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ABSTRACT

The edge versions of reverse Wiener indices were introduced by Mahmiani et a. very
recently. In this paper, we find their relation with ordinary (vertex) Wiener index in some
graphs. Also, we compute them for trees and TUC,Cg(S) naotubes.
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1 INTRODUCTION

The vertex-Wiener number is defined as the sum of al distances in the hydrogen-depleted
graph [8]. The distance d;; between two graph vertices v; and v; is the number of edges
along the shortest path between these two vertices. The matrix which has as entries dj;
(topologica distances) is called the distance matrix D of the graph. Then, the vertex-
Wiener number for agraph G with n vertices, defined as:

"(6)=33> 34,
i=1 j=1

The vertex reverse Wiener number introduced by Alexandru T. Balanan and et al. in [1].
They defined at first the distance matrix [RD,] as follow:
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The diameter A(G) of a graph is the largest distance between any two vertices (i.e. A(G) =
max{d;| i,je V(G),i# }). Starting from the distance matrix and subtracting from A(G) each
d; value, one obtains a new symmetrical matrix which, like the distance matrix, has zeroes
on the main diagonal and, in addition, at least a pair of zeroes off the main diagona
corresponding to the diameter in the distance matrixRD, then:
[RD,], ={A(G)_d” i
! 0 =7
where dj; is theij-th element of the distance matrixDwhich is equal tothe graph distance
between vertices v; and v; on the shortest path between them. Therefore, the reverse vertex-
Wiener number for agraph G with » vertices, defined as:
RW, :EZZ[RDV .
2 i=1 j=1 Y
The vertex complementary distance matrix CD, = CD,(G) of agraphG with » verticesis
the square n xn symmetric matrix whose elements are defined as [5]:

[CDV],-]» :{A(G)-i-l—dy NE

0 =]
It can be observed that all entries in the reverse vertex-Wiener matrix RD, are lower by 1
than those in the vertex complementary distance matrix CD,.

In 2009, Iranmanesh et. al. introduced the edge versions of Wiener index as follows.
At firgt, they introduced the distances between edges [3].

Let e = (u,v), f=(x,y) € E(G) and d be the distance between vertices on shortest
path. The distances between each two edgese = xy and f'= uv are

do(e,f)Z{dl(e’({)Jrl ’:ij;and d4(e,f)={d2(gf) Zij:

Where d;(e.f) = min{d(x,u), d(x,v), di,u), d(y,v)} and ds(e,f) = max{d(x,u), d(x,v), d(y,u),
diy,v)}.

Then, the edge-Wiener numbers introduced for a graph G in [3], according to
distances d;, k = 0,4, are:
w,(G)= zdk(e!f) .
{i./}cE(G)
Recently, Mahmiani et a. introduced the edge versions of reverse Wiener indicesin
[6]. They firstly introduced the edge reverse Wiener matrix RD; and edge complementary
distance matrix CDy .k = 0,4which are:
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A,(G)-[D,]
0 =]

Ji# A(G)+1-[D],

0 =

it

k0,], - + i alen] -

where Dy, k = 0,4 , are the edge distance matrices which have entries(dy);;, [Di];; is theij -th
element of the edge distance matrix D, which is equal to distance d; between edges e; and
ej, and A(G) = max{(dy);j, i € E(G), i#j}. Infollows, for convenience, we use the notation
RD(i,j) and CDy(i,j) instead of [RDy]; and [CDy];, respectively.

Then, they introduced the reverse edge-Wiener index RW, and the edge
complementary Wiener index CW,; , k = 0,4, by using these matrices as follows :

RW, = > RD(,j)and CW, = > CD,(i, ).

{i.jIcE(G) {i,JI<E(G)
Some relations among between then are concluded in [6].

Theorem 1-1.[6] The relation among the reverse edge-Wiener index RW,, the edge
complementary Wiener index CW,; and edge Wiener indices W, , k = 0,4, are:

m
1 RW, +W, :Ak(G)(ZJ

2. CW, + W, = (A,(G) +1)(”’2"]

m
3 CWek—RWek:(zj n

In following, we find the relation of edge versions of reverse Wiener indices with
vertex Wiener index in some graphs. Also, we compute them for trees and 7UC,Cg(S)

nanotubes.

2 COMPUTATIONS

Firstly we state the relations among the reverse edge-Wiener index, the edge
complementary Wiener index and vertex Wiener indices in graphs which vertices has
degree 2 and 3.

Before stating these relations, we restate the edge Wiener indices according to
distances between vertices which are found by Iranmanesh et a in [4].

