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1 Introduction

Let G be a simple, connected and finite graph that has a vertex set V(G) and an edge set E(G).
The books [1, 2] contain notation and terminology that are not specified here. Topological
indices are important in many domains, including chemistry, materials science, pharmaceutical
sciences, and engineering, since they connect with the physical and chemical characteristics
of molecules, chemical compound modeling, and biological activities. The Zagreb indices are
well-known topological indices that express chemical compounds through trees and unicyclic
graphs. They were proposed in the last decade of the 19'" century. The Zagreb index was
the first degree-based topological index created in 1972. The topological indices that depend
on vertex degree are the first Zagreb index M;(G) and the second Zagreb index My (G). In
a publication [3], Gutman and Trinajsti¢ introduced these indices. Other well-known and
most used degree-based topological indices include the hyper-Zagreb index [4], reduced second
Zagreb index [5] and reduced first Zagreb index [6]. These indices are extensively researched
in (chemical) graph theory. In addition to Zagreb indices, readers who are interested in some
recent assessments on the topic are referred to [7]. Another invariant of the Zagreb index is the
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reformulated first Zagreb index [8], which is defined in terms of edge degrees rather than vertex
degrees. The mathematical properties of the reformulated first Zagreb indices were investigated
in this paper [9]. These indices represent the degree of branching of the molecular carbon-atom
skeleton and may thus be used to describe molecular structure. For more detail on trees and
unicyclic graphs, see [10-24]. The multiplicative definition of the first Zagreb index is defined in
[25]. The paper [26] aims to identify a graph that achieves the highest or lowest possible value
of the reformulated multiplicative first Zagreb index. The invariant [],(G) is known as the
multiplicative reformulated first Zagreb index in [27]. It is denoted by [], .(G) and is defined
as:

H((G) = H (deg(z1) + deg(z2) — 2)2.

le z1,22€E(G)

We denote the collection of all extremal trees by MT,, , of n-vertex and a-matching number. We
further define the subclasses of trees that minimize and maximize multiplicative reformulated
first Zagreb as MT,in n,o and MT 44,0, For a = 1, the collection MT,, ; has unique elements
Py, P3 and MT,, o = 0 for 5| < a < n. Therefore, the class of trees under consideration is
MT,, o with 2 < a < L%J and n > 4. The minimal tree is the path P,,, whereas the maximal
tree is a star-like graph S,, . Let us suppose that MU, , is the collection of n-order unicyclic

n—2a+1

Figure 1: MTp,00,n,0-

graph having an a-matching. The characterization of unicyclic graph that gives the minimum
MU pnin,n,o and maximum value MU,,qz,n,o With respect to matching and perfect matching
about multiplicative reformulated first Zagreb index are discussed here. If a = 1, then MU,, ;
has a unique cycle of length 3 and MU, , = 0 for [§] < a < n. Let C; be a cycle of
length ¢ for 3 > ¢ > n. For the minimum value of multiplicative reformulated first Zagreb
index, the unicyclic graph has MU,in n,o = Cn, on the other hand, the maximum value of the
multiplicative reformulated first Zagreb index, unicyclic graph can be obtained by connecting

n — 2a + 1 pendant vertices and « — 2 paths of length 2 to one of the three vertices of Cs.

n—2e+1

Figure 2: MU, 02,1,
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2 Preliminaries

The order of a graph G represents the total number of vertices it contains. The number of edges
that are incident to a vertex x1 in V(G) is the degree of the vertex, which is represented by
degg(x1). If vertex x4 is an endpoint of edge e then x4 is said to be incident on e and e is incident
on z1. If there is an edge between two vertices x1 and s, then we say that these vertices are
adjacent to each other. When the degree of a vertex is 1, then it is known as a pendant vertex.
A branching vertex is a vertex that has a degree of at least 3. Let P,, S,, and C,, denote the
path, cycle and star of n vertices respectively. A path is a chain of distinct vertices such that
two consecutive vertices are adjacent. If one end vertex of graph G is of degree greater or equal
to 3, the other end vertex is the pendant vertex and (if an internal vertex exists), every internal
vertex with a degree of exactly 2 is known as pendant path. An undirected connected graph
is a tree that contains no cycles. If two distinct edges have a common vertex; they are said
to be adjacent edges or neighbouring point. A vertex x; is a neighbor of x5 if 1 and zo are
adjacent. The neighbourhood is the set of all neighbours of vertex z; and denoted by N (z1). If
the maximum degree of a vertex of a tree is four, then it is called a chemical(molecular) tree. A
connected graph is a unicyclic graph in which it has only one cycle. In a graph G, a matching
M is a collection of distinct edges. Maximum matching is the set of the largest non-adjacent
edges. Maximal matching is the collection of the smallest possible collection of non-adjacent
edges. The number of edges in a maximum matching of a graph G is known as the matching
number. Perfect matching occurs when every vertex of a graph G is connected by exactly one
edge. If each vertex in V(G) is on an edge of M, a set of vertices in a graph G is said to be
saturated by matching M; otherwise it is M-unsaturated.

