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1. INTRODUCTION

Let G = (V,E) be a simple (molecular) graph. The number of vertices and edges of G are
denoted by n and m, respectively. As usual n is said to be the order and m the size of G.
The degree of a vertex v € V(G), denoted by d (v), is the number of vertices adjacent to
v in G, and sg(V) = Yyeny ) de(u), where Ng(v) = {uluv € E(G)} is the set of
neighbor vertices of v in G. Let E,(G) be the set of all paths of length « in G and clearly
E;(G) = E(G). If all the vertices of G have same degree equal to r, then G is called a r-
regular graph. The tadpole graph T, is a graph of order n + k obtained by joining an end
of a path of length k to a vertex of a cycle graph C,, [34].
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The join G + H of graphs G and H is a graph with the vertex set V(G) U V(H) and
edge set E(G) U E(H) U {uv|u € V(G) and v € V(H)}. The join C, + K; of a cycle C,
and a single vertex is referred to as a wheel graph W,,,; of order n + 1. The Cartesian
product G x H of graphs ¢ and H has the vertex set V(G < H) =V(G) x V(H) and
(a,x)(b,y) is an edge of G x H if and only if [a =b and xy € E(H)] or [x =y and
ab € E(G)]. The ladder graph L,, is given by L,, = K, % B,, where B, is a path of order n.
The subdivision graph S(G) [14] of a graph G is the graph obtained from G by replacing
each of its edges by a path of length 2. The line graph L(G) of a graph G [14] is the graph
whose vertex set is E(G) in which two vertices are adjacent if and only if they share a
common vertex in G. We refer to [14] for unexplained graph theoretic terminology and
notation.

Chemical graph theory is a branch of mathematics which combines graph theory
and chemistry. Graph theory is used to mathematically model molecules in order to gain
insight into the physical properties of these chemical compounds. The basic idea of
chemical graph theory is that physico-chemical properties of molecules can be studied by
using the information encoded in their corresponding chemical graphs. A graph invariant
is any function on a graph that does not depend on a labeling of its vertices. Such
quantities are called topological indices. The Zagreb indices have been introduced in 1972
in the report of Gutman and Trinajsti¢ on the topological basis of the m-electron energy-
two terms appeared in the topological formula for the total m-energy of alternate
hydrocarbons, which were in 1975 used by Gutman et al. as branching indices, and later
employed as molecular descriptors in QSAR and QSPR. The first Zagreb index M; and
second Zagreb index M, of a graph G are defined as

M;(G) = Yvev(e) de (v)? and M,(G) = Yuver, () de(W)dg (V).
The first Zagreb index can be written also as
M1 (G) = Luver, 6y [de(w) +de ()] (1.1)
Another vertex-degree-based graph invariant
F(G) = ZUEV(G) de¢(v)?
was encountered in [13] and also called F-index [12].

The connectivity index (or Randi¢ index) of a graph G, denoted by y(G), was

introduced by Randi¢ [31] in the study of branching properties of alkanes. It is defined as

X(6) = Lwer©) Ty (12)

In [16, 17], with the intention of extending the applicability of the connectivity

index, Kier, Hall, Murray and Randic’ considered the higher-order connectivity index of a
graph G as

1
a —
X(6) = Yotz 418 (6) Jacy)dg(uz)—dg (arr) (1.3)
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It has found numerous applications [6, 18, 19, 22, 23, 24, 25, 26, 35, 36]. Results
related to the mathematical properties of this index have been reported in [27, 28].
Bearing in mind Egs. (1.2) and (1.3), we can consider the higher-order first Zagreb
index of Eq. (1.1) as
IM(G) = Zuyuyugsiebn ) [de(ur) + dg(uz) + -+ + dg(Ugeq)] (1.4)
By Eq. (1.4), it is consistent to define the second order first Zagreb index as
My (G) = X upuser, 6y [de(uy) + dg(up) + dg(uz)].  (1.5)
The present paper is organized as follows: In Section 2, we study the chemical
applicability of the second order first Zagreb index. In Section 3, we establish some basic
results on  2M; which are useful in later sections. In Sections 4, we obtain explicit
formula for computing the second order first Zagreb index of line graphs of subdivision
graphs of 2D-lattice, nanotube and nanotorus of TUC,Cg[p, q], tadpole graphs, wheel
graphs and ladder graphs.

