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Abstract

The Sombor index is a newly introduced vertex-degree-based
graph invariant with the ability to predict the enthalpy of va-
porization and entropy of octane isomers. Recently, two new
variants of the Sombor index namely the reduced and increased
Sombor indices were put forward. The reduced and increased
Sombor indices are respectively defined for graph I' as

SOma) = Y V@ (F) — 12+ (@r(G) — 17,

FGeE(T)

and

SOMT) = Y V({dr(F) +1)2+ (dr(9) + 1)?,

FGeE(T)

in which dr(F) is the degree of the vertex F in I". Our purpose
is to establish sharp lower bounds on the reduced and increased
Sombor indices of trees in terms of their order and maximum
vertex degree. Moreover, the extremal trees that attain the
bounds are characterized.

© 2024 University of Kashan Press. All rights reserved.

1 Introduction

Consider a simple connected graph T where V(T') and E(T") are its vertex and edge sets, re-
spectively. For F € V(T'), the set Np(F) = {G € V(') : G € E(I')} is called the open
neighborhood of the vertex F in I" and the degree dr(F) of F in I is the order of Np(F). Let
Dinaz = Dmaz(T) = max{dp(F) : F € V(I')} be the maximum vertex degree of I'. The distance
dr(F,G) is the number of edges in the shortest path connecting the vertices 7 and G in I.
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A pendent vertex in a tree is called a leaf and a vertex incident to a leaf is said to be a
support vertex. A support vertex incident to more than one leaf is a strong support vertex. A
rooted tree is a tree with a vertex recognized as the root. If G is a non-root vertex in a tree,
the vertex adjacent to G on the path joining G and the root vertex is known as the parent of G.

A tree with at most a vertex F of degree greater than 2 is a spider and F is called its center.
If all vertices of a spider are of degree at most 2, then every vertex can be considered as its
center. A path connecting the center of a spider to one of its pendent vertices is called a leg
of the spider. By this definition, an n-vertex star can be seen as a spider containing n — 1 legs
and an n-vertex path is a spider having 1 or 2 legs.

Graph invariants are real numbers associated with a graph that are invariants under all graph
isomorphisms. One of the most important categories of graph invariants is vertex-degree-based
invariants. Zagreb indices [1, 2] are the oldest members of this category which are defined as:

M(T)= Y di(F), My(T)= Y dr(F)dr(9).
Fev (D) FGEE(T)

Further information on these indices can be found in [3-5].

In the last decade, some variants of the Zagreb indices such as Zagreb coindices [6-10],
reformulated Zagreb indices [11, 12], multiplicative Zagreb indices [13-16], Lanzhou index [17-
19] and entire Zagreb indices [20, 21] have been considered. One of such variants is the Sombor
index which was suggested by Gutman [22] in 2021. Its definition for a graph I is

= Y \/d2 )+ d2(G
FGEE(T
Gutman [22] also put forward a modification of the Sombor index as:

SOrea) = Y \/dr + (dr(9) —1)?,

FGeE(T

and named it the reduced Sombor index. Another modification of the Sombor index entitled
the increased Sombor index was proposed by Das et al. [23] as:

SOHT Z V(dro(F + (dr(9) +1)*.

FGeE(T)

It is interesting to note that, the Sombor index, reduced Sombor index, and increased Sombor
index are all special cases of the (p, q)-Sombor index proposed by Milovanovié¢ et al. [24] as:
1
SOpa(D) = Y. ((dr(F) +9)" + (dr(@) +9)")".

FGeE(T)

where p, ¢ are real numbers and p # 0. Das et al. [25, 26] presented upper and lower bounds on
SO(T) in terms of certain parameters of I'. Wang et al. [27] considered the relationships between
SO(T") and some other degree-based invariants of I'. Réti et al. [28] computed the maximum
values of SO(T') among all r-cyclic connected graphs I' with n vertices, for 1 < r < n — 2.
For more information about variants of the Sombor index, see [24, 29-38] and the references
therein.

Here, we give sharp lower bounds on SO,.q(7) and SO*(7) where 7 is a tree with a given
order and maximum vertex degree. Moreover, we determine the extremal tree 7 which attains
the bounds.

The following observation are immediately achieved from the definitions of SO,.q and SO*
indices.
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Observation 1.1. If £ ¢ E(T'), then

SO»,-ed(F + 8) > SOT-ed(F),

and

SOYT + &) > SOH(T).

