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ABSTRACT In this paper, the hyper-Zagreb index of the Cartesian product, composition 
and corona product of graphs are computed. These results correct some errors in G. H. 
Shirdel et al. [Iranian J. Math. Chem. 4 (2) (2013) 213220]. 
 
KEYWORDS Hyper-Zagreb index • Zagreb index • graph operation.  

 

1. INTRODUCTION 

Throughout this paper, we consider only simple connected graphs. Let ܩ be such a graph 
with vertex set ܸ(ܩ) and edge set (ܩ)ܧ. The degree of a vertex ݓ ∈  is the number (ܩ)ܸ
of vertices adjacent to ݓ and is denoted by ݀ீ(ݓ). We refer to [11] for unexplained 
terminology and notation. 

 In theoretical chemistry, the physico-chemical properties of chemical compounds 
are often modeled by means of molecular-graph-based structure-descriptors, which are 
also referred to as topological indices [10, 15]. The Zagreb indices are widely studied 
degree-based topological indices, and were introduced by Gutman and Trinajstiܿ ′ [9] in 
1972. The first and the second Zagreb indices of a graph ܩ are respectively defined as  

(ܩ)ଵܯ = ∑  ௨∈(ீ) (ܩ)ଶܯ ଶ and(ݑ)ீ݀ = ∑  ௨௩∈ா(ீ)  .(ݒ)ீ݀(ݑ)ீ݀
The first Zagreb index can also be expressed as a sum over edges of ܩ,  

(ܩ)ଵܯ = ∑  ௨௩∈ா(ீ) (ݑ)ீ݀] +  .[(ݒ)ீ݀
Recently, G.H. Shirdel, H. Rezapour and A.M. Sayadi [14] introduced a new 

version of Zagreb index named hyper-Zagreb index which is defined for a graph ܩ as  
(ܩ)ܯܪ = ∑  ௨௩∈ா(ீ) (ݑ)ீ݀) +   .ଶ((ݒ)ீ݀

Some new results on the hyper-Zagreb index can be found in [7, 8]. 
  The Cartesian product ܩ × ܩ)ܸ has the vertex set ܪ and ܩ of graphs ܪ × (ܪ =

(ܩ)ܸ × ,ܽ) and (ܪ)ܸ ,ܾ)(ݔ ܩ is an edge of (ݕ × ܽ if ܪ = ܾ and ݕݔ ∈ ܾܽ or ,(ܪ)ܧ ∈
ݔ and (ܩ)ܧ = ,ܽ) If .ݕ ܩ is a vertex of (ݔ × ,ܽ))then ݀ீ×ு ,ܪ ((ݔ = ݀ீ(ܽ) + ݀ு(ݔ). 

  The composition [ܪ]ܩ of graphs ܩ and ܪ with disjoint vertex sets ܸ(ܩ) and ܸ(ܪ) 
and edge sets (ܩ)ܧ and (ܪ)ܧ is the graph with vertex set ܸ(ܩ) × ,ܽ) and (ܪ)ܸ  is (ݔ
adjacent to (ܾ, ܽ whenever ܽ is adjacent to ܾ or (ݕ = ܾ and ݔ is adjacent to ݕ. If (ܽ,  is (ݔ
a vertex of [ܪ]ܩ, then ݀ீ[ு]((ܽ, ((ݔ = (ܽ)ீ݀|(ܪ)ܸ| + ݀ு(ݔ). 
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  The corona product ܩ ∘  by ܪ and ܩ is defined as the graph obtained from ܪ
taking one copy of ܩ and |ܸ(ܩ)| copies of ܪ and then by joining with an edge each 
vertex of the ݅௧ copy of ܪ which is named (ܪ, ݅) with the ݅௧ vertex of ܩ for ݅ =
1,2, . . . , ܩ is a vertex of ݑ If .|(ܩ)ܸ| ∘   then ,ܪ

݀ீ∘ு(ݑ) = ൜݀ீ(ݑ) + ݑ  ݂݅       |(ܪ)ܸ| ∈ ,(ܩ)ܸ
݀ு(ݑ) + ݑ  ݂݅              1 ∈ ,ܪ)ܸ ݅).