Theorem 2-1. [4] The edge Wiener indices according to the distances between vertices are
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1. WeO(G)::—L > deg(x ) xdeg(y )xd (x, y ) — 2+ (1j+ > (3} > ( j+|c|
8 4{ef}eA32ez4e

I @)y (@) {ef}ed {ef }eds

W.G)== S S degle)xcely)xd(x,y) "+ (1} j+ f’J 4]
{ef feds {ef fed, {ef ted,

xd (G)yd (G) 4 2

3. W,4(G) =W, (G) +|Al| _|C|-

where 4, = {e, /} E(G)| dy(e,f) = d'(e. N} 4, ={{e,f}<; E(G)| dyle, f) =d'(e,f)+i},

= {{e, flc E(G)‘ dy(e, f)=d'(e, f)+ %} v A, = {{e, FICE@G)| dyle.f)=d'(e,.f)+ j}

and ife=uvand f=xy; . .
C—{{e,f}EE(G) d(u,x)zd(u,y)zd(v,x)=d(va)}

Now, we are ready to state our desire relations.

Theorem 2-2. The relation among the reverse edge-Wiener index, the edge complementary
Wiener index and vertex Wiener indices in graphs which vertices has degree 2 and 3 are

RVK0=A0(G)[’ZJ—%VK(G)—§ Y 2 dey)+ Y X dly)+

8er(G) y&(G) xd(G) y/ (G)
deg(x )=2 deg(x )=2dey(y )=2

A D G

RWM:AA(G)[";]—%WAG)—%’ S Y den ¥ Y des)s

1

xd (G) yd (G) xd (G) yd/ (G)
deg(x )=2

deg(x )=2deg(y )=2
1 1 3
—— - =4
) RN e F R

2.

CWeo=(Ao(G)+1)(’Zj—ZWv<G>—;’ 2, 2 )+ 3 2 driy)t

}
xd (G) vy (G) xd (G) vy (G)
3. deylr)=2 degr )=2deg(y =2

N I A E:
{6%3(2 feslen\ 4 {% 4 i
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m) 9 3
CWE4=(A4(G)+1)[ j—Wv(G)— Z z dx,y)+ z z d(x,y)+
2 4 8X6V(G) y(G) xd(G) yg/ (G)
=2 deg(x )=2deg(y )=2

4. deg()

m 1 1 3
A APk
lef jeds lef ey lef }ed,
Proof. According to Theorems (1-1 and 2-1) and degree of vertices which are 2 and 3, we
can state these relations easily. ]

Now, we compute the edge versions of reverse Wiener indices for trees in terms of
vertex Wiener index. Before stating this computation, we mention to edge Wiener indices
of trees. Thefirst edge Wiener index of treesis computed in [2].

Lemma 2-3. [2] Let 7 be atree with n vertices. Then, the first edge-Wiener number of 7'is
n
W, (T)=W, (T)—(Zj. |
Also we have due to the relation between first and second edge Wiener numbersin

Theorem (2-1).

Lemma 2-4. The relation between different versions of edge-Wiener numbers for atree T
with » verticesis

We4(T)=Weo(T)—(” ) 1j .

Therefore, in the following theorem we state the edge reverse Wiener numbers and
edge.

Theorem 2-5. The edge reverse Wiener numbers and edge complementary Wiener
numbers of trees in terms of Wiener number are

1 RWQO(T)=A0(G)(n2_1j—WV (T)+(g,
2. RW,,(T) =(A4(G)+1)(n2_1]—WV (T)+("j,
3. CW o (T) = (AO(G)+1)(n2_1j—WV (T)+(';J,

4.CW,(T) =(A4(G)+2)(n2_1j—WV (T){

N S
—
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wherek =0,4.

Proof. Let T be a tree with n vertices. According to Theorems (3-1, 3-2 and 4-1) and
Lemma (4-2), we can concluded the desire results as follows.

n-1 n-1 n
1-RW30(T)=AO(G)( , ]—WEO(T)=AO(G)[ , j—WV(T){ZJ

RW..(T) =A4<G)(” ) 1}—We4<r)=(A4(G)+1)(”2_ 1j—Weo(T)
n-1 n
=(A4(G)+1)( 5 j_WV (T)+(2J

n-1

3 CWeo<T)=(Ao(G>+1)( , j—Weo(T)=(AO(G>+1)(”2‘1J—WV(T)+[’;]

n-1 n-1
CWe4(T):(A4(G)+1) 2 J—W€4(T)=(A4(G)+2)[ 2 ]_Weo(T)
4,

:(A4(G)+2)(n2_1J—WV (T)+[’;j

In what follows, the second edge reverse Wiener index, RW,,, and the edge
complementary Wiener indices CD,, k = 0,4, for TUC,C,4(S) nanotube are computed.