3 Results

This section discusses the structure of extremal trees and unicyclic graphs and identifies the
lower and upper bounds on multiplicative reformulated first Zagreb index in relation to perfect
matching and the matching number a.

3.1 Characterization of trees with respect to matching

We will discuss the lower and upper bounds on multiplicative reformulated first Zagreb index
for n-vertex trees with respect to perfect matching and matching number «.

Theorem 3.1. If MT € MT,,,;, n.o, where o > 2 and n > 4 then we have:

[[vT) > 43,

l,e
with equality if and only if MT is P,,.
Now we will discuss the cases for o > 2 and n > 5.

Theorem 3.2. Let MT € MT,,in 24,0, where o > 2 then we have:

H(MT) > 420473’

l,e

with equality if and only if MT is Py,
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Proof. For a=2, only Py is the tree of 2a=4 vertices. We have [, (P4) = 4 and this satisfies
the given bound. Thus, this result is true for a=2. We know that for n = 2a > 4 the path Po,
is only the tree with the smallest [, _ index among trees with 2« vertices (using Theorem 3.1).

The path Py, has 42%73 vertices of degree 2 and two vertices of degree 1 because Py, has a
perfect matching, Py, is the only tree having the smallest [, . index among trees with perfect
matching, therefore

[[vT) = 427311 =423,
l,e

Now, we characterize the structure of the maximal tree MT,,44.n,o With respect to perfect
matching and matching number « of order n.

Lemma 3.3. If MT € MT,,04.n,a, Where (n > 5, > 2) then MT is not a path.

Proof. Suppose on contrary that MT = x¢x1...7,,_1 is a path. Construct MT' = MT+ {2 73} —
{z122} then MT" € MT,02 5.a. For n =5,

Xz

¥g x ¥y kS Xy X5 Xg X3 A Xy xg

Figure 3: For n = 5.

[Jvr) - [JMT) = (1+2-2%2+3-223+1-2)>@3+1-2)°

l,e l,e
—(14+2-22%24+2-2)%(2+2-2)%2+1-2)
= 128 >0,

which is a contradiction (see Figure 3). For n > 6,

Xo X X3 Xa X5 Xe Xn-1

(a) MT (b) MT’

Figure 4: For n > 6.

[[Mr) - J[MT) = (1+2-2°2+3-2°2+3-2)°B+1-2)

(24+2-2)27% (1 42-2)2(242—2)2(""2)
(65)(4™*) > 0,

X
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which is a contradiction to our supposition (see Figure 4). Therefore MT is not a path. |

Lemma 3.4. Let P is a pendant path of MT € MT, 4z 0,0 then |P| < 2.

Proof. Suppose on contrary that P = xgz;...x, is a pendant path of length n > 3 with
degur(zo) = w > 3, degur(x,) = 1 and degmr(x1)=degur(x2) = - - - = degmr(2y—1)=2. Con-
struct MT' = MT+{zox, } —{x,—22,—1} (as shown in Figure 5) then we have MT' € MT,, 401 a-
For n > 3, let Ny = Nyr(zo)\{z1},

2 ¢ L @ [ ]
S . % Xy x2 Xy-2
2:: .
[ B
; ® Y1
(b) MT
Figure 5: For n > 3.
[IMT) —T[MT) = 2+1-2°Q+1-2(w+1+2-2)(w+1+2-2)

x ]I w+1+dur(z) -2 - 2+2-22°2+2-2)

z;ENp
x (2+1-22w+2-27° [] @+ dur(zi) - 2)°
z;ENp
= (w+1* H (w + dyr(25) — 1) — 1602
miENo
X H (w + dur(z;) — 2)* > 0.
ziENo