� 

   G. H. Shirdel et al. [14] computed the hyper-Zagreb index of some graph 
operations. However, the formulae of Theorem 2, Theorem 3, and Theorem 4 of their 
paper for computing the hyper-Zagreb index of Cartesian product, composition, and 
corona product are incorrect. In this paper, we give correct expressions for the hyper-
Zagreb index of the Cartesian product, composition and corona product of graphs. 
Readers interested in more information on computing topological indices of graph 
operations can be referred to [16, 12, 13]. 
 

2. RESULTS 

Theorem 2.1 Let ܩ and ܪ be graphs. Then  
ܩ)ܯܪ × (ܪ = (ܪ)ܯܪ|(ܩ)ܸ| + |(ܪ)ܧ|(ܩ)ଵܯ12+ (ܩ)ܯܪ|(ܪ)ܸ| +  .|(ܩ)ܧ|(ܪ)ଵܯ12

 
Proof. By definition of the hyper-Zagreb index, we have 

ܩ)ܯܪ × (ܪ = ∑  (,௫)(,௬)∈ா(ீ×ு) [݀ீ×ு((ܽ, ((ݔ + ݀ீ×ு((ܾ,   ଶ[((ݕ

         = ∑  ∈(ீ) ∑  ௫௬∈ா(ு) [݀ீ(ܽ) + ݀ு(ݔ) + ݀ீ(ܽ) + ݀ு(ݕ)]ଶ 

         + ∑  ௫∈(ு) ∑  ∈ா(ீ) [݀ு(ݔ) + ݀ீ(ܽ) + ݀ு(ݔ) + ݀ீ(ܾ)]ଶ 

         = ∑  ∈(ீ) ∑  ௫௬∈ா(ு) [2݀ீ(ܽ) + ݀ு(ݔ) + ݀ு(ݕ)]ଶ 

         + ∑  ௫∈(ு) ∑  ∈ா(ீ) [2݀ு(ݔ) + ݀ீ(ܽ) + ݀ீ(ܾ)]ଶ 

         = ∑  ∈(ீ) ∑  ௫௬∈ா(ு) [4݀ீ(ܽ)ଶ + (݀ு(ݔ) + ݀ு(ݕ))ଶ + 4݀ீ(ܽ)(݀ு(ݔ) + ݀ு(ݕ))] 

        + ∑  ௫∈(ு) ∑  ∈ா(ீ) [4݀ு(ݔ)ଶ + (݀ீ(ܽ) + ݀ீ(ܾ))ଶ + 4݀ு(ݔ)(݀ீ(ܽ) + ݀ீ(ܾ))] 

        = (ܩ)ଵܯ|(ܪ)ܧ|4 + (ܪ)ܯܪ|(ܩ)ܸ| +  (ܪ)ଵܯ|(ܩ)ܧ|8

(ܪ)ଵܯ|(ܩ)ܧ|4+          + (ܩ)ܯܪ|(ܪ)ܸ| +   .(ܩ)ଵܯ|(ܪ)ܧ|8

  □ 

As an application of Theorem 2.1, we list explicit formulae for the hyper-Zagreb 
index of the rectangular grid ܲ × ௦ܲ, ܥସ −nanotube ܲ × ସܥ , andܥ −nanotorus ܥ ×  .ܥ
The formulae follow from Theorem 2.1 by using the expressions ܯଵ( ܲ) = 4݊ − 6, 
݊ > (ܥ)ଵܯ ;1 = 4n; ܯܪ( ܲ) = 16݊ − 30, ݊ > 2 and ܯܪ(ܥ) = 16݊.  

