Iranian J. Math. Chem. 8 (4) December (2017) 345 — 364

Iranian Journal of Mathematical Chemistry

Journal homepage: ijmc.kashanu.ac.ir

A Numerical Study of Fractional Order Reverse
Osmosis Desalination Model using Legendre Wavelet
Approximation

OMAR BELHAMITIY® AND BELKACEM ABSAR?

ILaboratory of Pure and Applied Mathematics, Abdelhamid Ibn Badis University,
Mostaganem 27000, Algeria

2|_aboratory of Science and Technology of the Environment and Promotion, University of
Mostaganem, Mostaganem 27000, Algeria

ARTICLE INFO ABSTRACT
Avrticle History: The purpose of this study is to develop a new approach in modeling
—— and simulation of a reverse osmosis desalination system by using
iigzgiee?j': gOszyéOZlO% ! fractic_JnaI dii_"ferential equati_ons. Using the_Lege_ndr_e wavelet_ method
Published online 6 July 2017 combined with the decoupling and quasi-linearization technique, we
Academic Editor: Ivan Gutman demonstrate the validity and applicability of our model. Examples are
developed to illustrate the fractional differential technique and to
Keywords: highlight the broad applicability and the efficiency of this method.

Reverse osmosis desalination system  The fractional derivative is described in the Caputo sense.

Legendre wavelet method

DQL- technique

Caputo fractional derivative © 2017 University of Kashan Press. All rights reserved

1. INTRODUCTION

In recent few decades, fractional calculus has caught much attention due to its ability to
provide an accurate description of different nonlinear phenomena. Moreover, the fractional
differential equations have gained considerable popularity of many researchers due to their
applications in many engineering and scientific disciplines such as control theory, signal
processing, information sciences, and many other physical and chemical processes and also
in medical sciences, see [15-18, 20, 21, 24]. These equations are also used in the modeling
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of physical processes running in dynamic mode [23, 22]. In this way, this work deals with
the application of fractional derivatives for the desalination phenomenon.

On the other hand, desalination of sea water appears as a strategic solution adopted
by several countries to cope with drinking water availability problem. This process was
intended only for industrial purposes due to the constraints of high desalination costs [1-5].
However, technological advances in the field of manufacture of membranes have reduced
these costs and thus enable more countries to use this alternative as a freshwater resource.
Actually, re-verse osmosis, due to its lower energy consumption and simplicity has gained
much wider acceptance than the thermal alternatives. Reverse osmosis is based on a
physical property called semi-permeability. Certain polymeric materials (membranes)
allow water to pass more quickly than some substances such as dissolved salts. The
principle is to apply a high enough pressure to overcome the osmotic pressure and reverse
the flow of water.

Many mathematical models have been proposed to describe the performance of
reverse 0Smosis unit. For more details, we cite [1-5]. But, since the memory of phenomena
plays a key role in mechanics, so a possible generalization of the classic desalination model
would be a system with fractional order derivative. In this line of thought, Du et al. [11]
found that a physical meaning of the fractional order is an index of memory. Then,
Atangana et al. [8] proved that a fractional operator can provide a better interpretation of
both physical and engineering processes.

The authors in [30, 31] studied the overall performance of hollow fiber membranes
by using the interplay of fiber productivity (defined as the fraction of feed recovered as
permeate) and fiber selectivity or rejection. Two flow configuration modules for reverse
osmosis hollow fiber membranes are considered: co-current and counter-current flow.
Productivity and selectivity were plotted as functions of fiber length. It is found that at the
entrance of the module, the term of productivity is equal to zero. This trend (flattening of
the curve of productivity) is observed in the neighborhood of the entrance to the tube for
the two cases: Co-current and Cross-current. This phenomenon is explained by the fact that
the feed rate is constant and therefore the first derivative is equal to zero.

In this paper, we will focus on the use of the fractional differential operator in the
sense of Caputo for modeling a seawater desalination module using the reverse osmosis
process. The numerical solution of the fractional differential model (FDM) is obtained by
using the Legendre wavelet method combined with the decoupling and quasi-linearization
technique. For more information about this new approach, we refer the reader to [6,7,9,14].
In this approach the Block-Pulse functions (BPFs) and the operational matrix of integration
are used, FDM can be transformed to lower triangular system of algebraic equations. Then
the solution of this system is used to determine a new numerical solution of FDM. At the
end, and since the approach is not yet tested sufficiently on FDEs, some other problems are
studied.
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This work is organized as follows: Section 2 gives the fundamental equations to
describe the transport phenomena in reverse osmosis by using the fractional model. Section
3 introduces some necessary definitions of the Legendre wavelet method. We present a new
operational fractional matrix of integration and we give the description of the proposed
method. Section 4 gives the numerical investigations of the analytical findings. At the end,
a conclusion follows.