2 Main results

Throughout this section, let T (n, Dinas) be the set of trees with order n and maximum degree
Dinaz- Assume that 7 € T(n, Dipaz) is a rooted tree in which a vertex x of degree Dyq. is
considered to be its root. Also let N.(z) = {x1,22,...,2p,,,,}. We begin by proving three
useful lemmas.

Lemma 2.1. If 7 has a non-root strong support vertex of degree greater than or equal to 3,
then there exists a tree 7' € T (0, Dimax) with SOyeq(T) > SOyeq(7') and SO* (1) > SO* (7).

Proof. Suppose that y # x is a strong support vertex and dr(y) = « > 3 where d,(z,y) is
as large as possible and let N, (y) = {y1,y2,.-.,Ya}- Without loss of generality, let y, be the
parent of y and d,(y1) = d,(y2) = 1. Denote by 7’ the tree achieved by attaching the path
y1y2y to 7 — {y1,y2}. Clearly, 7/ € T (n, Dpaz)- Since a > 3, we get

Sored(T) - SOred(T/) = Z \/(dT(T) - 1)2 + (dT(S) - 1)2

rs€E(T)

= Y V() =12+ (de(s) = D)2 = V(dr(y1) — 12 + (dr(y) — 1)?

rseE(r’)
+ V(e (y2) =12+ (dr(y) = 12+ > V(dr(y) — 12 + (dr (i) — 1)?
=3
= Vdo (1) = 12+ (dr(y2) = 1)? = V(dr (y2) = 1)? + (drr(y) — 1)

(03

= D V() =22+ [dr(y) — 12 =2(a- 1)+ Y Vl{a—1)2+ (dr(y:) - 1)?
=3

=3

VP - Y Ve P @~ 1P > Aa— 1) - 1- @ 2P 10,
=3
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and

SOH(r) - SOH) = 3 Vid, () + 1)2

rs€E(T)

= ) V) D2+ (Ao (s) + 12 = V(dr (yr) + 1) + (dr(y) + 1)

rseE(T")

[e3

+ V(dr(y2) + D2+ (de(y) + 12+ ) V(de(y) +1)% + (dr (i) + 1)2

=3

= V(de (1) + 1)+ (der(y2) + 1) = V(e (y2) + 1) + (drr (y) +1)2
- ZJd%(y)+<d7(yi>+1>2=2¢(a+1)2+4+2J(a+1>2+(dT(yi>+1)2

=3

- V13—VaZ+ Z\/oé2 + (dr(ys) +1)2 > 2¢/(@+1)2 +4— V13— Va2 +9 > 0.

Hence the desired results hold. [ |

Lemma 2.2. If 7 has a non-root support vertex of degree greater than or equal to 3, then there

exists a tree 7' € T(n, Dyaz) With SOpeq(T) > SOrea(7') and SO (1) > SO¥(1').

Proof. Assume that y # x is a support vertex of degree d.(y) = a > 3 where d.(z,y) is as
large as possible and suppose N, (y) = {y1,%2,.--,Ya}- Let y, be the parent of y. Since y
is a support vertex, it may be assumed that d,(y;) = 1 and by Lemma 2.1, d,(y;) = 2 for
2<i<a-—1. Let yz122...2% be a path in 7 where t > 2 and y, = z;. Assume that 7’ is the
tree derived from 7 — {y; } by attaching the path z;y;. Since o > 3, we obtain:

SOT'ed( ) SO7ed Z \/ (d‘r(s) - 1)2
rs€E(T)
= Y V) =12+ (de(s) = 12 = V(dr (y1) = 1)? + (dr(y) — 1)?
rseE(r")
+ V(dr(2) =12 + (dr(20-1) = 1)2 + Z V(e (y) = 1) + (dr (i) — 1)

— VI (y1) = 12+ (der (20) = 1)% = V(e (20) = 1) + (drr (2-1) — 1)
= D VW) 2P+ [dr(y) — 12 =a-1+1+) Vl{a—1)2+ (dr(y:) - 1)?
i=2 i=2

- 1—\7—2(1:\/(a—2)2+(dr(y¢)—1)2>a—1—\/§>0,
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and

