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Abstract

Let G be a molecular graph, where d,, representes the degree
of vertex u, and uv denotes an edge connecting vertices u and
v. A few years ago, a new vertex-degree-based graph invari-
ant (topological index) was introduced by Gutman, defined as
SO(G) = ,pecp VA2 + d2, called the Sombor index. Recently,
Kulli et al. compared several modified versions of Sombor in-
dex (Nirmala, Sombor, Dharwad, and F-Sombor indices), they
found that these indices are highly correlated and their values
for QSPR applications are nearly the same. Based on this study
Kulli et al. introduced a new vertex-degree-based topological in-
dex, which is defined as X (G) = 3 cp V/dk + d¥, where k > 1
is a real number. In this paper, we determine the extremal
chemical trees with respect to X index.

(© 2024 University of Kashan Press. All rights reserved.

1 Introduction

In chemistry, the mathematical apparatus of graph theory is applied for modeling chemical phe-
nomena, usually the relations between molecular structure and the physicochemical properties
of the underlying chemical compounds.

Let G be a graph with vertex set V' and edge set E. By uv € E we denote the edge of G,
connecting the vertices u and v. The degree of the vertex u in G is denoted by d,,. A few years
ago, Gutman [1]| defined a new vertex-degree-based graph invariant, named "Sombor index" of
a graph G, denoted by SO(G), defined as:

SO(G) = Y Vd2 +d2.
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The mathematical properties and the various applications of the Sombor index and its modified
versions can be found in the recent articles [2-9] and cited therein.

The bond incident degree (BID) index for a graph G is defined as the total of contributions
f(dy,dy) from all edges uv of G, where f is a real-valued symmetric function. For example, if
take f(dy,d,) = /d2 + d2 then we obtain the Sombor index. Albalahi et al. [10] studied the
problem of finding graphs with extremum BID indices over the class of all chemical graphs of
a fixed number of edges and vertices.

Kulli et al. [11] compared several modified versions of the Sombor index. They found that
these indices are highly correlated and their value for QSPR applications is nearly the same.
Based on this study, Kulli et al. [11] considered a new vertex-degree-based topological index

X(G) =Y \Jds+df,

uveE

where k > 1 is a real number. For k = 1,2,3 and 4, X gives Nirmala [12, 13], Sombor, Dharwad,
and F-Sombor [14] indices, respectively.
In this paper, we determine the extremal chemical trees with respect to X index.

2 Main results

In [11], it was proved that X(T) > X(P,) for any tree T of order n. Therefore, we study the
extremal chemical trees with maximum X index. For n = 3s + 2 with s > 1, CT,, is the class
of chemical trees of order n such that every degree of vertices is one or four. For n = 3s with
s > 3, CT,, is the class of chemical trees of order n such that only one vertex has degree two
and its neighbors have degree four, and other vertices have degree one or four. For n = 3s+ 1
with s > 4, CT,, is the class of chemical trees of order n such that only one vertex has degree
three and its neighbors have degree four, and other vertices have degree one or four.

If n < 3 then there is only one tree of order n. For n = 4, we have

X(Py) = 2/1 4 28 4 V21 < 31/1 4 3k = X(Sy).

Thus, let T be a chemical tree of order n > 5 and v; (i = 1,2, 3,4) be the number of vertices of
degree i in T. Also let e; ; (1 <14 < j < 4) be the number of edges of T' connecting vertices of
degree ¢ and j. Then e;,; = 0 and

vy +uatustuvg=mn, v+ 20+ 3v3+4vy=2(n—1),
e12ter3tergterstessztergtesstesstess=n—1,
er2+ter3+er g =v1, €r4+e2q+e3q+2eqq =40y, (1)
e1,2 +2e32+ex3+ ey =2v2, e13+e3+2e33+e34=3v3.

Lemma 2.1. Let T be a chemical tree of order n. If X(T) is the mazimum among all chemical
trees of order n, then e; 2 = ez 3 =e33 = 0.

