than thirty years
ago by Gutman and Trinajstic [15]. Ghorbani [16] has defined two new version of Zagreb
indices as follows: M7 (G) = Y o—yverléy + €] and M;(G) = Y o—yver Eu&y- It 1s €asy to

see that for any graph G, M T(G) =£(G).

2. EXAMPLES

Directly from the definition, we calculate the eccentric connectivity, the fourth geometric—
arithmetic and the new second Zagreb indices of the n—vertex complete graph K, the

complete bipartite graph K, ,, the n—vertex cycle graph C,, the n—vertex path P, and the

rt>

(n+1)—vertex star S, . These are as follows:
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E(K,)=2m =n(n-1), oA, (K,) =m =", Mi(K,)=m=

n(n—1)

E(K,,)=4m=4rt, GA4(Kyy)=m=rt and M5(Kp)=m= n(nz_l). If n is even, then
3
for xeV, ¢, —g and £(C,)=n?, GA,(C,)=n, M(C )= n— If n is odd, then for all
12
XEV,é‘X—nTl £(C.)=n(n—1) and GA,(C,)=n M:(C )_%.

n(3n-2)

. GA4(Py) = 1+4zn/2¢(n hn—i-1)

If n is even, then &(Pp) = 2(n-i)-1
n-—1)—

* 2 ~
and M2 (Py) = n— + 2Z-n:/2(n—i)(n—i—l). If n is odd then &(Pp) =—(”+l)(23” %)

Finally, £(Sp)=3n, GA4(Sp) =¥n and M5 (Sp) =2n.

In this paper, the main properties of &, GA, and M; indices of graphs are

established and some bounds for these indices with relation between them are presented.
3. MAIN RESULTS AND DISCUSSION

In this section, at first we calculate some bounds for the fourth geometric—arithmetic, the
eccentric connectivity and new Zagreb indices of a graph, then present some relations

between these indices. The famous inequality Jab < (a+b)/2<ab for any positive real
numbers a,b with equality if and only if a=Db and also the Cauchy-Schwarz inequality
have been used in the proof of the following propositions. Note that G = K if and only if

foralle=uveE,gy =¢y =1.

Proposition 1. For any graph G,
1) £(G) = 2m with equality if and only if G = K,
ii )GA,(G) <m with equality if and only if Ve=uve E,g, = ¢, =k for some Kk,
iii )M, (G) > m with equality if and only if G = K,.

Proof. For proving this proposition, it is enough to notice that for all Vx eV,ex >1, when

n>1. [
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Proposition 2. Suppose G is a graph with m edges. Then GA4(G)22m«/5/3 with
equality if and only if G = S, , where S, denotes the (n+1)— vertices star.

Proof. Since for any edges e=uv, &, =¢, or |gy —&y | =1, we can assume that &, > ¢, .
If x=¢y/¢gy, then 2\/5u—8\,/(gu +é&y)= 2\/;/(X +1). Suppose f(x)= 24X /(x+1). By
derivation, we can conclude that f is increasing on the closed interval [1/2,1]. So, for any
xe[l/2,1], f(x)> f(1/2). This shows that 2VX/X+122+/2/3 and GA4(G) > 2my2/3.
Now we prove that GA4(G) = 2m+/2 /3 if and only if G=S,.If G =S, then for any edge
e=uv, & =2 and &, =1, so GA4(G)=2m+2/3. If GA4(G)=2m+/2/3 and G is not
isomorphic to S, , then there exists an edge e=uv such that &, #2 or ¢, #1. Since

&, 23 or &, 22, then for X=¢y /gy, 2/3<x<1 and so 24X /(x+1) 2 24/6 /5. In this

case, GA4(G) > 24/2(m—=1)/3+2/6/5>2mv/2/3. .
Note. It is easy to see that if E'cE with |E'| = m" then
2\/eye
2m'ﬁ/3sZeZUV€E¢Sm'.
5u+8v

In this part, we present some relationships between the fourth geometric—arithmetic
index GA,(G), the Eccentric connectivity index £(G) and new Zagreb index M; (G) ofa
graph G.

Proposition 3. Suppose G is a graph then GA4(G) > 2m/n.

Proof. Since for any vertex x, 1 <¢, <n—1 where n>1, we can conclude that

2 &8y S 2,/&,

g, +e, &, +(=1)"

If f(x)= 24x /(X+(n—1)), then one can see the function f is increasing on the closed

24/
interval [1,n —1]. Therefore, for all x eV, _AEx >f(l)= 2 and so GA,(G) > 2m . u
ex +(n-1) n n

Proposition 4. GA, <1/2£(G) < M;(G) with equality if and only if G = K|,.
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Proof. Since &, >1 for any vertex X, we can conclude that for any edge e =uv,¢, + ¢, > 2.