2. ON THE CHEMICAL APPLICABILITY OF THE SECOND ORDER FIRST
ZAGREB INDEX

In this section, we will discuss the regression analysis of entropy (S) and acentric factor
(AcentFac) of an octane isomers on the degree based topological indices of the
corresponding molecular graph. The productivity of the second order first Zagreb index
was tested by using a data set of octane isomers, that can be found at
http://www.moleculardiscriptors.eu/dataset.htm, it is shown that the second order first
Zagreb index is highly correlated with the entropy (R = 0.961093128) and also with
acentric factor (R = 0.990202) of octane isomers. The data set of octane isomers
(columns 1-3 and 5 of Table 1) are taken from above web link whereas last column taken
form [5], and the fourth column of Table 1 is computed by Eg. (1.5).

The linear regression models for the entropy and acentric factor of Table 1 are
obtained by using the least squares fitting procedure as implemented in R software [2].
More details about the linear regression can be found in [33]. The fitted models are:

S = 123.14880(+1.30984) — 0.31608(£0.02271)%M, (2.1)
S = 150.8878(%3.5756) — 1.4722(+0.1153)M, (2.2)
S = 122.31091(+1.38791) — 0.20607(+0.01643)F (2.3)
AcentFac = 0.4792(+0.005195) — 0.002555(+0.00009006)2 M, (2.4)
AcentFac = 0.6996325(+0.0216422) — 0.0117797(20.0006977) M, (2.5)
AcentFac = 0.4700828(+0.0093940) — 0.0016380(0.0001112)F (2.6)

where the values in the brackets of Egs. (2.1) to (2.6) are the corresponding standard errors
of the regression coefficients (intercept and slope).

Tables 2 and 3 show that, the correlation coefficient (R = 0.961093128 and
R = 0.990202) of the experimental entropy and acentric factor of an octane isomers with
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second order first Zagreb index in the models (2.1) and (2.4) are better than in the models
(2.2), (2.3) and (2.5), (2.6), respectively, also the model (2.1) is better than the model
related to entropy of octane isomers on Sanskruti index (R = 0.829 and residual standard
error is 17.837) [15].

Table 1: Experimental values of the entropy, acentric factor and the corresponding values
of degree based topological indices of octane isomers.

Alkane S AcentFac M, M, F
n-octane 111.67 0.397898 34 26 50
2-methyl-heptane 109.84 0.377916 41 28 62
3-methyl-heptane 111.26 0.371002 43 28 62
4-methyl-heptane 109.32 0.371504 43 28 62
3-ethyl-hexane 109.43 0.362472 45 28 62
2,2-dimethyl-hexane 103.42 0.339426 58 32 92
2,3-dimethyl-hexane 108.02 0.348247 52 30 74
2,4-dimethyl-hexane 106.98 0.344223 50 30 74
2,5-dimethyl-hexane 105.72 0.35683 48 30 74
3,3-dimethyl-hexane 104.74 0.322596 62 32 92
3,4-dimethyl-hexane 106.59 0.340345 54 30 74
2-methyl-3-ethyl-pentane 106.06 0.332433 54 30 74
3-methyl-3-ethyl-pentane 101.48 0.306899 66 32 92
2,2,3-trimethyl-pentane 101.31 0.300816 71 34 104
2,2,4-trimethyl-pentane 104.09 0.30537 65 34 104
2,3,3-trimethyl-pentane 102.06 0.293177 73 34 104
2,3,4-trimethyl-pentane 102.39 0.317422 61 32 86
2,2,3,3-tetramethylbutane 93.06 0.255294 90 38 134
(a) (b)
4‘0 5‘0 5‘0 7I0 3‘0 9‘0 4I0 5I0 alo ?Io alo 90

Figure 1: Scatter diagram of (a) S on  2M,; (b) AcentFac on 2M,, superimposed by
the fitted regression line.
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Figure 2: Scatter diagram of (a) S on M;; (b) AcentFac on M, superimposed by the

fitted regression line.
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Figure 3: Scatter diagram of (a) S on F; (b) AcentFac on F, superimposed by the fitted
regression line.