Note that for w > 3 we obviously have:

H (w + dyrr () — 1)% > H (w+ dyr(z3) — 2)%, (w+1)2 > 16, (w+1)% > w2
z;ENp z;ENo

For n = 3 (see Figure 6),
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Nr(xzo)\{z1}

- ® X2
(b) MT’
Figure 6: For n = 3.
[JMr) - T[MT) = @+1-2w+1+2-2(w+1+1-2)

x JI w+1+dur(z) —2)° - (2+2-2)°2+1-2)

z,;E./\/o
x (w+2-2)% ] W+ dur(z:) - 2)?
Eie./\/o
_ 2 2 ) 2 2
= W(w+1)? ] W+ dur(z:) - 1)> — 4w
z;€ENo
X H (w + dyr () — 2)? > 0.
z;ENo

In above equation, note that we used (w4 1)* > 4, w > 3. Thus, [[, ,(MT’) > [[, .(MT),
which is a contradiction to our supposition. Therefore MT is a pendant path of length 2. B

Lemma 3.5. Let P; is an internal path of MT € MT,,45 n,o then [Pr| < 1.

Proof. Suppose on contrary that P; = zgx1...z, has an internal path of length x > 1 of MT with
degvr(xzo) = t > 3, degur(zx) = s > 3 and degyr(z1)=degur(z2) = -+ = degyr(Ti—1)=2.
Let No = Nyr(zo)\{z1} and N7 = Nyr(xx)\{zx—1}

Case 1. For k > 5, construct MT’ = MT + {zoxo, 7124} — {T172, w324} (see Figure 7) then
we have MT' € MT;00,n,o and

(a) MT (b) MT’

Nx(ao)\ {1}
—

«

=

=

=

=
/N
(g
Nr(z)\{:

Figure 7: For k > 5.
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[[vr) - TIMT) = (2+2-2°@+1-2%(t+1+2-2)(t+1+2-2)
N N [T t+1+dur(e) —2)° - (2+2-2°2+2-2)°
X 3(6265()2 —2%(t+2-2° ] ¢+ dur(@:) —2)?
= 4+0* J] ¢+ dMT(:j)Af 1)2 — 64t>
S | ¢ -I-d;j\;(??) -2)>>0,
z;€No

which is a contradiction. Note that here for ¢ > 3 we obviously have 4(t + 1)2 > 64 and
(t+1)2 > 2.

M

Nilao)\ {1}
—
&

=

&

&

o)
—
() \{#n-1}

— .3

(a) Case 2. (b) Subcase 2.1

(c) Subcase 2.2

Figure 8: For k = 4.

Case 2. For k = 4, to prove this case there are two possibilities (see Figure 8).
Subcase 2.1. In this subcase x5 is M-unsaturated then x; and x3 must be M-saturated. Let
MT’ = MT + {zoz2, 7173} — {2122, 2273} then we have MT' € MT, 04 n.o and

[Jvr) - T[MT) = (2+2-2%F+1+2-2%(t+1+1-2)
l,e l,e
< JI t+1+dur(a) 22— (2+2-2°2+2-2)°
xiENo
x (t+2-2)7 [] ¢+ dur(a) —2)°
$7;€No
_ 2 2 ) 2 2
= 42t +1)* J] ¢+ dur(z:) — 1)* — 16t
z;€No
< ] t+ duz(@:) —2)* >0,
z;ENo

which is a contradiction.
Subcase 2.2. In this subcase x5 is M-saturated and let 129 € M then let at least one from zq
and z3 is M-saturated. Define MT' = MT + {zox3} — {223} then we have MT' € MT0z.n.a
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and

[Jvr) - T[MT) = (2+1-2%F+1+2-2%(t+1+2-2)

—
a
—
¢

< JI t+1+dur(a) -2 - (2+2-2°2+2-2)

z;ENo

x (t+2-2)7 [] ¢+ dur(z) —2)°
z;ENp
= @+ 0" ] ¢+ dun(e) —1)* - 162
xriENo

<] t+ dux(@:) —2)* >0,

wiENo

which is a contradiction.
(a) Case 3. (b) Subcase 3.1

Nz )\{e-1}

(c) Subcase 3.2

Figure 9: For k = 3.