 
Corollary 2.2 ܯܪ( ܲ × ௦ܲ) = ݏݎ128 − ݎ150 − ݏ150 + ,ݎ ,144 ݏ > 2; 

)ܯܪ            ܲ × (ܥ = ݍݎ128 − ݎ ,ݍ150 > ܥ)ܯܪ ;2 × (ܥ =   .ݍ128

Theorem 2.3  Let ܩ and ܪ be graphs. Then 

([ܪ]ܩ)ܯܪ  = (ܩ)ܯܪସ|(ܪ)ܸ| +  (ܪ)ܯܪ|(ܩ)ܸ|

(ܩ)ଵܯ|(ܪ)ܧ|ଶ|(ܪ)ܸ|12+                     + (ܪ)ଵܯ|(ܩ)ܧ||(ܪ)ܸ|10 +  .|(ܩ)ܧ|ଶ|(ܪ)ܧ|8
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Proof. Using the definition of the hyper-Zagreb index, we have 

([ܪ]ܩ)ܯܪ = ∑  (,௫)(,௬)∈ா(ீ[ு]) [݀ீ[ு]((ܽ, ((ݔ + ݀ீ[ு]((ܾ,   ଶ[((ݕ

      = ∑  ௫∈(ு) ∑  ௬∈(ு) ∑  ∈ா(ீ) (ܽ)ீ݀|(ܪ)ܸ|] + ݀ு(ݔ) + (ܾ)ீ݀|(ܪ)ܸ| + ݀ு(ݕ)]ଶ 

      + ∑  ∈(ீ) ∑  ௫௬∈ா(ு) (ܽ)ீ݀|(ܪ)ܸ|] + ݀ு(ݔ) + (ܽ)ீ݀|(ܪ)ܸ| + ݀ு(ݕ)]ଶ 

      = ∑  ௫∈(ு) ∑  ௬∈(ு) ∑  ∈ா(ீ) (ܽ)ீ݀)ଶ|(ܪ)ܸ|] + ݀ீ(ܾ))ଶ + ݀ு(ݔ)ଶ + ݀ு(ݕ)ଶ 

      +2݀ு(ݔ)݀ு(ݕ)  + (ܽ)ீ݀)|(ܪ)ܸ|2 + ݀ீ(ܾ))(݀ு(ݔ) + ݀ு(ݕ))]   

     +∑  ∈(ீ) ∑  ௫௬∈ா(ு) ଶ݀ீ(ܽ)ଶ|(ܪ)ܸ|4] + (݀ு(ݔ) + ݀ு(ݕ))ଶ 

 [((ݕ)ு݀+  (ݔ)ு݀)(ܽ)ீ݀|(ܪ)ܸ|4+     

                   = หܸ(ܪ)|ସ(ܩ)ܯܪ + (ܪ)ଵܯห(ܩ)ܧห|(ܪ)ܸ| + (ܪ)ଵܯ|(ܩ)ܧห|(ܪ)ܸ| +  |(ܩ)ܧ|ଶ|(ܪ)ܧ|8

|(ܪ)ܧ|2)(ܩ)ଵܯଶ|(ܪ)ܸ|2+                  + (|(ܪ)ܧ|2 + (ܩ)ଵܯ|(ܪ)ܧ|ଶ|(ܪ)ܸ|4 +  (ܪ)ܯܪ|(ܩ)ܸ|

  .(ܪ)ଵܯ|(ܩ)ܧ||(ܪ)ܸ|8+                    

□ 

As an application of Theorem 2.3, we present formulae for the hyper-Zagreb index 
of the fence graph ܲ[ܭଶ] and the closed fence graph ܥ[ܭଶ].  
 

Corollary 2.4 ܯܪ( ܲ[ܭଶ]) = 500݊ − 816, ݊ > ([ଶܭ]ܥ)ܯܪ ;2 = 500݊.  
 