Proof. First, suppose that es o # 0. Then there are adjacent vertices v and v in T such that
dy, = d, =2. Let Np(u) = {v,2} and Nr(v) = {u,y}. Denote Ty =T — vy + uy. Then we get

X(Th) — X(T) :\/3k + dk + \/3’f+d§+ 3k 41

—\/2k+d!;—\/2k+d’;—\/2k+2k>0,
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using 3% + 1 > 2% + 2% for all k > 1. Because the function f(t) = (¢ + 1)* — t* is increasing
when k£ > 1. This is a contradiction.

Suppose now that ez 3 # 0. Then there are adjacent vertices v and v in T" such that d, = 2
and d,, = 3. Let Np(u) = {v,z,y} and Np(v) = {u, z}. Denote Ty =T — vz + uz. Then

X(Th) = X(T) =4 + b + a5+ d + 85 + b+ VI 51

— 3+ - V3t +dk V20 dE /3 2 > 0,

using 4k +1 > 3% 4+ 2k for all k£ > 1. This is a contradiction.

Finally, suppose that e33 # 0. Then there are adjacent vertices u and v in T such that
dy, = dy, = 3. Let Nr(u) = {v,z,y} and Np(v) = {u, z,w}. Without loss of generality, we can
assume that d, = max{d,,d,,d.,d,}. Denote T} =T — uy + vy. Then

X(Th) — X(T) :\/4k+dk+\/4k+dk +\/4k+dk+\/2k+dk+ 4k 2k

3t = \f3 el — \f35 b — 3R 4k - VB BE,

In order to get the inequality X (77) > X (T), it will be enough to show that

./4k+d,’;+%\/2k+d’;>\/3k+d’;+é\/3k+d’;. (2)

Because 4% +2% > 3k 4-3% for all k > 1. Then we get a contradiction and it follows that ez 3 = 0.
Hence, we now will prove the inequality (2) and it is equivalent to

3(\ah+db—\[3 ) > \f35+dk -\ f2+a

On the other, it is easy to see that \/4’C + df — \/3’€ +df > VA4F +dk — /3% + dk, because
d; > d,. Therefore, we have to prove that:

3 (\/4k +dk - \/3k+dgg> > \f35dk — (28 1,

that is,

B\/AF k4 /26 4 dk > 4y/35 1 db.

Therefore, the proof is completed by showing that

2
<3\/4k+d§+\/2k+d’;> > 945+ 9dF + 2% 4 gk 464/ (28 + db)?

2
=9.-4F 1 7.2F £ 16d" > 16- 3" + 164" = <41/3’“+d’;> ,

since 4% + 2% > 3%k 4+ 3% for all k > 1. |

If n=6orn=7orn =10 then one can easily see that CT,, = 0. Forn =6, n = 7 or
n = 10, we denote by T;, the graph depicted in Figure 1, respectively.
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T6 T7

Figure 1: The graphs Ty, T7 and T for n = 6,7, 10.

Lemma 2.2. Let T be a chemical tree of order n, wheren € {6,7,10}. If X (T) is the mazimum
among all chemical trees of order n, then T = T,.

Proof. By Lemma 2.1, we have eg o = ez 3 = ez 3 = 0. If vy = 0 then we have e 2 = 2v9,
e1,3 = 3vs3, e12+e13 = vy and vy + 2v2 +3vs = 2(n—1) from (1) and it follows that v; = n— 1.
Hence, T' 2 S, and a contradiction since A(T) = n—1 > 5. Therefore, we have vy > 1. Clearly,
if n =6 or n="7then vy <1, and if n = 10 then vy < 2.