Case 3. For k = 3 (see Figure 9).
Subcase 3.1. 2172 € M. Define MT' = MT + {z¢z3} — {273} then we have MT' € MT,,02.n.0
and

(2+1-2)2t+1+2-2)2(t+1+s—2)

[[vr) — TJ ()

l,e l,e
x I ¢+ 1+dur(e) —2)° - (2+2-2)°(2+5—2)°
wie./\fo
x (t+2-2° J] (t+ dur(a) —2)°
z;€ENo
= (t+1)%(t+s— 1> J] ¢+ dur(z:) — 1) — 42>

z;ENp

X H (t + dM’JI‘(-'L'i) — 2)2 > 0.
ziGNo
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which is a contradiction. Note that here for ¢ > 3 and s > 3 we obviously have:

H (t + dM’]I‘(l‘i) — 1)2 >4 H (t + dM’JI‘(l'i) — 2)2,

z,ENp z;ENp
(t+s—1)*> s
(t+1)% > 2

Subcase 3.2. 7172 does not belongs to M. Define MT' = MT + {z¢x3} — {z172} then we have
MT’ e MTn00,n,o and

[ [t — T ()

l,e l,e

(t+1+1-22(t+1+s+1-2)*(1+s+1-2)?

x I ¢+ 1+ dur(z) —2)* T] (s+ 1+ dur(z;) — 2)°
z;€No z;ENY

—(24+2-2)%(2+5—2)%(t+2—2)?
X H (t+dMT($i)—2)2 H (S+dMT(l‘j)—2)2

x; €ENo x;EN1
= £25°(t+5)? [] (t+dur(z:i) —1)? [ (54 dum(z;) — 1)
2?1,6./\/0 ijENl
—4t?s® [[ (t+dur(ai) —2)* J[ (s+ dun(a;) —2)> >0,
z;ENo IjEN1

which is a contradiction. Note that here for ¢ > 3 and s > 3 we obviously have:

H (t + dMT(xi) — 1)2 > H (t + dM']r(xi) — 2)2,

z;,€No z;€No
H (S + dM'ﬂ‘(l‘j) - 1)2 > H (5 + dM'JI‘(xj) - 2)27
:vjENl zj€N1
(t+5)? > 4.

Case 4. For k = 2 (see Figure 10).

1}
w1}

Nr(zo)\{a1}
Ne(@)\{7n-1}
Ne(ao)\{

Ne(z )\ [z

(a) Case 4. (b) Subcase 4.1 and 4.2

Figure 10: For k = 2.

Subcase 4.1. In this subcase, x; is M-unsaturated then let both zy and x5 be M-saturated.
Define MT' = MT+{zgxs} —{z122}, we have MT' € MT .02 1.0 and as we know M is maximum
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matching of MT then

(t+1+1-22(t+1+5-2)7° J] (t+ 1+ dur(z:) - 2)?

[Jr’) — TJ ()

1l,e l,e z;ENp
—2+s-272t+2-22 ] ¢+ dur(z:) - 2)?
z;€ENo
= t+s—1° [] ¢+ dun(a) - 1) - 25>
z;ENo
<] + dur(a) —2)* >0,
mE./\/'o

which is a contradiction.
Subcase 4.2. Here, z; is M-saturated then let both zgxz; is form M. To prove this subcase we
can use the same transformation as in Subcase 4.1 then also we get a contradiction.

Nr(zo)\{z1}

MM}

Nr(wo)\{x1}

=

M \{v}
(a) Case 5 (b) Subcase 5.1

Figure 11: For k = 1.