SOH7) = SO ) = > V(d(r) +1)% + (dr(s) + 1)

rs€E(T)

= > V() + 12+ (e (5) +1)% = /(dr(11) + 1)? + (dr (y) + 1)

rs€E(t’)

[0

+ V(A (z) T 12+ [dr(zmn) F 12+ )0V (de(y) +1)% + (dr(yi) +1)°
=2

— VI (y1) + 12+ (drr (20) + 1) = V(drr (20) + 12 + (drs (2-1) +1)2

= D NVEW )+ 12 = Ve + 12+ 4+ VI3 Y V(e + 1)+ (de(y) +1)2

- \/ﬁ—\/ﬁ—z&:\/ﬁ2+(dr(yi)+1)2>\/(Oé+1)2+4—\/ﬁ>07

and the desired results hold. [ |

Lemma 2.3. If 7 has a non-root vertex of degree greater than or equal to 3, then there exists

a tree 7' € T (0, Dimaz) with SO,eq(T) > SOypeq(r') and SO* (1) > SO (7).

Proof. Assume that y # x is a support vertex and d,(y) = o > 3 where d.(z,y) is as large
as possible and suppose N (y) = {y1,¥2,.--,Ya}. Let y, be the parent of y. By Lemmas 2.1
and 2.2, d;(y;) =2 for 1 <i<a—1. Let yz122...2 and ywjws ... wy be two paths in 7 for
t,k > 2 with y; = w; and y2 = z;. Let 7/ be the tree deduced from 7 by removing the edge
xy; and adding the edge z;y;. Since a > 3, we get:

SOreq(T) — SOpea(t’) = Z V(dr(r) = 1)2+ (d,(s) — 1)2

rs€E(T)

= > V() = D2+ (dr(s) — 1)?

rseE(r’)
= V(d:(y1) — 1)+ (dr(y) — 1)2
+ V(dr(ze) = 1)2 + (dr(2-1) — 1)?

+ D Ve ly) =17 + ([ () — 1)?

— V(e (y1) = 1% + (dor (20) — 1)?
— V(dr(2) = 1) + (dr (2-1) = 1)2

- SV 2+ &) - 1

- VP14 Y P ) 1P
1=2

2\@*2\/(0&*2)2+(d7(yi)*1)2
> Vie—12+14+1-2vV2>0,
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and

SOHr) = SONT) = Y V(d(r) +1)2+ (dr(s) + 1)2

rs€E(T)

= > V@) 12+ (de(s) +1)2

rseE(1")
V(dr (1) +1)% + (d-(y) + 1)2
V(dr(20) + 1) + (dr (20-1) + 1)2

Z V(dr(y) + 12+ (dr(y;) + 1)

— () D2 F (o () + 12
— V() T 1P+ (o (z) T 12

= D VE) + [dr(yi) +1)?
i=2

+ o+

= «/(a+l)2+9+\/ﬁ+§:\/(a+1)2 + (d-(y;) +1)?

- I Y VT ) I
> (@+1)2+9+V13 - 2V18 > 0,

and the proof is completed. |

Proposition 2.4. Consider a spider T with n vertices and | > 3 legs. If T contains a leg with
length 1 and another leg with a length of at least 3, then there exists a spider T/ with n vertices

and 1 legs for which SOyeq(T) > SOyeq(T') and SO (1) > SO¥(1').

Proof. Denote by z the center of 7 and assume that N.(z) = {z1,...,2;}. Root 7 at . One
may assume that d,(z1) = 1. Let z2y1y2 ... ys, t > 2 be a leg of 7 with greatest length. Denote
by 7/ the tree derived from 7 by removing the edge vy;7;_1 and adding the pendent edge x1y;.
From the definition, we have:

SOrea(7) = SOrea(t') = > V/(dr(r) = 1)% + (dr(s) — 1)?

rs€E(T)

= > Vr(r) =12+ (dr(s) - 1)?

rs€E(T")

=VDPmaz —1)24+ V2= /(Do —1)2+1-1>0,

and

SOHr) = SOH )= > /(d(r) +1)% + (dr(s) + 1)

rs€E(T)

= Y VAo () + 12+ (dr(s) + 1)2

rseE(r")

vV (Dmaz +1)2 4+ 44+ V18 — \/(Dimaw + 1)2 49 — V13 > 0.

