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1 Introduction

Consider a graph G = (V, E). For a € V, the open neighborhood of a in G, Ng(a), is the set
Ng(a) ={be V |abe€ E}. The degree of a in G is dg(a) = |[Ng(a)|. The maximum degree of
G is denoted by A(G) = A. Two edges eq, ez of G are called adjacent if they are distinct and
have a common end-vertex. The degree of an edge e in G is the number of edges adjacent to e
and is denoted by dg(e). The distance between the vertices a,b € V, dr(a,b), is the length of
a shortest a, b-path in G.

The Zagreb indices [1, 2] are the oldest members of vertex—degree-based indices and they

are defined as
My(G) =) dg(a), and My(G)= > dg(a)da(b).

acV abe

For more information on these indices we refer to [3-5].

However in the last decade, some novel variants of vertex-degree-based indices were proposed
such as sum connectivity index [6], irregularity [7, 8], Lanzhou index [9, 10], and entire Zagreb
indices [11, 12]. One of such variants is the Sombor index which was introduced by Gutman

[13] as:
SO(G) = > \/d%(a) + d%(b).

abeE

For more information about the Sombor index see [14-25] and the references therein.
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In 2023, Movahedi and Akhbari [26] extended the concept of Sombor index to the vertex
and edge degrees, conceiving the so-called entire Sombor index. This index is defined as:

SO%(G) = > dZ(a) + dZ(b).
a is either adjacentto
or incident with b

Our primary motivation for the present paper is the following result:

Theorem 1.1. (/26]). If T is a tree of order n, then
SO*(T) > 6v5 + 8(n — 3)V2.
The equality is hold if and only if T = P,.

In this paper we extend the bound of Theorem 1.1 by establishing the sharp lower bounds
for the entire Sombor index of trees of given order and maximum degree. We also determine
the extremal trees achieving these bounds.

2 Lower bound

A rooted tree is a tree together with a special vertex chosen as the root of the tree. A leaf is
a vertex of degree one. A tree with exactly one vertex of degree greater than two is called a
spider. The high degree vertex of a spider T is the center of T'. A leg of a spider is a path from
its center to a leaf. A star is a spider such that all legs have length one. Also a path is a spider
with one or two leg.

In this section, T' denotes a rooted tree with root a, where dr(a) = A and Np(a) =
{a1,a2,...,aa}. For positive integers n and A, let T, A be the set of all trees with n vertices
and maximum degree A.

Lemma 2.1. Let T € T, A has a vertez b of degree more than two in mazimum distance from
a. Then, there is a tree T' € Ty A such that SO(T") < SO*(T).

Proof. Let b # a be a vertex of T with dr(b) = 8 > 3 and Nr(b) = {b1,b,...,bg}, where bg
lies on the a, b-path in T. By our assumption, we have dp(b;) € {1,2} for 1 <i < g —1. We
distinguish the following cases:

Case 1. b is adjacent to at least two leaves by and by. Let T" = (T — {bb1}) U {b1b2}. Then,

B

a1 =3 (V3 0:) + d3(0) + ([ (00) + dB(0bi) + /B (0bi) + (0))
=3
-y (Ve (bi) + B (6) + 3 (b0) + B (i) + 3 (0br) + 5. ()

=3

- XB: (\/d%(bi) +d7(b) + \/d%(bz-) + d2.(bb;) + \/d%(bbz-) n d%(b»

B
=3 (VB 0 + (@r(v) =17 + 1/ (b:) + (dr(vb) — 12

+ V/(dr(vh) =17 + (dr ()~ 17) >0,
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and
= S0 B+ Bh) — S\ (bb) + (D)
3<i<j<p 3<i<i<p
37 Bb) + dB(bba) — S /B (bbi) + @B (bb2)
3<i<6 3<i<p
+Z S JEBbh) + dB(aby) Z S (bh) + B (aby)
=3 1€ N7 (b;)— {b} i=3 2€ Ny (bi)—{b}
= S JBBb) + )~ S/ dr(bb) — 12+ (dr(bhy) — 1)?
3<i<j<p 3<i<y<p
30 B B bb) — Y\ (dr(bb) — 12 + dB(bb)
3<i<s 3<i<f3
B
£ Bk + b
i=3 2€ N (b;)— {b}
—Z S Jlr(b) — 1) + (b)) >
1=3 x€Nr (b;)—{b}
Therefore,

SO°(T) — SO°(T') Zan + g + /B (by) + d(b) + /5 (b1) + 3 (bb)