Let n =6 or n = 7. Then vy = 1 and from (1), we get a system of equations: vy + ve +v3 =
n—1, vy +2vy + 3vs = 2n — 6. For n = 6, it has only one solution that is v; = 4,v9 = 1,v3 =0
and it follows that T' = Ts. For n = 7, it has two solutions which are (vy,v2,v3) = (5,0,1) or
(4,2,0). Hence T € {T%, T3}, where Ty is the obtained graph from Ps by attaching two pendent
vertices to the central vertex of P;. Moreover, we have

X(Ty) = 2v/1 + 3% + /3F + 4k 4+ 3y/1 + 4%,
X(T%) = 2¢/1 + 2% + 21/2F + 4k 4 21/1 4 45,
In order to get the required result, it is sufficient to prove X (77) > X (T%). Then

21+ 3F + /38 44k 4 /1 4+ 4% > 20/1 + 2F 4 2/2k 4 4k,

that is,

14535 4+ 40/ (14 39) (30 4 45) 1+ 41/ (1+38) (1 + 4%) +2,/ (3% + 45)(1 + 4¥)

>8~2"’—|—2-4’“+8\/(1+2’€)(2’f+4’f).

The above inequality is true, because (1+3%)(1+4F) > (142%)(2F +4F), \/(3F + 4%)(1 + 4F) >
4k and 1+5-3">8-2F for k> 1.

Let n = 10. Then vy = 1 or v4 = 2. If vg = 2 then vy + vy +v3 = 8, v1 + 2v2 + 3vz = 10
from (1) and it has two solutions that are (vq,vs,v3) = (7,0,1) or (6,2,0). By Lemma 2.1, we
have ez 9 = ez 3 = e33 = 0. Hence, all possible values of X (T) are as follows:

2v/3k 4+ 4k 4+ 61/1 + 4% + /1 + 3%,
VaE a4k /30 4k 4 50/1 4k 1 24/1 4 3F,
VAk 4k 4 9\/2k 4 4k 4 4\/1 + 4k + 24/1 + 2k,

3v/2k 14k £ 5\/1 + 4k + /1 + 2k,
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and we will show that 2v/3% + 4% + 6v/1 + 4% 4+ /1 + 3F is maximum.
Using well-known Karamata’s inequality, one can easily see that

3v/2k + 4k £ 5/ 1+ 4k 4 /1 + 28 > \/ak 4k £ 21/2k 4 4k 4 4\/1 4 4F 4 20/1 4 2%,

since (4F +4% 2F 4-4% 2k 4 4F 1 44% 144F 144F 1447 1+2% 1+2F) majorizes (2% 44, 2% +
4k ok 4ok 14 4R 14+ 4F 1448 1 4+4F 144514 2%) and f(t) = /t is concave. Similarly as
the above, we have

2V/3k 4 4k 4 6/1 4+ 4F + /14 3k > /dk 14k /38 14k £ 5y/1+ 4k + 24/1 4 3%,

Now we show that:
2v/3 + 45 + 6/1 + 4% + /1 + 3k > 3v/2k + 4k 1 51/1 + 4k + /1 + 2F.

It is enough to prove that:

2V/3k + 4k /1 + 4k > 33/2k + 4k,

that is,

A\/3k 44k 412k + 16k >9.2F 4 4.4F —4.3F — 1.

Using 4 -3* > 6 - 2% and 16 - 12F > 24 - 8% we have

9-2" 4+ 4.4F —4.3" ~1<4.45+3.25 =/16-16%F + 24 -8~ +9 -4k
< V16 16F + 16 - 12% + 16 - 4k < 4+/3% + 4k 1 12~ + 16+,

From the above, we conclude that X (T) = 2v/3%F + 4% 4 6v/1 + 4% + /1 + 3%. Hence T = Ty,.

If vg = 1 then v1 + v9 +v3 = 9, v1 + 209 + 3vg = 14 and it has three solutions that are
(v1,v2,v3) = (6,1,2) or (5,3,1) or (4,5,0). By Lemma 2.1, we have ez 2 = ez 3 = e33 = 0.
Hence, all possible values of X (T') are as follows:

2V/3k 4k /1 + 4k + /28 44k 4 4y/1 43k + /1 4+ 2%,
V3K 4 4+ 37/2k 4 4k 4 24/1 + 35 4+ 3¢/1 + 2k,

First we show that:

2V/3F 4+ 4F 4 61/1 +4F + /14 3% > /38 4 4k 4 31/2k 44k 4 2/1 + 35 + 31/1 + 2~

It is enough to prove that:

3k 44k 1 5\/1 + 4k > 3/2k £ 4k 1 34/1 + 2%,

By squaring both sides, we get:
A=17-4F 135 116+ 100/3k + 4% £ 12k £ 16%F > 18- 2F 1 18/2F + 2. 4k 1 8k,

Since 9 - 4% > 18- 2%, 8. 4% 4 3 = 8V/16F + 3% > 8v/2- 8F + V/8F > 12V/8F, we get

A>1&2’“+12¢87+10\/0+0+12/8~8k+16/8~8k>18-2k+27\/87

1 1
:18-2k+18\/4.8k+2~2~8k+8k>18~2’“+18\/2k+2-4k+8k.
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To finish the proof, we have to prove that:

X(Tyo) > 2/3% + 4k 4 /14 4k 4 /28 4 4F 4 4/1 4 3k 4+ /1 + 2K,

that is,

5V/1 4 4F > \/2k 44k 4 3y/1 + 3k 4 /1 4 25, (3)

On the other hand, one can easily see that 1/3/2(1 + 4F) > 2k +4F \/3/5(1 + 4F) > /1 + 2F
and 1/3/2+ 4/3/5 < 2. Using these inequalities in (3), we get the required result. [ |

Theorem 2.3. Let T be a chemical tree of order n > 4, where n ¢ {6,7,10}. If X(T') is the
mazximum among all chemical trees of order n then T € CT .

Proof. By Lemma 2.1, we have ez 2 = e3 3 = e3 3 = 0. Hence, from (1), we get
V1 + V2 +U3+ Vg =N,
erp2t+eizteraterstezatess=n—1,

el2+erzters=v, er2+ezq= 20,

e13+e34 =303, e14+e24+e34+2e44 =404

From the above, we easily get the following equations:

3 n 4 n ) n 3 n 7 n 1e
= - = - —e —e
n=geetgestaeiat geat pesat e,
2( +1) 2 2 +5e +1e +1e
e1a=2(n —={2e - - -
1473 3\ %2t gestgeratpesal,
1 1 1 2 8
€44 = g(n — 5) + 561’2 + §61’3 — 56274 — 563’4. (4)
Then, using (4), we obtain:
=3 ydirdi= 3 [V ey
weE 1<i<j<4
2 4
3(n+1) 1+4ab 4 22 2W§—e12<3\/1+4k ’“\/5—\/1+2k>

1 2k+1
— €24 <3 Vizd s 202 iy 4k> (5)
1 8-2 f
— €34 5\/1+4k — V/3k + 4k

2 n—>5
= g(n +1)V1 44k + 3 2¥V/2 — c1ae19 — c13€13 — Casea — C34€3.4,

where o = 31+ 4F — 1. 26y/2 — V1128, 13 = 01+ 4F - 292 /11 3F,
Cog = VT +4F 4 ZEV2 R AR and cgy = $v/1 4 4F 4 82V2 _\/3F 1 4F,
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First we prove that:
C1g > coq > 0 and c13 > ¢34 > 0. (6)

By Karamata’s inequality, we have

Cro — con = /1 + 4k + /2% 44k — 2k\/2 — \/1 + 2k > 0,

since (4F +4F 1+ 2F) majorizes (4F +2*,4F +1) and f(t) = /1 is concave. Also by Karamata’s
inequality, we have

c13 — 31 = V1 + 4k 4 /3k 14k —2F\/2 /14 3k > 0,

since (4% 4+ 4% 1+ 3%) majorizes (4% + 3% 4% +-1). Now we show that co4 > 0 and c34 > 0. Then

1 2k+1 k 1 1
Co = V1 448+ V2 — 2k 4k = 1+4—k+2f—3 L+ o
ok 1
>3 1+2v2-3 1+5 > 0.

1 8.2 ok / 1 / 3k
C34:§ 144k 4 ———— \[ \/3k+4k—< 1+47+8\[2_9 1+4k>
2k
>9<1+8\f—9\/1+2>>0.

We distinguish the following three cases.