2. MODELING OF REVERSE OSMOSIS DESALINATION SYSTEM

2.1. CLASSICAL MODEL OF REVERSE OSMOSIS DESALINATION SYSTEM

Sea water desalination has become an inevitable alternative for many countries to
overcome the shortage of natural fresh water. Among desalination technology, reverse
osmosis is the most used method. This is mainly due to its simplicity, their costs, reduced
compared to thermal processes. No heating or phase separation change is necessary. The
major energy required for desalting is for pressurizing the seawater feed [19]. Reverse
osmosis is a method of separation and concentration in the liquid phase. This process is
applied to purify water for laboratory. The process consists in passing aqueous solution
under pressure through an appropriate membrane and withdrawing the membrane permeate
at atmospheric pressure and ambient temperature. The product obtained is enriched in one
of the mixture components. The other components are recovered in the retentate with
higher concentration in the high-pressure side of the membrane. Reverse osmosis
membranes are generally mounted on supports called modules. Currently, the most used
modules are: hollow fiber, tubular and spiral wound modules. Tubular modules are
constituted of two concentric tubes designed to separate a given feed into a higher pressure
stream (retentate) and a low pressure stream (permeate) see figure 1. According to the
direction of the feed flow rate, there are two types of flow pattern: the co-current and
counter-current flow pattern.

Figure 1: Hollow fiber membrane.
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A mathematical model was developed to predict the performance of hollow fiber
reverse osmosis membrane with co-current flow pattern. The mass transfer model
employed in this study is the solution-diffusion model. The solvent and salt mass flux are
expressed by Fick's law. This model is developed by the author [1, 2]. It consists of a set of
four strongly nonlinear differential equations. This system is found, according to material
balance principle:

(_dst:_nA_me AP—K(E—%)
dx Ow Qsw Qrw
d A ) )
wa:n_me AP—K(E—%)
) dx ow Qsw wa (1)
dQss _ Q Oy
o= o o (g2 )
40 . .
_Qfs = T[BS Dm <$ — %),
\ dx Qsw wa

where
Qs - 1s the water volumetric flow rate in the shell side,

Qfw : is the water volumetric flow rate in the fiber side,

Q,, : represents the solute mass flow rate in the shell side,
Qs : is the solute mass flow rate in the fiber side,
Kk is a proportionality coefficient,

A,, 1s the water permeability coefficient (a function of salt diffusivity through the
membrane),

AP is the transmembrane pressure (a function of the feed, concentrate and permeate
concentrations),

o, 1S the water density,
B is the solute permeability coefficient,

The osmotic pressure is approximately represented by a linear function of solute
concentrations T = k C.

2.2. REVERSE OSMOSIS DESALINATION MODEL

Lately, it has frequently been observed that the mathematical models represented by
fractional order derivatives [11, 12, 13, 20] can provide better agreement between
measured and simulated data than classical models based on integer order derivatives. In
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classical desalination model [1, 2, 7], instead of a variation of order one, we consider, in
this study, a variation of the order 1 < a < 2. Taking into account normalized variables,

— Osw — wa - _ & - _ Qfs
Qv Qswo’ wa Qswo’ Qs Oss0 ' Qfs Oss0

if we replace the first order derivatives by fractional derivatives in (1), then a simple
dimensional analysis shows that the left-hand sides of the equations have the dimension of
(space)™. But an examination of the right-hand sides shows that they have the dimension of
(space)™, so, we need to modify the right-hand sides to adjust the dimensions [12]. Thus,
we formulate the fractional model of reverse osmosis desalination using Caputo fractional
derivatives of order, 1 < a < 2 [10], the model is described by the non-linear Caputo
fractional differential system:

( _ Q Qf
oDx Qsw = —¢1 + ¢, (Q;‘i - Qf_:;)
oDxQrw = €1 — <$ - %)
Qsw wa
< 0 0 2)
Da = —¢ <ﬁ —_ L)
oMx wa 3 Qsw Qfw
a = Oss _ %)
\ ODx wa C3 <st wa ,
where
A, D @
Ow QSWO
. a
c _<T[AW Dm st)
, = =
Ow QSWO QSWO

D a
c3:<nBst) .
sw0

Note that in the limit case @ — 1, the system (2) reduces to the classical system (1).