A3 (0) + A (bb1) + /B (bba) + 0B (bb)

o\ (b2)? + @B (bb) + |/ (b) + B (bb2)

i (b2)? + dB(0) — \/ B (b1) + B (1)

—\J @B (b1) + B (brdy) — ([ (bib2)? + B (b)
/@B (bib2) + @3 (bba) — /B (b2) + 3 (BD)

— /@B (b2) + B (1) f\/dQ, b) +d2,(bb2)

>VB2+1++/(8 +1+\/52 1)2+\/§(,8—1)

+\/ﬁ2+1+\/ﬂ2 - J

~Vb-vV2-+5- \/ +1—\/(ﬁ—1)2+4
_JE-TrTi- ) > 0.

Case 2. b is adjacent to exactly one leaf, say b;. Assume that bcics ... is a path in T and
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by = c1, where I > 2. Let T/ = (T — {bb1}) U {b1¢;}. Then,

a1:zﬁ:<\/d2 )+ d3(b) -+ /B (bi) + A (bb) + /3 (bby) + (t))

_Xﬁ:(\/d +\/d ;) + d2, (bb; +\/d +d%/(b)>
1=3

XB:<\/d () + B (b) + /B (b:) + A3 (bbi) + /B (bbi) + (b))

3
B
-2 (\/d%(bi) +(dr(b) — 12 4 \/d(bi) + (dr(bbi) — 1)

+V/(dr(®h) =12 + ([dr(b) — 12) >0,

Il
w

and
ar= 3 \JdR(bb) +dB(bb) — S ([ dE (b)) + B (bby)
3<L<]<B 3<i<i<p
+Z 3 \/d2 bby) + d2.(wby) Z 3 \/dT/ bb;) + d2., (b;)
i=3 2€Nr(b;)—{b} i=3 €Ny (b;)—{b}
= > JBOb) + a0~ S/ (drbb) — 12+ (dr(Bhy) — 1)2
3<z<J<B 3<i<G<p
B
£ Bk + b
=3 €N (b;)—{b}
B
=Y ) 12+ dB(ab) > 0
=3 x&Nr(b;)—{b}
Therefore,

SO (T) — SO°(T') >an + as + \/d2 (b1) + a3 (6) + /B (b1) + . (bb)
/B (bby) + dB(6) + /B (cr) + (i)
+\/d2 a) + dx(ae-1) +\/d (c1-1) + d%(ciei-1)
+y/3
/B (bb) + @B (bby) — /B (1) + B ()
B (1) + B (brcr) — B (1) + B (1)

- \/dQTf(blcl) +d3 (ac-1) — \/d%f (c) + d7 (ci-1)
- \/dQT, (c1) + d2 (cre-1) — \/d%, (ci—1) + d% (ae-1)

— \/d%, (0171) + d%/(clflcl,ﬁ — \/d%w (lelclfg) + d%«, (Clclfl).

1) + dx(c—1¢—2) +\/d (cm1c—2) + d3(cici-1)

(
(@)
(
(




Iranian Journal of Mathematical Chemistry 14 (4) (2023) 195 — 205 199
If { =2, then ¢;_5 = b and
SO(T) — SO (T") >\/B2+ 1+ (B—-1)2+1+ /B2 + (B —1)2
+\f+\f+f+\/ﬁ2+4+2\/62+1
VB VI 3f
—V(B-12+4—-/(B-1)2+4>0.
If I > 3, then ¢;_o # b and
SO(T) = SO°(T') >V/F+ 1+ /B - 1P + 1+ + (B -1
+\f+f+f+f+f+\/ﬂ2+
—V5—-v2-2V5-5V8>0.
Case 3. All vertices adjacent to b are of degree at least two. Let bcics...c; and bdids ... d;

be two paths in T such that I, > 2, by = ¢; and by = d;. Let T” be the tree deduced from

T —{c1,¢a,...,ct} by attaching the path djcies ... ;. Then,

alzzﬁj<\/d2(b)+d2 D) + /B (b) + B (bbi) + /B (bbr) )+ d30)
1=3
B

_Z(\/dqw( )+ () B (05) + () + ([ (bb) + 5. (b))

B
=3 (VB0 + () = 1)2 + /B (b) + (dr(bh) — 1)?