Table 2: Correlation coefficient and residual standard error of regression model.

Index Correlation coefficient (R) with entropy Residual standard error
M, 0.961093128 1.286
M, 0.954306031 1.392
F 0.952732911 1.415
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Table 3: Correlation coefficient and residual standard error of regression model

Index |Correlation coefficient (R) with acentric fac Residual standard error
M, 0.990202 0.005101
M, 0.973087869 0.008424
F 0.965038859 0.009577

3. MATHEMATICAL PROPERTIES FOR THE SECOND ORDER FIRST
ZAGREB INDEX OF A GRAPH

In this section, we will establish some basic results on  2M; which are useful in later
sections.

Theorem 3.1 For agraph G = (V,E),
2M,(G) = 2M,(G) + 2 F(G) — = M, (G). (3.1)

Proof. By Eq. (1.5), we have
2M1(G) = Yupwer,c) (de(w) + dg(v) +dg(w))
= ZUEV(G) Zu:thNg(v) (dG (u) + dG (U) + dG (W))

IN Tuewengwy (do(w) + dg(v) + dg(w)), the quantity dg(v) appears (“6{”)) =
w times, and each quantity d (u) of {d;(u)|u € N;(v)} appears (d;(v) — 1)
times, i.e., the quantity s; (v) = Xyen,w) de(u) appears (dg (v) — 1) times. So,

ZMI(G) = ZUEV(G) Zu:thNg(v) (dG (u) + dG (U) + dG (W))
= Yoev(oy |“E24DD 4 (v) + (dg (v) — Dse ()]
= [Svevey 3 () — Ty d2(W)] + Xy ds(0)s5(v) = Xy 56(v)
= 2[F(6) — My(6)] + 2 Zuver(sy AWd(®) — Tvev(ey d2(v)
= ZF(G) — 3 My (G) + 2M,(G) — My(G)
= 2M,(G) + 2 F(G) — =M, (G).

Theorem 3.1 shows that the second order first Zagreb index 2M, is a linear
combination of the first Zagreb index M,, the second Zagreb index M, and the F-index F.
For the path P,, the wheel W,;; (n = 3) and the complete bipartite graph K, , we have

F(B,) =8n—14,M,(P,) = 4n — 6, M,(P,) = 4n — §;
F(Wyyt) = n° + 270, My(Wy 1) = n? + 9n, My(Wyy1) = 3n® + 9n;
F(Kr,s) = T‘S(TZ + 52)’M1(Kr,s) = TS(T + S)’MZ(Kr,s) =r?s?,



On the spectra of reduced distance matrix of the generalized Bethe trees 305

By Eq. (3.1) in Theorem 3.1, we can get the following result.
Corollary 3.2 Forn >3, 2M,(B,) = 6n — 14.

Corollary 3.3 Forn >3, 2*M,(W,,,) = %[n3 + 9n? + 36n].

Corollary 3.4 *M;(K,;) = rz—s[r2 + 52 +4rs — 3r — 3s].

Theorem 3.5 Let G be ar-regular graph on n vertices. Then 2M,(G) = 37”[r3 —r?].
Proof. Since G is a r-regular graph, M,(G) = nr?, F(G) = nr3 and M,(G) = rng Hence,
by Theorem 3.1, we get the desired result.

Corollary 3.6 For the cycle C,, onn > 3 vertices, 2M,(C,) = 6n.

3n(n-2)(n-1)>?

Corollary 3.7 For the complete graph K,, on n > 3 vertices, 2M,(K,) = .

Lemma 3.8 [3] Let G be a graph with n vertices and m edges. Then
M, (G) < m(% +n—2). (3.2)

Lemma 3.9 [4] Let G be a graph with n vertices and m edges, m > 0. Then the equality
2m
Ml(G) - m<m+n—2)

holds if and only if G is isomorphic to the star graph S,, or K,, or K,,_; U K;.

Theorem 3.10 Let G be a graph with n vertices and m edges. Then
2My(G) < 3m(n — 1) + “T“*) (3.3)
with equality if and only if G is isomorphic to K,.