3. LEGENDRE WAVELET METHOD

In this section, we present some definitions and properties of fractional calculus. Then, we
introduce some preliminaries on Legendre wavelets that are used throughout this paper.
This section is ended by presenting some definitions, notations and basic facts of block
pulse functions, [25-27].
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Let (n —1) < a <n,n € N*, afunction f € C" (a,b). The Caputo derivative of
order « = 0 is defined by

I
=1 (Ff(ﬂ)

[0¢]

M'a): = f e *u®1ldu, Re{a}>0
0

6D F(0) = ¢

where

We note that the Caputo derivative of a constant function is zero. For more details
on fractional calculus, we refer the reader to [10, 13].

3.1. LEGENDRE WAVELETS

On the other hand, the wavelets are a family of functions constructed from dilatations and
translations of a single function called the mother wavelet. We have the following family of
continuous wavelets

Yar(©) = lal 2 (tT),a,b R a #0,

where ¥(t) € L*(R) , a and b represent the dilation and the translation parameters
respectively. If a and b have discrete values as
a=ay*a,>1
n,k €N,
b=mnbyaz* by >1

for n and m positive integers, we have the following family of discrete wavelets:
m
lpm,n(t) = |a0|7 l/J(a(’)”t - n bO)

where i, ,,(t) forms a wavelet basis for L2(R). In particular, when ag = 2 and b = 1,
Y. (t) forms an orthonormal basis. That is (Y, n, Y1k ) = Smy Sny inWhich (., .)
denotes the inner product in L2([0,1]).

In this work, the mother wavelet is the Legendre polynomials. We de ne the
orthogonal Legendre polynomials of order m by the following Rodriguez recurrence
formula:
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Lo(t) =1
Li(t) =t
2 3
nan® = () s O = (g )

with m =0,1,2,3,... and t varies into [-1,1].
The Legendre wavelets are defined in [0; 1] by the following formula

n

n—1 -
St< o

21

1 .
o () = { m+ 17222 Ly(2t —2n+ 1) if
| 0, otherwise,

wheren=1,..,2771(j € N\{0}), m=0,..,n. — 1 (n, € N\{0}) is the order of the
Legendre polynomials and nc is the number of collocation points. However, the dilatation
parameter is a = 22 and the translation parameter is b = (2n-1)22.

The family

forms an orthonormal basis of L?([0,1]) [26]. Then, any function f € L*([0,1]) may
be decomposed as

f(@) = X521 XmZo Com Wnm(t), 3)
where C,., = (f,¥); inwhich (.,.) denoted the inner product in L2([0,1]).
The function in (3) can be approached by
f(0) = T2 S0 Com Ynm (8) = CT W), )
where C and W(t) are 2/~ nc vectors given by

T
C= [61,0 ..... Cinc-1,C20,.Conc—1 621—1,1 ,,,,, sz—l,nc—1] )

W) = [P1.0(0): o W1 ne1(O) W20O), e Wame-1 (), o o (), o Wr e O] (6)

The following property of the product of two Legendre wavelet vector functions will
also be used

ATW() WT(t) = WT(t) 4, (7)

where
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T
A = [alvo, ,alvnc_l, azvo, ey azvnc_l, ,“./)2j—1'0(t), ’1’/)2j_1,nC—1(t) ]
and A is a 2/ ncx2/~1 nc matrix [26].
3.2. BLOCK PULSE FUNCTION

The block functions form a complete set of orthogonal functions which can be defined over
[0;T] by

. i—1 i
b;(t) = {1 I Pinel S T (8)
, otherwise,

where, i = 1,...,2/"nc [27]. There are some properties for block pulse functions: the
most important properties are disjointness and orthogonality.

The disjointness property follows

b(t) bT(t) V =V b(t)

v, 0
V= ( P : )
0 - VZj_lnc

where V is an 2/~nc-vector. The block-pulse functions are orthogonal

and

T T .
f b;(t), bi(t) dt = {21"1nc’l —J
0 0, otherwise

wherei; j=1,2,..., 2/ nc.
3.3. OPERATIONAL FRACTIONAL MATRIX OF INTEGRATION

In the following section, we introduce new arguments for deriving the fractional Legendre
wavelets operational matrix of integration.