This complete the proof. |
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Here, we state our main results.

Theorem 2.5. Let 7 € T(n, Diaz) and n > 3. If Dpae < "Tfl, then

SO’r‘ed(T) Z Dmaa: V (Dmaa: - 1)2 + 1 + \/i(n - 2Dmam - 1) + Dmawa

otherwise,

SOred(T) > (2Dmax +1- n)(Dmaac - 1) + (n — Dmaz — 1)( V (Dmax - 1)2 +1+ 1)

The equality holds if and only if T is a spider with all legs are of length less than 3 or all legs
are of length more than 1.

Proof. Assume that 7 € T (n, Dinaz) is a tree of order at least 3 such that
SO,eq(7%) = min{SO,¢q(7) : 7 € T (1, Dpnaz) }-

Select a vertex x with dr«(x) = Dye. as the root vertex of 7*. If D4 = 2, then 7 is an
n-vertex path and SO,cq(P,) = V2(n — 3) + 2. If D,ar > 3, then by the selection of 7% it is
clear from Lemmas 2.1 to 2.3, that 7* must be a spider centered at x. By Proposition 2.4 and
the selection of 7*, all legs of 7* are of length less than 3 or all are of length more than 1. First,

consider the case that all legs of 7* are of length more than 1. It is obvious that Dy,e. < "51

and
SOred(T) Z Dmaa: V (Dmaa: - 1)2 + 1 + \/é(n - 2Dmaw - 1) + Dmaw-

Now let all legs of 7* be of length less than 3. Considering the previous case, it might be
assumed that 7% contains a leg of length 1. In case 7% = S,,, then there is nothing to prove,
otherwise there are 2D,,,,, + 1 — n leaves adjacent to x and we get

Sored(T) Z (QDmaw + 1 - n)(Dmaw - 1) + (n - Dmaz - 1)( V (Dmaw - 1)2 + 1 + 1)7

and the desired result holds. [ |

Using the same argument as given in Theorem 2.5, we arrive at:

Theorem 2.6. Let 7 € T(n, Dpmaz) and n > 3. If Dpas < "T_l, then

SO*(7) > Dimae v/ (Dmaz + 1)2 + 9+ V18(n — 2Dpaz — 1) + V13Dyaes

otherwise,

SOi(T) Z (2Dmaw +1- n) (Dma:p + 1>2 + 4 + (n - Dmaw - 1)( V (Dmaz + 1)2 +9+ \/ﬁ)

The equality holds if and only if T is a spider with all legs are of length less than 3 or all legs
are of length more than 1.

In Figure 1, three trees of orders n = 8,9, 10 with maximum degree D, = 4 and minimum
S0O,.q and SO indices are depicted.
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A A

Figure 1. Trees with n = 8,9,10 and D,,q, = 4.

By Observation 1.1, we arrive at the following corollaries.

Corollary 2.7. Let I be a graph with n vertices and maximum degree Dyaz. If Doz < ”7*1,

then -
Sored(r) Z Dmaz V (Dmaz - 1)2 + 1 + \/5(71 - 2Dmaz - 1) + Dmam7
otherwise,
SOT'ed(F) Z (2Dmaw + 1- n)(Dmaa: - 1) + (n - D'rrmw - 1)( V (Dmax - 1)2 + 1 + 1)a

with equality if and only if T is a spider with all legs are of length less than &8 or all legs are of
length more than 1.

Corollary 2.8. Let I" be a graph of order n and mazimum degree Dpyar- If Doz < ”7*1, then

SOI(F) Z Dmaw V (Dmax + 1)2 +9+ \/ﬁ(n - 2Dmaac - 1) =+ \/ﬁpmaxv

otherwise,

SOYT) > (2Dmaz + 1 — 1)/ (Ppae + )2 + 4+ (0 — Dinaz — 1)(v/(Drmaz + 1)% + 9+ V13),

with equality if and only if T is a spider with all legs are of length less than 3 or all legs are of
length more than 1.

Conflicts of Interest. The authors declare that they have no conflicts of interest regarding
the publication of this article.

Acknowledgment. The authors would like to extend their sincerest gratitude to the editor
and the referees who dedicated their time and expertise to review and provide valuable feedback
on this manuscript.