Proof.
My (G) = Yuwwer, ) [de(u) +de(v) + dg(w)]
< Yuwwek, ) 3(m — 1) (3.4)
=3(n— 1) Luev() () = 3(n — 1)(—m + My(6))
<3(n—1)(-m+;m(=+n—2)) (3.5)

n-1 2

=3m(n-1) (% + ﬂ).
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The relations (3.4) and (3.5) were obtained by taking into account d;(v) <n -1
for each vertex v € V(G) and Eq. (3.2), respectively. The equality in (3.3) holds if and
only if the equalities in (3.4) and (3.5) hold, if and only if d;(v) < n — 1 for each vertex
v € V(G), i.e., G is a complete graph from Lemma 3.9.

Lemma 3.11 [4] Let G be a graph with n vertices and m edges. Then
My(G) = 2m(2p + 1) — pn(1 + p), where p = |22,

and the equality holds if and only if the difference of the degrees of any two vertices of
graph G is at most one.

Theorem 3.12 Let G be a graph with n vertices, m edges and the minimum vertex degree
6. Then

2M,(6) = £ (4mp — pn(p + 1)), wherep = |22 (3.6)
and the equality holds if and only if G is a regular graph.

Proof.
My (G) = Yuwwer, ) [de(u) +de(v) + dg(w)]
> Yuwwer,6) 36 (3.7)
= 35(-m +; My(6))

> 35(—m + % @Cm2p + 1) — pn(1 + p))) (3.8)

=2 (4mp — pn(p + 1)).

The relations (3.7) and (3.8) were obtained by taking into account d;(v) = § for
each vertex v € V(G) and Lemma 3.11, respectively. The equality in (3.6) holds if and
only if the equalities (3.7) and (3.8) hold, i.e., d;(v) = & for each vertex v € V(G) and G
is a regular graph from Lemma 3.11.

4. THE SECOND ORDER FIRST ZAGREB INDICES OF SPECIAL FAMILIES
OF GRAPH

Let p and g denote the number of squares in a row and the number of rows of squares,
respectively in the 2D-lattice, nanotube and nanotours of TUC,Cg[p, q], see Figure 3 (a),
(b) and (c), where p = 4 and q = 3. In [29, 30], Ranjini et al. presented explicit formulas
for computing the Shultz index and Zagreb indices of the subdivision graphs of the tadpole
T, k. the wheel W, and the ladder graph L,,. In 2015, Su and Xu [32] calculated the general
sum-connectivity index and co-index of the L(S(T,)), L(S(W,)) and L(S(Ly)). In [20],
Nadeem et al. derived some exact formulas for computing ABC, and GA; indices of the
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line graphs of the tadpole T, , the wheel W, and the ladder graph L, by using the notion
of subdivision. Recently, authors in [1, 15, 21] obtained the expressions for certain
topological indices of line graphs of subdivision graphs of 2D-lattice, nanotube and
nanotorus of TUC,Cg[p, q]. For more information on nanostructures, we refer the articles
[7,8,09, 10, 11].

R

(a)

Figure 4: (a) 2D-lattice of TUC,C5[4,3]; (b) TUC,Cs[4,3] nanotube; (c) TUC,Cg[4,3]
nanotorus.

(a) (b)
Figure 5: (a) Subdivision graph of 2D-lattice of TUC,Cg[4,3]; (b) line graph of the
subdivision graph of 2D-lattice of TUC,Cg[4,3].

Lemma 4.1 [21] Let A be the line graph of the subdivision graph of 2D-lattice of
TUC,Cg[p, q]. Then M;(A) = 108pq — 38p — 38q, F(A) = 324pq — 130p — 130q and
M,(A) = 162pq — 67(p + q) + 4.

From Lemma 4.1 and Theorem 3.1, we can immediately get the following result.

Theorem 4.2 Let A be the line graph of the subdivision graph of 2D-lattice of
TUC,Cg[p,q]. Then 2M,(A) = 324pq — 142p — 142q + 8.
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(a) (b)
Figure 6: (a) Subdivision graph of TUC,Cg[4,3] of nanotube; (b) line graph of the
subdivision graph of TUC,Cg[4,3] of nanotube.

Lemma 4.3 [21] Let B be the line graph of the subdivision graph of TUC,Cg[p, q]
nanotube. Then M,(B) = 108pq — 38p, F(B) = 324pq — 130p and M,(B) = 162pq —
67p.