Let t € [0; 1] we define the Legendre wavelets operational matrix of integration as
in [6, 26],

;W (x) dx = P ¥(t), 9)

where
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1 o L -~ :
P = il - . F
0 0 L

is the 2/=Inc x 2/~1nc operational matrix of integration, and L and F are nc x nc matrices.
It is not difficult to see that

(I2¥) () = P(),

(%) () = f W) dx = P (o),
(29O = |

0

uwmm:f

0

t ( f W) dx) ds = f Pw(s) ds = PXPXW(E) = P? W(0),

t(fs\y(x) dx (fT‘P(x) dx...)ds) = PxPx..X¥(t) = P" W(t),

On the other hand, we have

(oY) (t) = o )f (t—7)" ¥ (1)dr, te [01]

Using the convolution product, we can write
(oI ¥) (6) = (Tx$)(0),

where
(t- r)

o(t) =

(a causal function).

The continuous character of the function I'(a) is used to release I'(n) and to define
the integral operator of order a>0.This operator is defined as

odFP(t) =T (a )f (t—-1)*'¥(r)dr, a>0
¥Y(t), a=0,

S0
(& ¥P)() = P¥¥(t), a > 0. (10)

Now, to define the fractional Legendre wavelets operational matrix of integration,
we give a result, in the transition matrix of the base B to the base ¥(t).
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Proposition 3.3.1. For m = 0,1,..., nc-1, the relation between the Legendre wavelet vector

and m-set of block-pulse functions can be written as
¥Y(t) = H B(t),

where H is the (2/7'nc) x (2/~1nc) passage matrix

hl,O hl,nc—l
: : 0
| hnc,O hnc,nc—l |
H=| s s !
hl,O hl,nc—l
0 : :
hnc,O hnc nc—1
and
= (m + k)! (D)t — (i — 1)k+t
i e + _ m+k i
R GO (e
Proof. Let

! / 1. (% .
him = f Yo (@) bi(t)dt = |m+ > 272 ﬁ:Lm (2/t—2n+1) dt.
0 -
q

On the first level n = 1, this formula becomes

him = /m+ > 212 fﬁ_le (27t —1) dt.

q

Assuming that 2/t — 1, we obtain

et
him = Jm+1/2 2172 f L, (x) dx
! 21—2_1
nc

2_i_1 m—-1
_ . nc m m+k
= Jm+1/22i" fz,_cz_l kZO(—l)m*" (k)( - )xkdx

— - m-1 . (m + k)! ()1 — (i — 1)k+1
= \/mzll ;(_1) k (m — k) (k") nck q (k+1)

We need also the following result [27]:

(11)
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Proposition 3.3.2. Let o>0. The fractional integral of block-pulse function vector can be
written as

(1% B) (t) = F* B(1), (12)

where F¢ is the (21=1nc) x (21~'nc) matrix given by

N

_ T \* 1 |
F*= (Zj‘lnc) I'(a+2) K i ij_lncz)’
0 :

i

and

fl = 1!
{fp =pl —2(p-1)*1+ (p—2)**1, p=23..2 nc—i+1,

with i =123, ...,2/ nc.
Now, we prove the following result for the fractional matrix of integration:

Theorem 3.3.3. The Legendre wavelets operational matrix P of fractional integration is
given by

P* =HF*H 1, (13)

Proof. Using (10) and (11), we can write

(IE¥)(t) = (I*H B)(t) = HUI* B)(®). (14)
Thanks to (10) and (14), yields
PY (t) = HF* B(t). (15)

By (11) and (15), we get
P*HB(t) = H F*B(t).
Therefore,
P® = HF%1,
3.4. ILLUSTRATION OF THE APPROACH

In this subsection, we will describe our approach to solve numerically the system (2). We
start with the decoupling and quasi-linearization iterative technique. It is summarized as
follows:
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Given initial profile for each solution: Q%) (x), Q(O)(x) 09 x), Q(O)(x)

(k+1) Q(k+1)>

(k+1) __ Ss
D¥Qsw ~ = —C1 + (Q(k+1) 0®D

(k+1) Q(k+1)
(k+1) __ Ss
oDxQp, =1 —C (Q(k+1) Q(k+1)>

A (k+1) Q(k+1)
DEQsy = —C3 | =1
0¥x X fw Q(k+1) Q(k+1)

H(k+1) Q(k+1)
DeQ = c sS
0¥x ¥ fw 3 Q(k+1) Q(k+1)

sw

where U and U™ are the approximations of the solution at the current and the preceding
iteration, respectively.