Case 5. For k =1 (see Figure 11), at vertex x there exist v € N7 with degyr(v) > 1 then
we have the following possibilities.
Subcase 5.1. If v = 1, then let

MT = MT+ |J Awoz;}- |J {aiz,}

z;eENTI\{v} z;ENI\{v}
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We have MT’ € MT,,02,n,o and then

[IT) = J[MT) = (t+s-2+2-2)*2+1-2)

l,e l,e

X H <t+8—2+dMT($j)—2)2

z;eNI\{v}

x JI t+s—2+dur(z:) —2)* — (t+5—2)*(s +1-2)
r,;ENo
z;€No z;€ENT\{v}

= (t+s5-2)7 [] (t+s+dun(z:) —4)°

z;€No

X H (t+ s+ dur(z) — 2)% — (t+5—2)%(s — 1)?
(tjENl\{l/}

X H (t + dur () — 2)? H (s + dyr(zj) —2)2 >0
2 €No z;€NI\{v}

which is a contradiction. Note that here for ¢ > 3 and s > 3 we obviously have:

I t+s+dur(@) =42 > (s = 1) ] (t+ dur(zi) - 2)°,

2, €ENo z;ENp
Il G¢+s+dur(z)—4>> [] (s+dur(z;)—2)°
z €N\ {v} z;eEN1\{v}

Subcase 5.2. Let v > 1. To prove this subcase we can use the same transformation as in
Subcase 5.1 then also we get a contradiction. |

Lemma 3.3, Lemma 3.4, and Lemma 3.5 characterize the structure of extremal trees that
maximize the aforementioned index.

Theorem 3.6. Let MT € MT,,402,n,q, where o >2 and n > 5 then we have

H(MT) < (n—a)X@D(n - q— 1)2n-20+1)
l,e

with equality if and only if MT has the structure of Figure 1.

Proof. If n = 2a or n > 2a, then from Lemma 3.3, Lemma 3.4, and Lemma 3.5, the extremal
tree MT is unique and

H(MT) < (n—a)?@D(p - a—1)2"204D 1y 5 2q,
l,e

and

[IMT) < (@) P(a - 1)%, n=20.
l,e
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3.2 Characterization of unicyclic graphs with respect to matching

The characterization of a unicyclic graph that gives the minimum MU,,ip n, and maximum
value MU,,44.n, With respect to perfect matching and matching number « and order n about
the multiplicative reformulated first Zagreb index is discussed here. The following results are
required to demonstrate our key findings:

Theorem 3.7. Let MU € MU, 55, 1.0, where o > 2 and n > 4 then we have:

[[Mu) > 4t

l,e
with equality if and only if MU is C,,.
Theorem 3.8. Let MU € MU,in,2q,0, where o >2 then we have:

M) > 421

1l,e

Proof. Let MU be a unicyclic graph with 2« vertices, a cycle of length p, and matching number
« with the smallest Hl,e index. Let C; = cocrc2...c4c0 be the cycle in MU. Then MU has only
cycle Cy.

For av = 2, the only unicyclic graph with 2ac = 4 vertices is MlUy. We have H1,e(MU4) =64
and this satisfies the given bound. Thus, this result is true for a=2. For n = 2a > 4, MU,,,
is the only graph with the smallest HLE index among unicyclic graphs with 2« vertices (using

Theorem 3.7). The unicyclic graph has 4221 vertices of degree 2 having the smallest Hl,e
index among trees with 2« vertices with perfect matching. Therefore,

[[(Mw) > 421
l,e

Now, we characterize the structure of the maximum unicyclic graph MU,,,qz n,o With respect
to perfect matching and matching number « of order n.

Lemma 3.9. Let MU € MU,,44,n,o then MU has an internal path of length < 1.

Proof. Let UP; be an internal path of MU. Suppose on contrary that UP; = zgzi...x, is
an internal path of length x > 1 of MU with degyu(zo) = ¢ > 3, degmu(zx) = s > 3 and
degvu (z1)=degyu(x2) = -+ = degmu(zx—1)=2.
Let Ny = Nyw(zo)\{z1, V(C)\{zo}}, M = Mww(zx)\{zk—-1} and No = {ym; ym € V(C) which
is adjacent to x¢}.

Case 1. For x > 5 (see Figure 12). Construct MU' = MU + {z¢x2, 2124} — {7122, 374} then
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{2,V {zo}}
—
.

.
.
.
=
/N
s 'y
N N }
Noza)\ {2, VIC)\{zo}}
—
i}
{ }

(a) MU (b) MU’

Figure 12: For k > 5.

we have MU’ € MU pmaz,n,o and

[[Jovmu) - J[MU) = (2+1-2°@+2-22(F+1+2-2)%(¢t+1+2-2)

% H (t+ 1+ dyw(ym) — 2)? H (t + 1+ dyo(z;) — 2)2
y7n€N2 IiENo
—(242-2)2%(2+2-2)2%2+2-2)*(t+2-2)?