The following result is immediate from Lemma 4.3 and Theorem 3.1.

Theorem 4.4 Let B be the line graph of the subdivision graph of TUC,Cg[p, q] nanotube.
Then 2M,(B) = 324pq — 142p.

(a) (b)

Figure 7: (a) Subdivision graph of TUC,Cg[4,3] of nanotorus; (b) line graph of the
subdivision graph of TUC,Cg4[4,3] of nanotorus.

Theorem 4.5 Let C be the line graph of the subdivision graph of TUC,Cg[p, g] nanotorus.
Then 2M,(C) = 324pq.

Proof. The subdivision graph of TUC,Cgs[p, q] nanotorus and the graph C are shown in
Figure 6 (a) and (b). The graph C is 3-regular with 12pq vertices. By Theorem 3.5, we get
required result.
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Lemma 4.6 [30, 32] (i) Let X be the line graph of the subdivision graph of the tadpole
graph T, . Then M;(X) =8n + 8k + 12, F(X) = 16n + 16k + 50 and M,(X) = 8n +
8k + 23.

(i1) Let Y be the line graph of the subdivision graph of the wheel graph with order n + 1.

Then M;(Y) = n® + 27n, F(Y) = n* + 81n and M,(Y) = n(—”s‘“zjn”z)
(iii) Let Z be the line graph of subdivision graph of a ladder graph with order n. Then

M;(Z) =54n - 76, F(Z) = 162n — 260 and M,(Z) = 81n — 132.
From Lemma 4.6 and Theorem 3.1, we can immediately get the following result.

Theorem 4.7 (i) Let X be the line graph of the subdivision graph of the tadpole graph

Tpk- Then  2M;(X) = 12n + 12k + 53.

(i1) Let Y be the line graph of the subdivision graph of the wheel graph with order n + 1.

Then 2M,(Y) = §(3n3 —5n? + 12n + 144).

(iii) Let Z be the line graph of subdivision graph of a ladder graph with order n. Then
M, (Z) = 162n — 280.

ACKNOWLEDGEMENT. This research was supported by UGC-SAP DRS-I1Il, New
Delhi, India for 2016-2021: F.510/3/DRS-I111/2016(SAP-I) Dated: 29" Feb. 2016.

REFERENCES

[1] A. R. Ashrafi, S. Yousefi, Computing Wiener index of a TUC,Cg(S) nanotorus,
MATCH Commun. Math. Comput. Chem.57 (2007) 403-410.

[2] R Core Team, R: A language and environment for statistical computing. R
Foundation for Statistical Computing, Vienna, Austria. (2016) URL: https://www.R-
project.org/.

[3] D. de Caen, An upper bound on the sum of squares of degrees in a graph, Discrete
Math. 185 (1998) 245-248.

[4] K. C. Das, Sharp bounds for the sum of the squares of the degrees of a graph,
Kragujevac J. Math. 25 (2003) 31-49.

[5] N. De, S. M. A. Nayeem, A. Pal, The F-coindex of some graph operations, Springer
Plus (2016) 5:221, doi: 10.1186/s40064-016-1864-7.

[6] H. Deng, Catacondensed Benzenoids and Phenylenes with the extremal third—order
Randi¢ index, MATCH Commun. Math. Comput. Chem.64 (2010) 471- 496.

[7] M. V. Diudea, E. C. Kirby, The energetic stability of tori and single wall tubes,



310 BASAVANAGOUD, PATIL AND DENG

Fuller. Sci. Technol. 9 (2001) 445-465.

[8] M. V. Diudea, Graphenes from 4-valent tori, Bull. Chem. Soc. Jpn. 75 (2002) 487—-
492.

[9] M. V. Diudea, Hosoya polynomial in tori, MATCH Commun. Math. Comput. Chem.
45 (2002) 109-122.

[10] M. V. Diudea, B. Parv, E. C. Kirby, Azulenic tori, MATCH Commun. Math.
Comput. Chem. 47 (2003) 53-70.

[11] M. V. Diudea, M. Stefu, B. Prv, P. E. John, Wiener index of armchair polyhex
nanotubes, Croat. Chem. Acta 77 (12) (2004) 111-115.