To find a solution of (2), we apply the method described above for each equation
and we calculate the decoupling and quasi-linearization error by using the following
formula

e = s (o - 021, o™ - 2, - o -

) 1o

where || . ||, represents the Euclidian norm. This procedure gives the solution of the
problem when the error is less than a given small epsilon.

Foru € C? ([0,1]), we develop our method for the problem

D*u(t) = g(t) u(t)+ f(t),t € 101],0<a<?2 (17)
such that
u(0) = u,
{u’(O) =u, (18)

The condition u'(0) = u, is only for 1 <a <2, where f,g € L*([0,1]). We
approximate the derivative D* u and the functions g and f as in (4) as follows :
Deu(t) =UT ¥(t)
g(t) =G"¥() (19)
f(&)=F"¥(t)

Using (10), we can write
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u(t) =1 (D% u(t)) + u(0) + v’ (0)¢
= 1% (UT W(t)) + upd” W(t) + w,ET W(t)
= UTP*W(t) + ugd” ¥Y(t) + u ET ¥(¢t),

SO
u(t) = (UTP* +uyd? +uw, ET) W(t) (20)

where d = (1, W(t));2o1 and E = (t, W (t)) 20 17)- Substituting (19) and (20) into (17),
we have
UTW(t) = GTY(t) (UTPY +uyd” +u,ET)WP(t) + FT ¥(t)
YT()U = GTPE)YT(t) (UTP* +upyd” +u, ET)T +WT()F
=WT(t) GWUTP® +uyd” +w,ET)T +WT(¢)F
Thanks to (7), we obtain the following algebraic system
(Is = G(PY)T)U = G(uod™ +u,ET)T +F. (21)

The solution of the problem (17-18) is obtained by substituting U in (20).

3.4.1. NUMERICAL TESTS

In this section, we consider an example to show the efficiency and the accuracy of the
proposed approach. For0 < a < l1and t € [0,1], we consider the system :

— 2 r(g+1) B—a _ 2B _ 7
D* u(t) = u?(t) + v(t) + ra b a_t Vt
F(§+1) y (22)

F(§+1—a)

D v(t) = v2(t) +u(t) + tz % —t7 —tP,

such that

{u(O) =0 (23)

v(0) = 0.
The exact solution of (22) and (23) is given by

u,(t) = th
v, (t) = V¢
We employ the Legende wavelet method combined with the decoupling and quasi-
linearization technique for studying the solutions of the problem (22-23).
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In the Figure 2, we see the evolution of the logarithmic error induced by the
decoupling and quasi-linearization technique defined in (16). We observe a strict decrease
of the error, which explains the convergence and the stability of the solution.

Figure 2: Example 2: Error induced by DQLT.
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Then, as we know the exact solution, we estimate the absolute error of each solution is
produced by cumulate of truncation, LWM and DQL technique by the following formula

Ey = llu = uell,.

Figure 3: Example 2:The analytical and approximate solutions.
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(24)

We observe a good agreement between the analytical and approximate solutions
(see Figure 3). However, the obtained result shows that this approach can provide better

performance.



A numerical study of fractional order reverse osmosis desalination model 359

Table 1: Example 2: The point wise errors for u.

t Exact Solution ~ j=3 and nc=4 j=3 and nc=8 j=5and nc=4 j=5and nc=8

0 0 6.3318e-04 1.5723e-04 3.9868e-05 9.9852¢-06
0.2 0.0400 6.4165e-04 1.6826e-04 4.0775e-05 1.0361e-05
0.4 0.1600 5.4928e-04 1.5991e-04 3.8131e-05 1.0120e-05
0.6 0.3600 4.5914e-04 1.4914e-04 3.5756e-05 9.8017e-06
0.8 0.6400 4.4651e-04 1.3749¢e-04 3.6947e-05 9.4494¢-06

1 1.0000 4.5500e-04 1.2532e-04 3.9832e-05 9.0781e-06

Table 2: Example 2: The point wise errors for v.

t Exact Solution j=3 and nc=4 j=3 and nc=8 j=5and nc=4 j=5and nc=8
0 0 7.8510e-04 8.8309e-04 7.5065e-05 1.0596e-04
0.2 0.0894 8.7458e-04 1.9219e-04 7.5034e-05 2.0449¢-05
0.4 0.2530 1.7925e-03 3.2299e-04 2.2016e-04 3.9049e-05
0.6 0.4648 1.0542e-03 3.4945e-04 1.1705e-04 4.2348e-05
0.8 0.7155 5.1373e-05 3.7980e-04 1.8159¢-04 4.6889e-05
1 1.0000 3.7651e-05 3.8612e-04 1.7892e-04 4.7739e-05

Finally, as can be seen in Tables 1-2, only a small number of collocation points is
needed to get the approximate solution, which is a full agreement with the exact solution up
to 6 Digits. The obtained solutions show that this approach can effectively solve systems of
fractional differential equations.