<] ¢+ duw(ym) = 2% ] ¢+ duwla:) - 2)°

Ym EN2 z;€ENp

= At+1)* J] t+duw(@) -1 J] ¢+ duw(ym) — 1)
z; €Ny Ym EN2

—648> T[ (t+duw(ai) =2 J] (¢ + duw(ym) —2)°
z;ENp Ym ENo
> 0,

which is a contradiction. Note that for ¢ > 3 it obvious that:

I ¢+ duw(z) - 1) > ] ¢+ duw(zi) - 2)°,

ziGNo :Ei€No
IT ¢+dulym)—1*> J[ ¢+ duvlym) —2)%
Ym EN> Ym EN>

4t +1)% > 64, (t+1)% > 2

Case 2. For k = 4 (see Figure 13). To prove this case there are two possibilities.

Subcase 2.1. In this subcase, x5 is M-unsaturated then x; and z3 must be M-saturated.

Let
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1}

ONERYINEN)]

o

-

(a) Case 2.

Nu(z )\ {@

a)\{2:. VIC)\{za}}

No(@a )\ (T

(b) Subcase 2.1.

Y2
Xo
Y2
Xo Xy

i, VIOM:

A=

(c) Subcase 2.2.

Figure 13: For k = 4.

MU’ = MU + {zox2, 2173} — {z122, 2223} then we have MU’ € MU, 441, and

[’ —

which is a contradiction.

—
9]

(MU)

X

(24+2-22t+14+1—-2)2(t+1+2-2)?

H (t+ 1+ dyu(ym) — 2)° H (t+ 1+ dyu(zi) — 2)°
Yym EN2 z;€ENo

—(2+2-2)2%2+2-2)*(t+2-2)?
I ¢+ duwlym) =2 T ¢+ duv(z) —2)?

Ym eNs z; €Ny
42t + 1) J[ t+duw(@) -1 J] ¢+ duw(ym) — 1)
wiENo ymGNQ
—16t> [ ¢+ duw(ei) —2)* [ ¢+ duw(ym) —2)°
z;ENg ymGNz
0,

Subcase 2.2. In this subcase x5 is Ml-saturated and let z1292 € M and assume that at least one
of zg or z3 is M-saturated. Define MU’ = MU+{zoz3}—{z273} then we have MU’ € MU, 0410
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and

[Ty — TTvw)

—
[

which is a contradiction.
Case 3. For k = 3 (see Figure 14).
Subcase 3.1. x122 € M. Define MU' = MU+{z¢z3}—{z223} then we have MU' € MU 0z n.a

xo}}

{

o)\, VIC)!

(a) Case 3.

(24+1—-22(t+14+2-2)2(t+1+2—2)

H (t+ 1+ dyu(ym) — 2)° H (t+ 1+ dyu(z;) — 2)°
Ym ENa z;€No

—(2+2-2)2%2+2-2)*(t+2-2)?
I ¢+ duwlym) -2 [ ¢+ du(z:) -2)°

ymef\/2 z;ENo
t+ 0" T[ (t+duo(e) —=1)* ] ¢+ duwlym) —1)°
x;ENy Ym EN2
—16t2 H (t + dMU(xi) — 2)2 H (t + thu(ym) — 2)2
CDiGNO ’ym€N2
0,

1}
1}

No(z\{z..
|
No(@a)\ {2

(b) Subcase 3.1.

(c) Subcase 3.2.

A

EYATEAN £

Figure 14: For k = 3.
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and

[’y — TTvw)

Ju
o
=
o

X

(2+1—-22(t+1+2—-2)%(t+1+s5—2)