Theorem 2.5  Let ܩ and ܪ be graphs. Then  

ܩ)ܯܪ ∘ (ܪ  = + (ܩ)ܯܪ  (ܪ)ܯܪ|(ܩ)ܸ|   + (ܩ)ଵܯ|(ܪ)ܸ|5   + (ܪ)ଵܯ|(ܩ)ܸ|5  +

|(ܩ)ܧ|ଶ|(ܪ)ܸ|4   + |(ܪ)ܧ||(ܩ)ܸ|4 + |(ܪ)ܸ|)|(ܪ)ܸ||(ܩ)ܸ|+ |(ܪ)ܧ||(ܩ)ܧ|8 + 1)ଶ   

|(ܪ)ܸ|)4 + + |(ܪ)ܸ||(ܩ)ܧ|)(1 +  .(|(ܩ)ܸ||(ܪ)ܧ|
 
Proof. By definition of the hyper-Zagreb index, we have 

ܩ)ܯܪ ∘ (ܪ = ∑  ௨௩∈ா(ீ∘ு) [݀ீ∘ு(ݑ) + ݀ீ∘ு(ݒ)]ଶ  

        = ∑  ௨௩∈ா(ீ) (ݑ)ீ݀] + |(ܪ)ܸ| + (ݒ)ீ݀ +  ଶ[|(ܪ)ܸ|

        + ∑  ௨௩∈ா(ு) ∑  |(ீ)|
ୀଵ [݀ு(ݑ) + 1 + ݀ு(ݒ) + 1]ଶ 

        + ∑  ௨∈(ீ) ∑  ௩∈(ு) (ݑ)ீ݀] + |(ܪ)ܸ| + ݀ு(ݒ) + 1]ଶ. 

It is easy to see that 

∑  ௨௩∈ா(ீ) (ݑ)ீ݀] + (ݒ)ீ݀ + ∑=ଶ[|(ܪ)ܸ|2  ௨௩∈ா(ீ) (ݑ)ீ݀)] + ଶ((ݒ)ீ݀ +  ଶ              (2.1)|(ܪ)ܸ|4

(ݑ)ீ݀)|(ܪ)ܸ|4+ + =   [((ݒ)ீ݀ (ܩ)ܯܪ + |(ܩ)ܧ|ଶ|(ܪ)ܸ|4 +  .(ܩ)ଵܯ|(ܪ)ܸ|4

 ∑  ௨௩∈ா(ு) ∑  |(ீ)|
ୀଵ [݀ு(ݑ) + ݀ு(ݒ) + 2]ଶ=∑  ௨௩∈ா(ு) ∑  |(ீ)|

ୀଵ [(݀ு(ݑ) + ݀ு(ݒ))ଶ + 4 

                   +4(݀ு(ݑ) + ݀ு(ݒ))]    = (ܪ)ܯܪ൫|(ܩ)ܸ| + |(ܪ)ܧ|4 +  ൯.                     (2.2)(ܪ)ଵܯ4

 ∑  ௨∈(ீ) ∑  ௩∈(ு) (ݑ)ீ݀] + ݀ு(ݒ) + |(ܪ)ܸ| + 1]ଶ = ∑  ௨∈V(ீ) ∑  ௩∈(ு) ଶ(ݑ)ீ݀] + ݀ு(ݒ)ଶ 

(ݒ)ு݀(ݑ)2݀ீ+           + |(ܪ)ܸ|) + 1)ଶ + |(ܪ)ܸ|)2 + (ݑ)ீ݀)(1 + ݀ு(ݒ))] 

 = (ܩ)ଵܯ|(ܪ)ܸ| + (ܪ)ଵܯ|(ܩ)ܸ| + |(ܪ)ܧ||(ܩ)ܧ|8 + |(ܪ)ܸ|)|(ܪ)ܸ||(ܩ)ܸ| + 1)ଶ  
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|(ܪ)ܸ|)4+     + |(ܪ)ܸ||(ܩ)ܧ|)(1 +  (2.3)                                              .(|(ܩ)ܸ||(H)ܧ|

By adding Eqs. (2.1), (2.2), and (2.3) the proof is completed.                                           □ 
 

Using Theorem 2.5, we can compute the hyper-Zagreb index of the ݇ −thorny 
cycle ܥ ∘   .ܭ

 

Corollary 2.6 ܥ)ܯܪ ∘ (ܭ = 16݊ + 25݊݇ + 10݊݇ଶ + ݊݇ଷ.  
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