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ABSTRACT 

Consider a simple connected graph ܩ with the vertex set ܸሺܩሻ. The eccentric and total 
connectivity indices of ܩ  are defined as ߦሺܩሻ ൌ ∑ ݁ܿீሺݒሻ݀݁݃ீሺݒሻ௩ܸאሺܩሻ  and ܥܧሺܩሻ ൌ
∑ ݁ܿீሺݒሻ௩ܸאሺܩሻ , respectively. Here, ݀݁݃ீሺݒሻ denotes the degree of a vertex ݒ and ݁ܿீሺݒሻ is 
its eccentricity. In this paper, these two indices are calculated for a given arbitrary caterpillar.  
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1 INTRODUCTION 

If ܩ is a simple connected graph, ܸሺܩሻ and ܧሺܩሻ denote its vertex set and edge set 
respectively. |ܸሺܩሻ| ൌ ݊ሺܩሻ is called the order of ܩ. Moreover, the distance between ݑ and 
,ݑሺீ݀ ,ܩ in ݒ ݑ ሻ, is the length of the shortestݒ െ  The eccentricity of a vertex .ܩ path in ݒ
ݒ א ܸሺܩሻ, ݁ܿீሺݒሻ, is the maximum distance between ݒ and any other vertex in ܩ. We 
define the eccentric connectivity index of ܩ as ∑ ݁ܿீሺݒሻ݀݁݃ீሺݒሻ௩אሺீሻ  and total 
eccentricity of ܩ as  ∑ ݁ܿீሺݒሻ௩אሺீሻ .  

By a caterpillar we mean a tree such that by deleting all leaves we obtain a path 
which is called the spine of the caterpillar. The vertices of the spine are called the main 
vertices and the vertices with degree one are called the secondary vertices. We denote a 
caterpillar on ݉ main vertices by ܶ. 

Throughout this paper, graphs have been assumed to be simple and connected, 
unless stated otherwise. A path on ݊ vertices is denoted by ܲ. Moreover, if no ambiguity is 
possible, the subscript ܩ may be omitted. 
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2. MAIN RESULTS 

In this section, we calculate the eccentric and total connectivity indices of an arbitrary 
caterpillar on ݉ main vertices, ܶ.  By definition, it is clear that for determining a 
caterpillar, the number of main vertices and the number of leaves of each main vertex 
(secondary vertex) should be known. Let us denote the ݅ െth main vertex (from the left 
side) by ݑ and the ݆-th secondary vertex of  ݑ  by ݒ.  We also define a map ݂ on the 
main vertices of  ܶ as follows: 
                                            ݂: ሼݑଵ, ,ଶݑ … ,  ሽݑ ื ܰ  ሼ0ሽ 

݂ሺݑଵሻ ൌ degሺݑଵሻ െ 1 

 ݂ሺݑሻ ൌ degሺݑሻ െ 1 

                                                         ݂ሺݑሻ ൌ degሺݑሻ െ 2                ሺ݅ ൌ 2, 3, … ,݉ െ 1ሻ 

In a caterpillar, the eccentricity of each main vertex is equal to the eccentricity of ist 
spine added by one and the eccentricity of each secondary vertex is number one plus the 
eccentricity of the corresponding main vertex. If we denote the set of main vertices by ଵܸ 
and the set of secondary vertices by ଶܸ, then : 

ሺߦ ଶܶሻ ൌ ∑ ݁ܿሺݒሻdeg ሺݒሻ௩ఢభሺ்మೖሻ  ∑ ݁ܿሺݒሻdeg ሺݒሻ௩ఢమሺ்మೖሻ        ሺ݉ ൌ 2݇ሻ 

We calculate each part separately: 