[12] B. Furtula, 1. Gutman, A forgotten topological index, J. Math. Chem. 53 (2015)
1184-1190.

[13] I. Gutman, N. Trinajsti¢, Graph theory and molecular orbitals. Total m-electron
energy of alternant hydrocarbons, Chem. Phys. Lett. 17 (1972) 535-538.

[14] F. Harary, Graph Theory, Addison-Wesley, Reading, Mass., 1969.

[15] S. M. Hosamani, Computing Sanskruti index of certain nanostructures, J. Appl.
Math. Comput. 54 (1-2) (2017) 425-433.

[16] L. B. Kier, L. H. Hall, Molecular Connectivity in Chemistry and Drug Research,
Academic Press, New York, 1976.

[17] L. B. Kier, L. H. Hall, W. J. Murray, M. Randi¢, Molecular connectivity V:
connectivity series concept applied to density, J. Pharm. Sci. 65 (1976) 1226-1230.

[18] A. Milicevi¢, S. Nikoli¢, On variable Zagreb indices, Croat. Chem. Acta 77 (1-2)
(2004) 97-101.

[19] A. Milicevi¢, N. Raos, Estimation of stability of coordination compounds by using
topological indices, Polyhedron 25 (14) (2006) 2800-2808.

[20] M. F. Nadeem, S. Zafar, Z. Zahid, On certain topological indices of the line graph of
subdivision graphs, Appl. Math. Comput. 271 (2015) 790-794.

[21] M. F. Nadeem, S. Zafar, Z. Zahid, On topological properties of the line graphs of
subdivision graphs of certain nanostructures, Appl. Math. Comput. 273 (2016) 125—
130.

[22] S. Nikoli¢, N. Trinajsti¢, S. lvanis, The connectivity indices of regular graphs,
Croat. Chem. Acta 72 (4) (1999) 875-883.

[23] S. Nikoli¢, N. Raos, Estimation of stablity constants of mixed amino acid complexes
with copper (11) from topological indices, Croat. Chem. Acta 74 (2001) 621-631.

[24] L. Pogliani, Molecular modeling by linear combinations of connectivity indices, J.
Phys. Chem. 99 (3) (1995) 925-937.

[25] L. Pogliani, A strategy for molecular modeling of a physicochemical property using
a linear combination of connectivity indexes, Croat. Chem. Acta 69 (1) (1996) 95—
109.

[26] L. Pogliani, Higher-level descriptor in molecular connectivity, Croat. Chem. Acta 75



On the spectra of reduced distance matrix of the generalized Bethe trees 311

(2) (2002) 409-432.

[27] J. Rada, O. Araujo, I. Gutman, Randi¢ index of benzenoid systems and phenylenes,
Croat. Chem. Acta 74 (2001) 225-235.

[28] J. Rada, O. Araujo, Higher order connectivity indices of starlike trees, Discrete Appl.
Math. 119 (2002) 287-295.

[29] P. S. Ranjini, V. Lokesha, M. A. Rajan, On the Shultz index of the subdivision
graphs, Adv. Stud. Contemp. Math. 21 (3) (2011) 279-290.

[30] P. S. Ranjini, V. Lokesha, I. N. Cangul, On the Zagreb indices of the line graphs of
the subdivision graphs, Appl. Math. Comput. 218 (2011) 699-702.

[31] M. Randi¢, On characterization of molecular branching, J. Am. Chem. Soc. 97
(1975) 6609-6615.

[32] G. Su, L. Xu, Topological indices of the line graph of subdivision graphs and their
Schur-bounds, Appl. Math. Comput. 253 (2015) 395-401.

[33] P. Tattar, S. Ramaiah, B. G. Manjunath, A Course in Statistics with R, John Wiley &
Sons, Ltd., 2016.

[34] E. W. Weisstein, Tadpole graph, From Matheworld-A Wolfram Web Resource.

[35] J. Zhang, H. Deng, S. Chen, Second order Randic’ index of phenylenes and their
corresponding hexagonal squeezes, J. Math. Chem. 42 (4) (2007) 941-947.

[36] J. Zhang, H. Deng, Third order Randi¢ index of phenylenes, J. Math. Chem. 43 (1)
(2008) 12-18.