References

[1] I. I. Gutman, B. Rus¢¢, N. Trinajstic and C. F. Wilcox, Graph theory and
molecular orbitals. XII. acyclic polyenes, J. Chem. Phys. 62 (1975) 3399-3405,
https://doi.org/10.1063/1.430994.



Iranian Journal of Mathematical Chemistry 15 (4) (2024) 227 — 237 235

[2] I. Gutman and N. Trinajsti¢, Graph theory and molecular orbitals. Total -
electron energy of alternant hydrocarbons, Chem. Phys. Lett. 17 (1972) 535-538,
https://doi.org/10.1016/0009-2614(72)85099-1.

[3] A. Ali, T Gutman, E. Milovanovi¢ and I. Milovanovié¢, Sum of powers of the degrees of
graphs: extremal results and bounds, MATCH Commun. Math. Comput. Chem. 80 (2018)
5-84.

[4] B. Borovié¢anin, K. C. Das, B. Furtula and I. Gutman, Bounds for Zagreb indices, MATCH
Commun. Math. Comput. Chem. 78 (2017) 17-100.

[5] I. Gutman, E. Milovanovi¢ and I. Milovanovié¢, Beyond the Zagreb indices, AKCE Int. J.
Graphs Comb. 17 (2020) 74-85, https://doi.org,/10.1016/j.akeej.2018.05.002.

[6] A.R. Ashrafi, T. Dosli¢ and A. Hamzeh, The Zagreb coindices of graph operations, Discret.
Appl. Math. 158 (2010) 1571-1578, https://doi.org/10.1016/j.dam.2010.05.017.

[7] M. Azari, On the Zagreb and eccentricity coindices of graph products, Iran. J. Math. Sci.
Inform. 18 (2023) 165-178, https://doi.org/10.52547 /ijmsi.18.1.165.

[8] T. Dosli¢, Vertex-weighted Wiener polynomials for composite graphs, Ars Math. Contemp.
1 (2008) 66-80.

[9] I. Gutman, B. Furtula, Z. Kovijani¢ Vukic¢evié and G. Popivoda, On Zagreb indices and
coindices, MATCH Commun. Math. Comput. Chem. 74 (2015) 5-16.

[10] R. Rasi, S. M. Sheikholeslami and A. Behmaram, An upper bound on the first Zagreb
index and coindex in trees, Iranian J. Math. Chem. 8 (2017) 71-82, https://doi.org/
10.22052/I1JMC.2017.42995.

[11] A. Ili¢ and B. Zhou, On reformulated Zagreb indices, Discrete Appl. Math. 160 (2012)
204-209, https://doi.org/10.1016/j.dam.2011.09.021.

[12] A. Mili¢evi¢, S. Nikoli¢ and N. Trinajsti¢, On reformulated Zagreb indices, Mol. Divers. 8
(2004) 393-399, https://doi.org/10.1023/B:MODI.0000047504.14261.2a.

[13] M. Azari and A. Iranmanesh, Some inequalities for the multiplicative sum Zagreb index of
graph operations, J. Math. Inequal. 9 (2015) 727-738, https://doi.org/10.7153 /jmi-09-60.

[14] I. Gutman, Multiplicative Zagreb indices of trees, Bull. Int. Math. Virt. Instit. 1 (2011)
13-19.

[15] A. Sattar, M. Javaid and E. Bonyah, Connection-based multiplicative Za-
greb indices of dendrimer nanostars, J. Math. 2021 (2021) #2107623,
https: //doi.org/10.1155,/2021 /2107623.

[16] K. Xu and H. Hua, A unified approach to extremal multiplicative Zagreb indices for trees,
unicyclic and bicyclic graphs, MATCH Commun. Math. Comput. Chem. 68 (2012) 241-
256.

[17] M. Azari and F. Falahati-Nezhad, Some results on forgotten topological coindex, Iranian
J. Math. Chem. 10 (2019) 307-318, https://doi.org/10.22052/TIMC.2019.174722.1432.

[18] N. Dehgardi and J. B. Liu, Lanzhou index of trees with fixed maximum degree, MATCH
Commun. Math. Comput. Chem. 86 (2021) 3-10.



236 N. Dehgardi et al./ On the Reduced and Increased Sombor Indices of....

[19] D. Vukicevié, Q. Li, J. Sedlar and T. Dogli¢, Lanzhou index, MATCH Commun. Math.
Comput. Chem. 80 (2018) 863-876.