 ݁ܿሺݒሻdeg ሺݒሻ
௩ఢభሺ்మೖሻ

ൌ 

  ሺ ଵ݂  1ሻሺ2݇ሻ  ሺ ଶ݂  2ሻሺ2݇ െ 1ሻ  ڮ ሺ ݂  2ሻሺ2݇ െ ݇  1ሻ

 ሺ ݂ାଵ  2ሻሺ2݇ െ ݇  1ሻ ڮ ሺ ଶ݂ିଵ  2ሻሺ2݇ െ 1ሻ  ሺ ଶ݂  1ሻሺ2݇ሻ 

                              ൌ ሺ2݇ሻሺ ଵ݂  ଶ݂  ڮ ଶ݂ሻ  ሺെ ଶ݂  ڮ ሺെ݇  1ሻ ݂  ሺെ݇  1ሻ ݂ାଵ 

                              … ሺെ1ሻ ଶ݂ିଵሻ  2ሺ2݇  ሺ4݇ െ 2ሻ  ڮ ሺ4݇ െ 2݇  2ሻ) 

                              ൌ 2݇ሺ ݂

ଶ

ୀଵ

ሻ ሺെ݅  1ሻሺ ݂  ଶ݂ିାଵሻ  6݇ଶ െ 2݇


ୀଵ

 

and, 

 ݁ܿሺݒሻdeg ሺݒሻ
௩ఢమሺ்మೖሻ

ൌሺ݁ܿሺݑሻ  1ሻ ݂ 
ଶ

ୀଵ

ൌ݁ܿሺݑሻ ݂

ଶ

ୀଵ

 ݂

ଶ

ୀଵ

 

                                               ൌ ሺ2݇ሻ ൭ ݂

ଶ

ୀଵ

൱ ሺെ݅  1ሻ ݂ ሺെ݅  1ሻ ଶ݂ିାଵ  ݂

ଶ

ୀଵ



ୀଵ



ୀଵ
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                                              ൌ ሺ2݇  1ሻ ݂

ଶ

ୀଵ

ሺെ݅  1ሻሺ ݂  ଶ݂ିାଵሻ


ୀଵ

 

As a consequence, 

൫ߦ   ଶܶሺୀሻ൯ ൌ ሺ4݇  1ሻ∑ ݂
ଶ
ୀଵ  2∑ ሺെ݅  1ሻሺ ݂  ଶ݂ିାଵሻ

ୀଵ  6݇ଶ െ 2݇  

             ൌ ሺ4݇  1ሻdeg ሺݑሻ
ଶ

ୀଵ

 2ሺെ݅  1ሻሺdeg ሺݑሻ  deg ሺݑଶିାଵሻ


ୀଶ

ሻ  

                         െ2ሺ3݇ଶ  ݇ െ 1ሻ  

                          ൌ ሺ2݉  1ሻdeg ሺݑሻ


ୀଵ

 2ሺെ݅  1ሻሺdeg ሺݑሻ  deg ሺݑିାଵሻ


ଶൗ

ୀଶ

ሻ 

                           െ 3 2ൗ ݉ଶ െ݉  2 

                           ൌ 2݉deg ሺݑሻ


ୀଵ

deg ሺݑሻ


ୀଵ

 2ሺെ݅ሻሺdeg ሺݑሻ  deg ሺݑିାଵሻ


ଶൗ

ୀଶ

 2ሺdeg ሺݑሻ  deg ሺݑିାଵሻ


ଶൗ

ୀଶ

ሻ െ 3
2ൗ ݉ଶ െ݉  2. 

Since  ∑ deg ሺݑሻ
ୀଵ ൌ ݉  ݊ െ 2 (݊ ൌ |்ܸ మೖ |ሻ,  

൫ߦ   ܶሺୀଶሻ൯ ൌ 2ሺെ݅ሻሺdeg ሺݑሻ  deg ሺݑିାଵሻ


ଶൗ

ୀଶ

ሻ െ 2degሺݑଵሻ െ 2degሺݑሻ

 1
2ൗ ݉ଶ  2ሺ݊ െ 1ሻ݉  3݊ െ 4 

By using the same method, we can obtain the following results: 

 ݁ܿሺݒሻ degሺݒሻ
௩ఢభሺ்మೖశభሻ

ൌ ሺ2݇ሻ ቌ ݂  4݇
ଶାଵ

ୀଵ

ቍ  ଵ݂  ଶ݂ାଵ  2  ሺെ݇  1ሻሺ ݂ାଵ  2ሻ

ሺെ݅  2ሻሺ ݂  ଶ݂ିାଶ  4ሻ


ୀଷ

 

and, 
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 ݁ܿሺݒሻ degሺݒሻ
௩ఢమሺ்మೖశభሻ

ൌ ሺ2݇  1ሻ  ݂

ଶାଵ

ୀଵ

 ሺെ݇  1ሻ ݂ାଵ ሺെ݅  2ሻሺ ݂  ଶ݂ିାଶሻ


ୀଵ

. 