4. A SIMULATION STUDY

In this section, we propose a new numerical solution for the mathematical model described
in Section 2. The proposed approach seems to be very efficient for nonlinear differential
systems. Numerical test shows that one important feature of our approach is that it gives a
high-quality of the solution as well as a stability and a computational speed for a small
number of collocation points.

So, let us consider a small-scale reverse osmosis desalination fractional order model
(2), where the co-current flow pattern is treated as shown in figure 1, associated with the
conditions:

Q.,(0) =226.8
Qs5(0) = 2 Q4 (0)
Qw(0) =0

Qs(0) =0

and



360 BELHAMITI AND ABSAR

dQSW J— dQSW —_— dQSW —_— dQSW J—
dx 0)= dx 0) = dx (0) = dx 0)=0.

The membrane specifications and the operating parameters are given in the table 3
obtained from [29,28].

Table 3: The operating parameters.

Parameters Value

The membrane diameter (Dy,) 0.0576 m

Water density (o) 10° kg/m’

Solute permeability coefficient (Bs) 1.12 x 10™* m/h
Water permeability constant (A,) 4.2 x10™h/m
Proportionality coefficient (i) 1.02 x 10" m?h’
Transmembrane pressure (AP) 4.02 x 10" kg/m/ h?

The feed rate consisting of water and salts (solute) flows continuously and
tangentially inside the membrane. Following the permselectivte property of the membrane,
water diffuses faster than the solute. At the output of the module, we obtain a permeate at
the tube side with a low concentration of salts, and a retentate at the shell side with a very
high concentration of salts (Figure 1).

The results of simulation obtained by the proposed numerical solution method are
shown in Figures 4-7. The first finding is that the behavior of the curves predicted by the
model are very close to these obtained in the literature.

Figures 4-7 (A) show the variation of the solute and water flow rate in the tube and shell
side along the dimensionless parameter x. As predicted, the variation of water and solute
flow rate are close to zero at the entrance of the module. In reality, at this point of the
module, water and solute flow rates are both constants and therefore, their variation is equal
to zero. This behavior is demonstrated in the proposed model, which is not the case of the
classical model with an integer derivative (see Figures 4-7 (B)).

Figure 4: The flow rate of the solute in tube-side.
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Figure 5: The flow rate of the water in tube-side.

The flow rate of the water in fiber-side

(A)

0.8 0.9 1

The flow rate of the water in fiber-side

0.8

0.7

0.6

05

0.3F

0.2

0.1

(B)

Figure 6: The flow rate of the solute in shell-side.
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Figure 7: The flow rate of the water in shell-side.
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Another means to verify the accuracy of the obtained results is to establish a matter
balance. The following equation expresses the relative mass balance applied to the module:

V. = Qwater_(Qpermeate_water+Qretentate_water) =0
1 - ’

Qfeed_water

v, = Qsotute=(Qpermeate sotutetQretentate solute) =0
_ Qfeed _solute
The examination of the mass conservation law is a pertinent factor for the validation
of our simulation. The results show the quality of the proposed model for a = 1.5, by
looking V; for the water parameter is of the order of 2.45e-10 and V. for the solute
parameter is less than 1.08e-12.

5. CONCLUSION

In this study, simulation of small-scale reverse osmosis desalination problem was
conducted using a new fractional model. Numerical method of Legendre wavelets
associated with the decoupling and quasi-linearization technique was applied to solve
equations of mass transfer. Comparison of model predictions with experimental results in
the literature reveals that a reasonable agreement exists between them. Simulation results
reveal that fractional model can be considered as a more efficient predictor as compared
with classical model. According to the model results, the calculation of the difference
between the quantity of matter in the feed-side and the permeate-retentate sides shows the
quality of the solutions obtained by the proposed model. It can be concluded from the
obtained results that the proposed model in this work can well give the best prediction of
reverse osmosis desalination phenomena.
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