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1 Introduction

Let G = (V(G), E(Q)) be a simple undirected graph of order n with the set of vertices V(G) and
the set of edges F(G) which | E(G) |= m, called the size of the graph G. The energy of graphs
is highly appealing due to their significance in the field of mathematical chemistry, and many
mathematicians have obtained many upper and lower bounds for it in terms of m, n, and some
topological indices such as the Randik and the Sombor index. Topological indices on graphs are
a group of numerical parameters that predict specific physical and chemical characteristics of
molecules, for example, the Winer index is directly related to the boiling point of some materials
or the Sombor index is directly related to the Molecular mass of alkanes with a limiting factor
1.009, see [1]. The Sombor index is one of the novel topological indices, introduced by Gutman.
It’s calculated using the formula SO(G) = X, ,cr) Vs + d. Here d, and d, respectively
represent the degrees of vertices v and v in the graph G.

The adjacency matriz of a graph G, denoted by A(G), is characterized by its elements such
that a;; equals 1 if the vertices v; and v; are adjacent and equals 0 if they are not. Also, the
degree matriz of G, represented as D(G), is the matrix whose entries are as a;; = d,,, and 0
otherwise. Let the Laplacian matrixz of graphG be defined as L(G) = D(G) — A(G). Also,
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assume the eigenvalues of the matrix A(G) are given by the real numbers Ay > Ay > --- > A,
while the nonnegative real numbers py > puo > -+ > u, > 0 are the sequence of eigenvalues of
L(G). The energy of the graph G is given by the following formula:

e(G):ZMi ,

and the Laplacian energy of G is calculated using

It was proved that if G is a graph of order at least 3 or the minimum degree of vertices are
greater than 2, then £(G) < So(G), see [2, 3.

Theorem 1.1. (/2]). For any graph G where the minimum vertex degree 0 is at least 2, it holds
that £(G) < So(G).

Theorem 1.2. ([3]). Assume that G is a connected graph with n vertices. When n is 3 or
more, it holds that e(G) < So(G).

Also, if G is a connected graph of order n which is not P, (n < 8), then ¢(G) < SoéG), see [4].

Theorem 1.3. ([/, Theorem 3]). Assume that G is a connected graph of order n that is not
P, for n < 8. Then ¢(G) < %

Also, a large number of articles have been written on the topic of energy, Laplacian energy
and the Sombor index of graphs, for example see [5-10]. Lately, the energy of a vertex has been
developed by Arizmendi and et al. in [11]. In this paper, we have strengthened these results

and obtained several lower and upper bounds between the energy of a graph and the Laplacian
energy versus the Sombor index.

2 Main results

The objective of this section is to improve the bound on the energy of graph and the Laplacian
energy based on its Sombor index.

Denote a complete graph, an edgeless graph, and a path of order n by K,,, K,, and P,,
respectively, and put the notation K, ; for a complete bipartite graph of order n = a+b. First,
the following two lemmas are needed in the sequel.

Lemma 2.1. ([12, Corollary 3.1]). Let G represent a simple graph characterized by n > 2
vertices and m edges. It follows that So(G) > @

Lemma 2.2. ([/13, Theorem 5.4.1]). For any graph G consisting of n vertices and m edges, it
holds that, €(G) < v/2mn.

Now, in the following theorem, we have improved the upper bound of the energy of a graph.
Theorem 2.3. For any simple graph G consisting of n vertices and m edges, we have:
So(Q)

2(%)

The equality is satisfied if and only if G = K,, or UL, Ks.

e(G) <

vl
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Proof. By McClland bound which is e(G) < v/2mn, see [13, Theorem 5.4.1], and Lemma 2.1

2v2m? S0(G)
we get, e(G) < V2mn = —2— < 2225,

= 3
2(%)2 2(7)2 _
For the equality, It is not difficult to check that for graphs G = K,, and G = |-, K>, ¢(G) =

% = 2m and by Cauchy-Schwarz inequality, e(G) = v/2mn if and only if for each 1 <i <mn,
myy
|A;| = 1. Thus the equality is satisfied only when G = K,, or G = |J]", Ko. |

Corollary 2.4. (i) If a graph G has at least one cyclic, then it follows that e(G) < 598)

n

3
(ii) Since <% > 4, so 2(%)% > % and consequently, for any simple graph G, we have,

The following result is derived as a consequence of Theorem 1.3 and Theorem 2.3.
Theorem 2.5. If G is a connected graph of order n which is not P,(n < 8), then

So(G)

@< 229
O =z 2m)h)

In [2], Ulker and et al. established several lower bounds for the energy of a graph, which
are expressed in relation to the Sombor index.