+V/(dr(®h) =17 + ([dr(b) — 12) >0,

and

= 3 Bb) FdBOb) — S (B + (0D

3<1<]<B 3<i<y<p
+Z ST EBbh) + dB(abi) Z S B bh) + B (aby)
i=3 we N7 ()~ (b) =8 we N ()~ {b)
= > JBOb) + a0~ S (@drbb) — 12+ (dr (b)) — 1)?
3<7<]<ﬂ 3<i<j<B

B
£ Bk + b

i=3 2N (b;)—{b}

B
B \/(dT(bbi)—1)2+d2T($bz‘)>0

=3 2€Nr (b;)—{b}
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Therefore,

SO (T) — SO (I") 2o + g + /B (br) + d3(b) + /B (br) + 3. (bba)
/B (bb) + @B (6) + /@3 (bba) + @B (brc2)

+ \/d%(dz) + di(di-1) + \/dQT(dl) + d%(dydy—1)

B (i) + B i) +\ B (i) + B(dird )
(i 1di) + B (dydy—) + /B (bb1) + @3 (bba)
B (b1) + () — [ B (1) + B (bad)

S (1) + & (bry) — /B (badh) + B (i)
B (1) + B (dir) — /B () + A (didi—y)
B (dimy) + B (didi1) — /B (dimr) + B (dirdis)

B (dirdi2) + B (didi—1) — \ [ (brd) + @B (bac).

If | =2, then d;_5 = b and

SO(T) — SO (T') >2/B2 + 4+ V2B + 1/ 2 + dZ (bicz)
FVEEV2HVE /B2 4+ /B2 1+ V28

—7V8 = 2\/(B—1)2+4 — /44 d2,(bic2) > 0.

If I > 3, then d;_5 # b and

SO%(T) — SO (T") >2v/ B2 + 4+ V2B + /82 + d2, (bics)
+V5+v2+V5+vV8+ V5 + V23
— Q\f— 4+ d%/(blcg) > 0.

This completes the proof. |

Lemma 2.2. Let T € T, A be a spider with A > 3 and T has two legs of length more than one.
Then there exists a spider T' € T, A such that SO*(T") < SO*(T).

Proof. Let dp(a) = A and abibs...b and acica...c¢ be two legs of length more than one.
Assume that T” be the tree deduced from T — {bo,...,b;} with attaching the path ¢;by ... ;.
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Firstly, let [ =t = 2. Then,

SO*(T) = SO (I") 2\ B(by) + dBa(ba) + \ /B (ba) + B (brbo)
B (01) + B (bab) + /B (baba) + B (ba)
+\/d2 b1) + d%(bia) +\/d2 b1) + d%(a)
+\/d2 )+ d%(bra) +\/d2 bia) + dz(acy)
+ \/dQT(Cz) + d7.(c1c2) + \/dT(Cl) +dj(cic2)
B (er) + dB(ca) + 1/ d(c1a) + dB(crca)

— /& (b1a) + @B (cra) — /B (b1) + dB (1)
/B (b1) + (@) — /B (a) + dB (1)
B (b2) + B (baca) — ([ (ba) + B (c2)
B (baca) + @B (c2) — ([ B (1) + B (c2)

— \/dT, (c1c2) + d%, (baca) — \/dT, (c1) + d2. (c1c2)

—\/dT, (c1e2) + d2,(c2) \/dT/ (c12) + d%, (acy)
—2V2A + 2¢/A2 + 4+ 2V/A2 + 1+ 35+ 2v2

— 2/ AT (A 1)2 - /A2 +4—/A2 11

V(A -1)2+1-3V8-3V5-V2
>V/A2 44+ V65— 4v2 > VI3 + V5 — 4v/2 ~ 0.1847 > 0.

Ift=2and (> 3, then

SO (T) — SO°(T) 2/ dB(by) + dBu(ba) + /3. (b2) + B (brb2)
/@B (01) + B (babo) + \ /B (bib) + (1)

/@B (b1) + B(bra) + \[dB(br) + i (a)

+\/d2T(cl 1) + d&(ci—1cr) +\/d (c) + di(c-1c)
+\/d2T(cl 1) + d%(cr) +\/d (creri—1) + df(ci-r1ci2)
(

+ /3 (b1a) + d-(acy) + |/ d(a) + dB(bra)
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BB (b10) + d(cra) — [ (br) + @2 (bra) — \ [ (b1) + d ()
B (0) + d (bra) — [ (b2) + B (bacr) — /B (b2) + dBr ()

(a)