In TUC,C,(S) nanotube, p isthe number of squaresin arow and g is the number of
rows which is shown in Figure 1.

X00 X1 Xo2 03 o4 X035 106 X7

Yor Yoo Yoi  Yog, Y03 Yog Yos  Yog
k=0o——

Yiz ¥ v Vi2 ¥i3 V' b V
k=1 17 Yiol i - 11 Ji2 - 13 14 i _,715 16 i )
£10 X1 £12 83 {14 X 16 X17

k=5e——

Figure 1. The TUCACS(S) latticewithp=4and g = 6.
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In[7], thefirst edge Wiener number of this nanotube is calcul ated.

Theorem 2-6. ([7]) The first version of edge-Wiener index of TUC,C4(S)=T (p,q) can
be computed by the following formulas:

1. If p iseven, then:

3 2
qu4+18p3q2+6p2q3—%—8p2q+6p3q+3p2q2—6pq+pq3—
2p—2g+1 q=p
q2—2q—5p2+2p+2+2{%}
Wo(T(p:q)) =
3
E1)5-1-6p4q+3L-1—12p2qs—llpzq+3p3q-|-6pzqz—7pq—4])2-1-
2 2 q>p
3p+pq2+1
2. If pisodd, then:
3 2
qu4+18p3q2+6p2q3—%—8p2q+6p3q+3p2q2—6pq+pq3—
q<p

2
qz_q_3p2+2[2p—2q+1}_8[19}_8[19}
4 2] 12 .

3
1—251)5 + 6p4q +3%+12p2q3 —11p2q +3p3q + 6pzq2 —7Tpg— 2p2 +

o4 d3]

In [6], the first edge reverse Wiener index, RW ,,, is computed as follows.

Wo(T(p.q)) =

q>p

Theorem 2-7. [6] The first edge reverse Wiener number ,RW ,,, of TUC,Co(S)=T (p.,q)
nanotubesis

1. If piseven, then:

6pg-2p) 3 2
(2p+2)[ 5 j—zpq“—18p3q2—6p2q3+%+8p2q—619361—

q <
2p—2q+l} 1=

3p2q2+6pq—pq3+q2+2q+5p2—2p—2—2[ 2

RW (T (p.q))=
4 3P3 2 3 2 3 2 2

—-6p'q ———-12p°q +11p°q -3pq —6p°q~ +

2 2 g >p
7pq +4p*-3p —pg® -1

6pg —2
<2q+2)( P p]—§p5

2
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2. If pisodd, then:

-1 6pg—-2p) 3 2
(4%+2)( ) —qu“—l&v?’qz—6p2q3+%+8p2q—6p3q—

2p—2g +1 2
3p°q* +6pg —pq®+q° +q +3p2—2[%}+8[%}+8[%}

g=p

RW (T (p.q)) =

3 3
6p°q —%—12p2q3+11p2q -3p%g -

2 2

(Zq)[qu—@J_Eps_

q>p

2
6p2q2+7pq +2p2—3p —pq2+8[%}+8{%}

Now, we compute the first edge complementary Wiener indices CW,, of
TUC ,Cq(S) -

Theorem 2-8. The first edge complementary Wiener indices CW,, of
TUC,C,(S)=T (p.q)is

1. If piseven, then:

2
(2p +4)( ) ——pq4—18p3q2—6p2q3+%+8p2q—6p3q—

6pg—-2p) 3
2

q<p
3p’q* +6pg —pq®+q°+24 +5p2—2p—2—2[2p_T24+1}
CW (T (p,q)) =
—64—2—1223112—33—622
p°—6p’q p’q®+11p%q —3p°q —6pq* +
2 2 2 q>p
7pg +4p*—3p —pg® -1

6pq -2
(2q+4)( Pq pJ_E 5

2. If pisodd, then:
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-1 6pg —2p) 3 2
(4p7+4)( ) —qu4—l8p3q2—6p2q3+%+8p2q—6p3q—
2 g <p
3p2q2+6pq—pq3+q2+q+3p2—2[w}+8[%}+8[%}
CW (T (p.q)) =
6pg—2p) 15 3p°
(2q+2)[ 5 j—EPS—Gp“q—%—12p2q3+11p2q—3p361—
, g4 >p
6p2q2+7pq+2p2—3p—pq2+8[%}+8[%}

Proof. According to the Theorem (2-7 and 1-1), we can compute the desire results easily. ®

In addition in [7], the second edge Wiener index of TUC ,C4(S) iscomputed.