(i) Let n =3s+ 2, s > 1. Then from (5) and (6), we obtain

X(T) < (n+1)\/1+4k+nT_5-2’“\/§,

00\[\9

with equality holding if and only if
€12 =€13=¢€32 ==¢€33=¢€4 =e33=¢e34=0.

Hence we get v1 = e14 =2(n+1)/3 and eg 4 = (n—5)/3. Also we have vo = v3 = 0. Therefore
TeCT,.

(ii) Let n =3s, s > 3. Then ve # 0 or v3 # 0. If v5 > 1 then
€12+ e24 =202 > 2,

from (1). Therefore, we get

2 -5
X(T) Sg(n‘i‘ 1) 1 —|—4k + TLT . Qk\@— 824(61,2 +62,4)
2
<z(n+1) 144k 4222 2 P N
2

;l T2k 4+ =2 ok B 0 /oF 1 4, (7)
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since c¢io > ¢4 and c13 > ¢34 > 0.
If vy = 0 then we have vy + v3 + v4 = n and vy + 3vs + 4vg = 2(n — 1). Thus, since n = 3s
we easily get vg > 2. Therefore, we have:

e1,3 +e34 = vz > 6,

from (1). Hence, we obtain:

2 )
X(T) <5+ DVI+ 45+ ”T 282 — caulers + e3.4)

2
Sg(n—i-l) T4 2h 4+ 20 9k B ey,
144k 4+~ 2"\f+6\/3k+4k (8)

since cig > coq > 0 and c¢13 > c34. From (7) and (8), we get the required result because
6c34 > 2c94 which is equivalent to 41/2 (16%F + 8%)4-2F > 9.3%. Moreover, by AM-GM inequality
and power mean inequality, we obtain

k
3442
2(16k+8k)+2k24\/4~12k+2k>8~(3.4)k+2k>9~<839+> >9.3"

Equality holds in (7) if and only if v = 1, v3 = 0 and ez 4 = 2. Thus T € Ty,.

(iii) If n =3s + 1, s > 4 then vg # 0 or vz # 0. If v3 > 1, then similarly as in (ii) we get:

2 -5
X(T) gg(n+1) 1+4k+nT - 28V2 — caulers + esa)
2
Sg(nJrl) T4k 22 3 2]“\[2*3034
2 1
- ”; (TSP SN Ty 9)

Let now vz = 0. If vy = 1, then the system of equations v +v4 = n—1 and v; +4vg = 2(n —2)
has no integer solution. Thus vy > 2 and similarly as in (ii), we also get:

2 )
X(T) <5+ D)VI+4F+ "T - 28V2 — cauers + e2,4)
2
gg(n+1) 1+4k 422 3 Qk\f—4cz4
2
s(n=1) 144k + 2222 2"f+4\/2k+4k

from 4coy < 3czq. Because 4cay < 3csy is equivalent to v/1 + 4% 4 3v/4F 4+ 3% > 4y/4% + 2k Now
we prove this inequality. Then

VI 4 4 3V 135 2 43/ (1 4 ak)(ar 4303
— 43/27F + 3365 + 3 - 48k + G4F + 108F + 3 - 1445 + 3 - 192F + 2565

> 4§/16k + 332k 4 32k 4 (2- 48k + 64F + 108F + 2 - 144F) + 128F + 3 - 128F + 256F

>4§/16k+4-32k+6-((2-48+64+108+2-144)/5)k+4-128k+256k
> 4/16F + 432k + 6 - 64% + 4 - 128F + 256F = 41/4k 4 2k,
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by AM-GM inequality and power mean inequality. Hence, equality holds in (9) if and only if
ve =0,v3=1and eg4 =3. Thus T € CT,.

On the other hand, in each case we easily conclude that the equality holds if and only if
TeCTy. [ |

Remark. In the introduction, we have mentioned that the investigation of chemical graphs
with extreme BID indices has been studied in [10]. In this paper, we have characterized extremal
chemical trees with respect to X index and highlight that Theorem 2.3 can also be addressed
using Theorem 2 in [10].
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