Thus, 

൫ߦ ଶܶାଵሺୀሻ൯ ൌ ሺ4݇  1ሻ  ݂

ଶାଵ

ୀଵ

 2ሺ ଵ݂  ଶ݂ାଵሻ  ሺെ2݇  2ሻ ݂ାଵ

 2ሺെ݅  2ሻሺ ݂  ଶ݂ିାଶሻ


ୀଷ

 6݇ଶ  4݇ 

                           ൌ ሺ4݇  1ሻ  deg ሺݑሻ
ଶାଵ

ୀଵ

 2ሺെ݅  2ሻሺdeg ሺݑሻ  deg ሺݑଶିାଶሻሻ


ୀଷ

 2degሺݑଵሻ  2degሺݑଶାଵሻ  ሺ2 െ 2݇ሻ degሺݑାଵሻ െ 6݇ଶ െ 8݇ 

                           ൌ ሺ2݉ െ 1ሻdeg ሺݑሻ


ୀଵ

 2  ሺെ݅  2ሻሺdeg ሺݑሻ  deg ሺݑିାଵሻሻ

ሺିଵሻ
ଶൗ

ୀଷ

 2degሺݑଵሻ  2degሺݑሻ  ሺ3 െ ݉ሻdeg ൬ݑሺାଵሻ
ଶൗ
൰ െ 3

2ൗ ݉ଶ െ݉  5
2ൗ  

If ݊ ൌ ห்ܸ మೖశభห  then 

൫ߦ  ܶሺୀଶାଵሻ൯ ൌ ሺ2݉ െ 1ሻሺ݉ െ 2  ݊ሻ  2  ሺെ݅ሻሺdeg ሺݑሻ  deg ሺݑିାଵሻሻ

ሺିଵሻ
ଶൗ

ୀଷ

 4ሺ݉  ݊

െ 2 െ degሺݑଵሻെdegሺݑଶሻ െ deg ൬ݑሺାଵሻ
ଶൗ
൰െdegሺݑିଵሻെdegሺݑሻሻ

 2degሺݑଵሻ  2degሺݑሻ  ሺ3 െ ݉ሻdeg ൬ݑሺାଵሻ
ଶൗ
൰ െ 3

2ൗ ݉ଶ െ݉  5
2ൗ  

                           ൌ 2  ሺെ݅ሻሺdeg ሺݑሻ  deg ሺݑିାଵሻሻ

ሺିଵሻ
ଶൗ

ୀଷ

െ 2degሺݑଵሻ െ 4degሺݑଶሻ

െ ሺ݉  1ሻ deg ൬ݑሺାଵሻ
ଶൗ
൰ െ 4degሺݑିଵሻ െ 2degሺݑሻ  1

2ൗ ݉ଶ

 2ሺ݊ െ 1ሻ݉  3݊ െ 7
2ൗ  
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Now, we can conclude one of our main results as follows: 

 