Theorem 2-9. [7] The second edge Wiener index of TUC ,C4(S)=T (p.q) is
1. If piseven, then:

3 2
qu“+18p3q2+6p2q3—%—22p2q+6p3q+21p2q2—6pq+pq3—
2p—2q +1 4=
2pq2—q2—2q—p2+2p+2+2[pT}
W (p.q))=
3
Eps+6p‘1q +3L+12p2q3—25p2q +3p3q +24p2q2—7pq+
2 2 q > p
3p—pq2+1
2. If pisodd, then:
3 2
qu“+18p3q2+6p2q3—%—22p2q+6p361+21p2q2—6pq+pq3—
q<p
2p—2q +1 p T
2pq’—qi—q+p?+2 LA g £ g £
Pqg°—q°—q+p { 2 } > >
W, (p.q))=
15 ¢ 4 3173 2 3 2 3 2 2 2
?p +6p q+7+12p q"—25p°q+3p°q+24p°q°—Tpqg +2p° +
, 2 4 >p
3p-pg>-8lL|-8l L
v M M

Now, The second edge reverse Wiener index, RW ,,, for TUC ,C,(S) isasfollows.
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Theorem 2-10. The second edge reverse Wiener number, RW.,, of TUC,C4(S)=T (p.,q)
nanotubesis

1. If piseven, then:

6pg—2p) 3 2
(2p+3)( ) J—qu"—l&vaqz—6p2q3+%+22p2q—6p3q—
g =p

21p2q2+6pq +pq3+2pq2+q2+2q +p2—2p —2—2[2‘1)%‘%{”}
RW,,(T (p.q))=

6pg—2p) 15 3p°
(2 +3)[ j——ps—ﬁp“q —%—12p2q3+25p261—3p3q—

2 2 q>p
24p2q2+7pq -3p +pq2—1
2. If pisodd, then:

-1 . (6pg—-2p) 3 ’
@l =13 ~2 pg*-18pq? ~6p%q* + P+ 20p% —6p -
2 2 2 2
2 94=p
21p2q2+6pq—pq3+2pq2+q2+q—pz—Z[%}+8{%}+8[%i|
RW (T (p.q))=
6pg —2 3
(24+1)[ pq2 p}—%ps—ﬁp“q—3%—12p2q3+25p2q—3p3q—24p2q2+
. \q4>p
7pq—2p2—3p+pq2+8[%}+8[%}

Proof. The desire result can be concluded according to Theorems (2-9 and 1-1) and the fact
that the number of edges of TUC ,C,(S) is6pg-2p. ®

Now, we compute the second edge complementary Wiener indices CW,,of
TUC Cy(S) .

Theorem 2-11. The first edge complementary Wiener indices CW,, of
TUC,Co(S)=T (p,q)is
1. If piseven, then:

6pg—2p) 3 2
(2p+4)[ ) —qu"—18p3q2—6p2q3+%+22p2q—6p3q—
g sp
21p2q2+6pq+pq3+2pq2+q2+2q+p2—2p—2—2[2p+fq+l}

Cw,, (T (p.q))=

6pq —2p) 15 3p°
(2q +4)[ ——p5—6p4q—%—12p2q3+25p2q—3p3q—

2 2 q >p
24p2q2+7pq -3p +pq2—1
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2. If pisodd, then:

CW,,T(p.g)=

- 6pg —2 2
@=L [ PP P 3 0 a8p%—epig+ 2L 20p% —6p% -
2 2 2 2
2 4=p
21p2q2+6pq—pq3+2pq2+q2+q—pZ—Z[%}+8[%}+8{%}
6pg —2p) 15 3p°
(2q+2)( ) —71)5—61)461—%—12p2q3+25p2q—3p3q—24p2q2+
, q>p
7pq—2p2—3p+pq2+8{%}+8{%}

Proof. Due to the Theorems (2-10 and 1-1) and this fact that the number of edges of
TUC Cq(S) isequal to 6pg-2p, the results can easily obtained. ]

3

CONCLUSION

Some relations among edge reverse Wiener indices and the edge complementary Wiener
indices with vertex Wiener index are concluded. And the edge versions of reverse Wiener
indices are computed for treesand TUC ,C4(S) nanotubes.
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