[20] A. Alwardi, A. Algesmah, R. Rangarajan and I. N. Cangul, Entire Za-
greb indices of graphs, Discrete Math. Algorithms Appl. 10 (2018) 1850037,
https://doi.org/10.1142/S1793830918500374.

[21] L. Luo, N. Dehgardi and A. Fahad, Lower bounds on the entire Zagreb indices of trees,
Discrete Dyn. Nat. Soc. 2020 (2020) #8616725, https://doi.org/10.1155/2020/8616725.

[22] I. Gutman, Geometric approach to degree-based topological indices: Sombor indices,
MATCH Commun. Math. Comput. Chem. 86 (2021) 11-16.

[23] K. C. Das, A. Ghalavand and A. R. Ashrafi, On a conjecture about the Sombor index of
graphs, Symmetry 13 (2021) #1830, https://doi.org/10.3390,/sym13101830.

[24] 1. Milovanovié, E. Milovanovié, A. Ali and M. Mateji¢, Some results on the Sombor indices
of graphs, Contrib. Math. 3 (2021) 5967, https://doi.org/10.47443/cm.2021.0024.

[25] K. C. Das, A. S. Cevik, I. N. Cangul and Y. Shang, On Sombor index, Symmetry 13 (2021)
#140, https://doi.org,/10.3390/sym13010140.

[26] K. C. Das and Y. Shang, Some extremal graphs with respect to Sombor index, Mathematics
9 (2021) #1202, https://doi.org/10.3390/math9111202.

[27] Z. Wang, Y. Mao, Y. Li and B. Furtula, On relations between Sombor and other degree-
based indices, J. Appl. Math. Comput. 68 (2022) 1-17, https://doi.org/10.1007/s12190-
021-01516-x.

[28] T. Réti, T. Dosli¢ and A. Ali, On the Sombor index of graphs, Contrib. Math. 3 (2021)
11-18, https://doi.org/10.47443 /cm.2021.0006.

[29] 1. Gutman, N. K. Giirsoy, A. Giirsoy and A. Ulker, New bounds on Sombor index, Commun.
Comb. Optim. 8 (2023) 305-311, https://doi.org/10.22049/CCO.2022.27600.1296.

[30] S. Alikhani and N. Ghanbari, Sombor index of polymers, MATCH Commun. Math. Com-
put. Chem. 86 (2021) 715-728.

[31] R. Cruz and J. Rada, Extremal values of the Sombor index in unicyclic and bicyclic graphs,
J. Math. Chem. 59 (2021) 1098-1116, https://doi.org/10.1007/s10910-021-01232-8.

[32] N. Dehgardi, Lower bounds on the entire Sombor index, Iranian J. Math. Chem. 14 (2023)
195-205, https://doi.org/ 10.22052/1JMC.2023.253281.1739.

[33] N. Dehgardi and Y. Shang, First irregularity Sombor index of trees with fixed maximum
degree, Res. Math. 11 (2024) #2291933, https://doi.org/10.1080,/27684830.2023.2291933.

[34] T. Dogli¢, T. Réti and A. Ali, On the structure of graphs with integer Sombor indices,
Discrete Math. Lett. 7 (2021) 1-4, https://doi.org,/10.47443/dml.2021.0012.

[35] I. Gutman, Some basic properties of Sombor indices, Open J. Discrete Appl. Math. 4 (2021)
1-3, https://doi.org/10.30538 /psrp-odam2021.0047.

[36] S. Kosari, N. Dehgardi and A. Khan, Lower bound on the KG-Sombor index, Commun.
Comb. Optim. 8 (2023) 751-757, https://doi.org/10.22049/CCO0.2023.28666.1662.



Iranian Journal of Mathematical Chemistry 15 (4) (2024) 227 — 237 237

[37] C. Phanjoubam, S. M. Mawiong and A. M. Buhphang, On Sombor coindex of graphs,
Commun. Comb. Optim. 8 (2023) 513-529.

[38] H. S. Ramane, I. Gutman, K. Bhajantri and D. V. Kitturmath, Sombor in-
dex of some graph transformations, Commun. Comb. Optim. 8 (2023) 193-205,
https://doi.org/10.22049/CCO.2021.27484.1272.



	Introduction
	Main results