Theorem 2. 1. Let ܶ be an arbitrary caterpillar on ݉ main vertices. If  ห்ܸ ห ൌ ݊ and ݑ  

denotes the ݅ െth main vertex from the left side, then  

ሺߦ ܶሻ ൌ

ە
ۖ
ۖ
ۖ
ۖ
ۖ
۔

ۖ
ۖ
ۖ
ۖ
ۖ
ۓ
2ሺെ݅ሻሺdeg ሺݑሻ  deg ሺݑିାଵሻ


ଶൗ

ୀଶ

ሻ െ 2degሺݑଵሻ െ 2degሺݑሻ ݉ ൌ 2݇

1 2ൗ ݉ଶ  2ሺ݊ െ 1ሻ݉  3݊ െ 4

2  ሺെ݅ሻሺdeg ሺݑሻ  deg ሺݑିାଵሻሻ

ሺିଵሻ
ଶൗ

ୀଷ

െ 2degሺݑଵሻ െ 4degሺݑଶሻ  ݉ ൌ 2݇  1

െሺ݉  1ሻ deg ൬ݑሺାଵሻ
ଶൗ
൰ െ 4degሺݑିଵሻ െ 2degሺݑሻ  1

2ൗ ݉ଶ

2ሺ݊ െ 1ሻ݉  3݊ െ 7
2ൗ

. 

 

Theorem 2. 2. By the previous theorem’s conditions, we have: 

 

ሺܥܧ ܶሻ ൌ

ە
ۖ
ۖ
ۖ
ۖ
ۖ
۔

ۖ
ۖ
ۖ
ۖ
ۖ
ۓ
ሺെ݅ሻሺdeg ሺݑሻ  deg ሺݑିାଵሻ


ଶൗ

ୀଶ

ሻ െ degሺݑଵሻ െ degሺݑሻ ݉ ൌ 2݇

1 4ൗ ݉ଶ  ൫݊ െ 1
2ൗ ൯݉  2ሺ݊ െ 1ሻ

 ሺെ݅ሻሺdeg ሺݑሻ  deg ሺݑିାଵሻሻ

ሺିଵሻ
ଶൗ

ୀଷ

െ degሺݑଵሻ െ 2degሺݑଶሻ  

–
݉  1
2

deg ൬ݑሺାଵሻ
ଶൗ
൰ െ 2degሺݑିଵሻ െ degሺݑሻ  1

4ൗ ݉ଶ

൫݊ െ 1
2ൗ ൯݉  2݊ െ 7

4ൗ ݉ ൌ 2݇  1

. 

 

Proof. By using the methods described for calculation of ߦሺ ܶሻ,  we have: 

ሺܥܧ ଶܶሻ ൌ ሺ2݇  1ሻ ݂

ଶ

ୀଵ

ሺെ݅  1ሻሺ ݂



ୀଶ

 ଶ݂ିାଵሻ  3݇ଶ  ݇ 
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                ൌ ሺ2݇  1ሻdeg ሺݑሻ
ଶ

ୀଵ

ሺെ݅  1ሻሺdeg ሺݑሻ


ୀଶ

 deg ሺݑଶିାଵሻ െ 3݇ଶ െ ݇  2 

   ൌ ሺെ݅ሻሺdeg ሺݑሻ  deg ሺݑିାଵሻ


ଶൗ

ୀଶ

ሻ െ degሺݑଵሻ െ degሺݑሻ  1
4ൗ ݉ଶ      

                ൫݊ െ 1
2ൗ ൯݉  2ሺ݊ െ 1ሻ 

The second part is similar to argument given for the first one and so omitted. 

 

REFERENSES 

1. A. R. Ashrafi, M. Saheli, M. Ghorbani, The eccentric connectivity index of 
nanotubes and nanotori, J. Comput. Appl. Math. 235 (16) (2011), 4561-4566. 

2. J. A. Bondy, U. S. R. Murty, Graph Theory with Applications, American Elsevier 
Publishing Company, Inc., New York, 1976. 

3. H. Deng, The largest Hosoya index of ሺ݊, ݊  1ሻ െgraphs, Comput. Math. Appl. 65 
(2008), 2499−2506.  

4. I. Gutman, Acyclic systems with extremal Hückel ߨ െelectron energy, Theoret. 
Chim. Acta (Berl.) 45 (1977) 79−87.  

5. I. Gutman and O. E. Polansky, Mathematical Concepts in Organic Chemistry, 
Springer −Verlag, Berlin, 1986.  

6. W. Imrich and S. Klavžar, Product Graphs: Structure and Recognition, John Wiley 
and Sons, New York, USA, 2000. 