Theorem 2.6. (/2]). Suppose that G is a graph with a mazimum degree of A(G). Then we
have e(G)A(G)? > So(G).

Theorem 2.7. ([2]). The inequality e(G)A(G)? > So(G) is valid if G represents a A-regular
graph.

In the following, we improve this bound and introduce several new lower bounds on the
energy of a graph versus its Sombor index. To do this, we mention that the energy of a graph
is the total of its vertex energies, i.e.,

e(G) = e(x1) +e(w2) - -e(@n),
where e(z;) is the energy of the vertex z;, stated in [11].

Theorem 2.8. ([11]). Let G be a graph that contains at least one edge. For every vertex
xz; € V(G), we have e(x;) > gic, Equality is established if and only if G = Kg44.

The subsequent lemma directly follows from the aforementioned theorem.

Lemma 2.9. Assume that G is a graph whose mazimum degree is denoted by A. Then

where equality is achieved if and only if G = Kgq 4.

Proof. Using Theorem 2.8, ¢(G) = £ ,e(z;) > £ %4 = 21, [

Now, we are ready to improve the upper bound on the energy of a graph versus its Sombor
index.
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Theorem 2.10. Assume that G is a graph whose mazimum degree is denoted by A. Then

So(Q)
Az
V2

e(@) >

Here, equality is achieved if and only if G is a reqular complete bipartite graph.

Proof. Since So(G) = Eypev @)V d2 + d2 < Yypev (o) VA2 + A2 = V2mA, by Lemma 2.9 we
get,
a2 0

ﬁ
It is easily demonstrable that the equation So(G) = v/2mA holds true if and only if the graph G
is a A-regular graph. According to Lemma 2.9, equality is satisfied if and only if G = K3 4. W

e(@) =

Theorem 2.11. For every simple graph G with n vertices and m edges,

So(Q)

VmA -
V2

e(@) >

Here, a necessary and sufficient condition for equality is that G must be a regular complete
bipartite graph.

Proof. By [14], 2y/m < &(G) and the equality is satisfied if and only if G is a complete bipartite

graph plus arbitrarily many isolated vertices. Also, it is not difficult to check that So(G) <
V2mA with equality if and only if G is a regular graph. So So(G) < V2mA = (2y/m) @A <
VmA m

7 e(@) with equality if and only if G is a regular complete bipartite graph.

In the sequel, we present an upper bound and a lower bound for Laplacian energy in terms
of the Sombor index.

Theorem 2.12. For any simple graph G characterized by n vertices and m edges, we have,
Le(G) < %

2m

Proof. By [13, Theorem 5.7.3], Le(G) < /nM;i(G) + 2mn — 4m? where M;(G) is the first
zagreb index. It is not difficult to check that 2mn — 4m? < 0. So Le(G) < /nM;(G). By

[12, Theorem 3.1], M;(G) < v/2S0(G) and by Lemma 2.1, v2n < % Thus Le(G) <

VAN (@) < 1/VEnSo(G) < /549 So(G) = S99 m

Corollary 2.13. For any simple graph G consisting of n vertices and m edges, we have:
(i) If G is a tree, then @ > 1 and hence Le(G) < So(QG).
(ii) If G is not a tree, then m > n and hence Le(G) < So(G)

\/5
(iil) Since 2m > nd, then Le(G) < %

V2

Proof. In the case (i), note that for n < 2, the result is obtained by direct calculation. ]
>

Theorem 2.14. For any simple graph G consisting of n vertices and m edges we have, Le(G)
So(G)




Iranian Journal of Mathematical Chemistry 16 (1) (2025) 33 — 38 37

Proof. By [13, Theorem 5.7.3],

Le(G) > 2\/M1(G) +2m — # > 2/M;(G)

o fAm® _Am _ 2V2m?  V2n
- n  Jn o on m
> SOr(nG)-

Van
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