2\¢&,8, g, +é, 1 * .
Therefore, we have: <1< <¢g,&, and then GA, <-&(G) <M, (G) with
g, T &, 2 2

equality if and only if for any edge e =uv we have g, =¢ey =1, which completes our

proof. [

Proposition 5. Let G be a graph then GA,(G) </mM,(G) with equality if and only if
G=K,.

2\&,8y

Proof. Since Ve =uyv, <. &,€, and by applying the Cauchy—Schwarz Inequality,
g, +&,

zwleugv = Zl.wlgugv < /legugv = /MM, (G) . Therefore GA,(G) <+/mM,(G) with

e=uv e=uv e=uv e=uv

equality if and only &, =&, =1. Thus G=K_. If G=K, then GA,(G)=M,(G)=m,

MM, (G) =m and so GA,(G) =/mM,(G) . n

Proposition 6. Let G be a graph then GA,(G) < \/M;(G) +m(m—1) with equality if and
only if G =K.

Proof. By applying the hypothesis in the proof of Proposition 4, we can see

/ 2./exe
GA4(G)2 < Yeysy+ X 2yEuEy XY SM;(G)+m(m—l). Therefore,
e=uveE; e=uveE fu T&v &x Tey
e'=Xxy
e£e'

GA,(G) < \/M J(G)+m(m—-1). Now we claim that equality holds if and only if
GA,(G)=M,(G)=m ifand only if Ve =uv e E,e, =&, =lifandonly if G= K, . [

Note. we can see that if for an edge e =uv,s, =n—1, then ¢, =n—2. Therefore, for each

e=uv, 2<gy+ey <2n-3.

2

Proposition 7. If G is a graph then GA,(G) 2 5~ M3 (G)+m(m—1).

2n
Proof. By definition,
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2
A = 3 [y (Vo SO

e=uvekE u uvXxy g +5 5 +5

4g,¢,
2e%:eE(zn 3) u;y(Zn 3

4
~(2n-3)

2
dso GA,(G) >
and so GA,(G) o

[M;(G)+m(m-1)]

M, (G)+m(m-1). =
3J 2

2
Proposition 8. Let G be a graph, then GA4(G)S[m2_1—‘+\/[m2_1—‘ +M;(G) with

equality if and only if G = K, .

1—l:t,so

2
[GA,G) = 3 [DYlrp

e—veE &y T &, uv::xy 5 +é&, & +8

< D e,6,+2tGA,(G) =M, (G) +2tGA,(G).

e=uvekE

Proof. Take [mz—

&,8, 2 6‘6‘

2
Therefore [GA,(G)—t]> <M(G)+t> and so GA4(G)S[m2_1—‘+\/{m2_1—‘ LMIG).

The equality holds if and only if G = K, . [

Proposition 9. If G is a graph, then £(G) > 3 4
n —

M3(G).

Proof. Note that any positive real numbers a,b satisfy the inequality (a+b)? >4ab and
equality holds if and only if a=b=1. We can easily to see that

@n=3)EG) = Dl(g, +6,)" = D dee, =4M4(G), so  &(G)2

e=uvekE e=uvekE

M,(G) with

2n-3
equality if and only if Ve=uveE,¢, =¢,=1 if and only if &(G)=n(n-1) and
4 x 2n(n-1)

3 ©@=73

M3 (G). n

if and only if 2n=5 that is a contradiction. So

<(6)>-
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Proposition 10. Suppose that G is a graph, then the following statements hold:
i) £(G)* 24M;(G),

ii) £G)* >[2m+2M,(G)],

iii) £(G)* 2[£(G) +2M;(G)].

a+b

Proof. The proof of this proposition by applying the inequality <ab for any positive

real numbers a,b is similar to the proof of propositin9 and it is omitted. ]

Proposition 11. Let G is a graph.
i) If Ve = uv € E,min{¢,,&,} =1, then £(G) > M, (G);
ii) If Ve = uv € E, min{g,,&,} > 1, then &(G) < M, (G).

Proof. To prove this proposition, it is enough to notice that if Ve =uv € E,min{g,,&,} =1,

then ¢, + &, > g,¢, and if Ve =uv e E,min{g,,&,} >1, then ¢, +¢&, <g,¢, . |
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