IT ¢+1+duw(ym) —2° J] ¢+ 1+ duw(a:) —2)°
Ym EN> z;ENo

—(24+2-2)%(2+5—2)%(t+2—-2)?
IT ¢+ duw(ym) =2 T ¢+ duw(a:) —2)°

ym,eNZ .’L‘jGN(]
(t+1°(t+s—1)° J] ¢+ duwla) —1)°
z;ENo
H (t + dMU(ym) — 1)2 — 44282 H (t + dMU(xi) — 2)2
ymGNz z;€ENo
I ¢+ duwlym) —2)* >0,
y17l6N2

which is a contradiction. Note that for ¢ > 3 and s > 3 it is obvious that

H (t + dMU(xi) — 1)2 > 4 H (t + dMU(.’IJi) — 2)2,

T; ENO

:m,E./\/o

I ¢+ duw(ym) -1 > ] ¢+ duwlym) —2)%

Ym EN2

Ym EN2
(t+s—1)2>s% (t+1)* >

Subcase 3.2. x1x5 does not belongs to M. Define MU' = MU + {zgx3} — {z122} then we have

MU’ € MU,,02,n,qo and
[[ovw) - T[mw) =

1l,e l,e

which is a contradiction.

(t+1+1-22(t+1+s+1-2)*(1+s+1-2)

H (t+ 1+ duw(ym) — 2)? H (t+ 1+ dyu(z;) — 2)°
ymE/\fz I'LENO

II G+1+duu(z) -2 - (2+2-2°2+5—2)°
x;ENL

t+2-27 [] ¢+ duu(z:) —2)°

z;€ENo
IT ¢+ duwlym) =2* T (s + duw(z;) - 2)°
Ym ENa2 x;ENY
252t +5)? [ (¢ +duw(:) —D* ] (s + duau(z;) —1)°
z;ENo ijN1
I @+ duw(ym) —1)* = 4t>s* [ (t+ duo(zi) —2)°
Ym eNs z;ENo
IT G+ duwz) =22 T] ¢+ duw(ym) —2)* >0,
aijNl Ym EN2

Case 4. For £ = 2 (see Figure 15).
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)}

ra)\ 2. V(C)

(a) Case 4.

1}

{21, VIC)\ o)

Nulz )\ [z
Nu(r )\ .

Nu(zg)

(b) Subcase 4.1 and 4.2.

Figure 15: For k = 2.

Subcase 4.1. In this subcase x; be M-unsaturated then let both xy and x5 is M-saturated.
Define MU' = MU + {z¢z3} — {2122}, we have MU’ € MU, naz,n,o and as we know M is
maximum matching of MU then

[ - JJvw) =

l,e ,e

which is a contradiction.

(t+1+1—-2)2(t+1+s—2)>

[T ¢+1+duu(e) -2 T ¢+1+duulym) -2)°

z;€No Ym ENa
—(2+s5-2)2(t+2-2) H (t + dyv (ym) — 1)
ymENz

H (t + dMU<xi) — 2)2
miENo
2t +s—1° ] ¢+ duw(e) —1)°

riGNo

I ¢+ dwwlym) —1D? =2 T ¢+ duw(a:) —2)?
Ym ENa z;ENo

H (t + duu(ym) — 2)* > 0,
ymeNz

Subcase 4.2. x; is M-saturated then let both zgx; is form M. To prove this subcase we can
use the same transformation as in Subcase 4.1 then also we get a contradiction.

Case 5. For k = 1 (see Figure 16), at vertex x; there exist v € N7 with degyu(v) > 1 then
we have the following possibilities.

Subcase 5.1. If v = 1. Let

MU =

MU+ | J Azozi}— U {aazj}

z; N\ {v} z; N1\ {v}
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Y1 Y2

it}

{=

3 T F X1
1 e v
i Nie}
(a) Case 5. (b) Subcase 5.1.
Figure 16: For xk = 1.
we have MU’ € MU, 02,n,o and then
[[Mu) - J[MU) = (t+s-2+2-2)7%@2+1-2)
1l,e l,e
X H (t—|—s—2—|—dMU(ym)—2)2
Ym EN2
X H (t+8—2+dMU($i)—2)2
QCiEN(J
x I ¢+s—2+duu(z;)—2)7
z;EN1\{v}
~(t+s5-27(s+1-2)?% [ (t+ +duw(z:) - 2)
z;ENp
x ][ t+duwlym)—27 ] (s +duw(z;) —2)?
Yym EN2 z; €N \{v}
= (t+s-27 [] (t+s+du(@)—4)?
:mENo
X I ¢+s+du(z;)—4)7°
$j€N1\{V}
X H (t+3+dMU(ym) _4)2 - (t+5_2)2(8_1)2
ym EN2
z;ENp z;eNT\{v}

x ] ¢+ duw(ym) —2)* >0,
ymeNZ
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which is a contradiction. Note that for ¢ > 3 and s > 3 we obviously have:

H (t+ s+ dyw(zi) —4)* > (s — 1) H (t + dy (z:) — 2)%,

z;€No z;€No
H (t—l—s—l—dMU(&Ej) —4)2 > H (S-i-dM[U(:L‘j) —2)27

zjeNl\{l/} zjeNl\{l/}
H (t+ s+ dyw(ym) — 4)* > H (t + duv(ym) — 2)%,

Ym EN2 ym EN2

Subcase 5.2. If v > 1, to prove this subcase, we can use the same transformation as in Subcase
5.1. Then also we get a contradiction. |

Lemma 3.10. If MU € MU, 43 n,a, then the pendant path is attached to most one end vertex
of the cycle having a mazximum length of 2.

Proof. Let UP is the pendant path of MU. Suppose on contrary that UP = xgx;...7, is a
pendant path of length n > 3 with degmu(zo) = w > 3, degmu(z,) = 1 and
degvu(x1)=degmu(z2)=...=degmu(2,—1)=2. Construct

Nu(o)\ {1 VIC)\{za}}

(a) MU. (b) MU',

Figure 17: For n > 3.

MU = MU+ {zoz,} — {zy—22y-1},

then we have MU’ € MU,, 4.
For n > 3 (see Figure 17), let Ny = Nyw(zo)\{z1, V(C)\{zo}}, where No = {ym:ym € V(C)
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which is adjacent to xo}.

[[Mu) - JJMU) = @+1-2°@Q+1-22w+1+2-2%(w+1+2-2)

l,e l,e

< ] @+ 14 duw(ym) =2 J] (@+1+ dyw(a:) - 2)?
Ym EN2 z; ENo

—(242-22024+2-222+1-2)*(w+2-2)
<] wHduolym) =27 [[ @+ duv(e) —2)°

ym€N2 CDiGNo
= (w+D* [T @WHdmo(z)—1* [ @+ duwym) —1)°
z;€No y'mENZ
—16w? H (w + dyu (z;) — 2)? H (w + dyu(ym) — 2)°
z;€No Ym EN>
> 0.

Note that for w > 3, we obviously have (w + 1)? > w? and (w + 1)? > 16.

n Y2

Nolzo)\{z1. VIC)\{x0}}

zo}}

Nis(@o)\ {21, VIC

[ B
(a) MU. (b) MU'.

Figure 18: For n = 3.
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For n = 3, (see Figure 18),

[[Mu) —T[MU) = @+1-22(w+1+2-2)%(w+1+1-2)

l,e l,e

s

x I w+1+duw(ym) —2)°

ymENQ
X H (w+1+duu(z;) —2)° — (2+2-2)%(2+1—2)
z;€ENo
x (w+2-27 [T (w+duvlym) —2)°
ym€N2
X H (w + dyp(z;) — 2)?
ziENo
= w(w+1)? H (w + duw (z:) — 1)?,
xiENo
X H (w + dyu (ym) — 1)? — 4w?
ym,EN2
<[] w+duo(@)—2? [ @+ duwlym) —2)* >0,
z,ENy ymeNQ

which is a contradiction to our supposition. Therefore MU has a pendant path of length 2. W

Lemma 3.10 and Lemma 3.9 characterize the structure of extremal unicyclic graph that
maximizes aforementioned index.

Theorem 3.11. Let MU € MU,,44,n,0, where o >2 and n > 5 then we have

H(MU) S (TL _ a)Q(n—Qa-‘rl)(n —a+ 1)2(71)’

l,e
with equality if and only if MU has the structure of Figure 2.

Proof. If n = 2a or n > 2q, then from Lemma 3.10 and Lemma 3.9, the extremal unicyclic
graph MU is unique and

H(MU) < (n—a)?m72e )y — o 4+ 120 p > 2a,
l,e

and

4 Conclusion

The study focuses on characterizing the extremal in the collection of all n-vertex trees using
multiplicative reformulated first Zagreb index and under specific conditions. It provides sharp
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lower and upper bounds for the multiplicative reformulated first Zagreb index among trees with
a given order n, matching number « and perfect matching.
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