B (bacr) + @B (1) = BB (c1m1) + B (1) — [ B (c1m1cr) + A (bac)
(
(

- \/d2, c—1) + d% (c—1¢1) — \/dT,(cl_lcl) +d%, ()
— /&3
=2V2A +2¢/A2 + 4+ /A2 +1+5V5 +2V2
— /AP (A 12— /A2 41—/ (A—1)2+1-4V/8-3V5—V2
>V5 — V2~ 0.8218 > 0.
Finally, let I, ¢ > 3. Then,

_1a) + d% (c—1¢-2)

SO (T) — SO°(T') 2/ d(by) + d3(b2) + /@3 (b2) + a3 (brb2)

/B (b1) + B (bab) + \ /B (biba) + B (1)

/a3 (0n) + A (bra) +/dB(br) + A3 ()

+ \/d%(r:z_l) +d3(c-1c) + \/dQT(cl) + d2(c11¢1)

+ \/d2 (a-1) +d3 () + \/d2 (qer—1) + dx(c—1¢—2)
/@ (b1a) + dE(acr) + \/d(a) + B (bra)

— @B (b10) + dB (cra) — /3 (br) + i, (bra)
B b)) + @) [ (0) + @B (bra)

BB (b2) + B (brcr) — [ (b2) + B (1)

_ \/dT, (bact) + d2 (c1) \/dT, (c1-1) + d2 (c)

— \/dT, (ci—1r) + d% (bacy) — \/dT, (1—1) + d% (ci—1cr)

—\/dT/ (c—1ar) + d2 () \/dT/ (cm1er) + d% (a—1c1-2)
—2V2A +3V/A2 + 44 3V5+ 12

—2/A2+ (A 12 —/A2 41— /(A-1)2+1-5V8
>v/13 4 2v/5 — V10 — 3v/2 = 0.6727 > 0.

This completes the proof. |

Theorem 2.3. Let T € T, a. If n >4, then

SO*(T) >(A —1)[2¢/A2 + (A 24 VA2 + 1+ )2 +1]
A2+4+%(A—1)(A )+(8n78A717)\/§+3\/5,
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whenn > A — 2,

SOS(T) >(A - 1)[2v/A2 + (A —1)2 + /A2 + 1+ )2 +1]
1
+2\/A2+4+\/A2+1+E(A71)2(A72)+2\/5+x/§,
when A =n — 2, and
1
SO(T) = A[/A? + 1)2+\/A2+1+\/(A71)2+1]+EA(A71)2,

when A = n —1. The equality is hold if and only if T is a spider with at most one leg of length
more than one.

Proof. Assume that T* € T, o with SO*(T*) < SO°(T) for all T € T, a. Let a be a vertex
with maximum degree A and root T* at a. If A = 2, then T is a path and by Theorem 1.1,
SO*(T) = 6v/5 + 8(n — 3)v/2. If A > 3, then by Lemma 2.1, T* is a spider with center a and
by Lemma 2.2, T has at most one leg of length more than one. If all legs of T have length
one, then 7™ is a star and

SO (T*) = A[V/A? + —1)2+\/A2+1+\/(A—1)2+1]+%A(A—1)2.

Let T* is not a star and 7™ have only one leg of length more than one. If A =n — 2, then

SO (T*) =(A — 1)[2¢/A2 + + VA2 14+4/(A
+2V/A2 44+ \/A2+1+%(A—1)2(A—2)+2\/5+\/§,

and if n > A — 2, then

SO°(T*) =(A — D[2/A2 + (A =12+ VA2 + 1+ /(A —1)2 + 1]

2 1 2
A +4+E(A—1) (A—2)+ (8n —8A — 17)V2 + 3V/5.

Now, the proof is complete. |
By definition of entire Sombor index, we have the following observation:
Observation 2.4. Let G be a graph. Then, for every edge e ¢ E(G),
SO%(G +e) > SO°(Q).
By Observation 2.4, we obtain the following Theorem:

Theorem 2.5. Let G be a graph of order n > 4 with mazimum degree A. Then,

SO (G) >(A—1)[2¢/A2+ (A — 12+ VA2 + 1+ /(A —1)2+ 1]

5 1
A +4+E(Af1)2(A72)+(8n78A717)\@+3\/5,
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whenn > A — 2,

SO°(G) >(A —1)[2y/A2 + (A =12+ VA2 + 1+ /(A =12 +1]
+2V/A2 44+ \/A2+1+%(A— 1)%(A —2) +2V5 + V2,

when A =n—2, and

SO (G) = AlVAZ+ (A 12+ VA2 114 /(B -1)2+1]+ %A(A _1y,

when A =n — 1. The equality is hold if and only if G is a spider with at most one leg of length
more than one.
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