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Abstract

In this paper, we introduce the concept of deficiency sum
matrix Sdf (G) of a simple graph G = (V,E) of order n. The
deficiency df(v) of a vertex v ∈ V is the deviation between the
degree of the vertex v and the maximum degree of the graph.
The deficiency sum matrix Sdf (G) is a matrix of order n whose
(i, j)-th entry is df(vi) + df(vj), if the vertices vi and vj are
adjacent and 0, otherwise. In addition, we introduce deficiency
sum energy ESdf (G) of a graph G and establish some bounds
for ESdf (G). Further, deficiency sum energy of some classes
of graphs are obtained. Moreover, we construct an algorithm
and python(3.8) code to find out spectrum and deficiency sum
energy of graph G.

c© 2023 University of Kashan Press. All rights reserved.

1 Introduction

In the study of spectral graph theory, the eigenvalues of a certain matrix corresponding to the
graph can be used to obtain some useful information about the graph. In this paper, all the
graphs are assumed to be simple, finite and undirected. The number of adjacent vertices on
vertex v is known as the degree and is denoted by d(v).

Let G be a graph with vertices {v1, v2, v3, . . . , vn} and maximum degree r. Then deficiency
of vi would be df(vi) = r − d(vi). For additional graph-theoretical terminologies, we refer to
[1].

The concept of energy [2] was introduced almost 40 years ago as a sum of absolute eigenvalues
of the adjacency matrix and has been extensively investigated, as detailed in [3–6]. Eventually,
numerous other graph energies have been invented, based on the eigenvalues of matrices different
from the adjacency matrix; for more details see [7–16].

Let G = (V,E) be a graph with vertices {v1, v2, . . . , vn} and let e(vi) be the eccentricity of
vi, which is the maximum number of edges required to connect e(vi) to other vertices(or infinity
in a disconnected graph).
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One of these graph energies is the sum-eccentricity energy [17, 18], based on the eigenvalues
of the sum-eccentricity matrix Se(G), whose elements are defined as:

sij =

{
e(vi) + e(vj), if vivj ∈ E(G),
0, otherwise.

Another recently introduced graph energy is the first Zagreb energy [12] based on the eigenvalues
of the first Zagreb matrix Z(G) whose elements are defined as:

zij =

{
d(vi) + d(vj), if vivj ∈ E(G),
0, otherwise.

Further, we have introduced maximum deficiency energy [19] based on the eigenvalues of the
maximum deficiency matrix Mdf (G) whose elements are defined as:

fij =

{
max{df(vi), df(vj)}, if vivj ∈ E(G),
0, otherwise.

We were motivated by the eccentricity sum matrix [17, 18], the first Zagreb matrix [12] and
maximum deficiency energy [19]. In this paper, we have introduced deficiency sum matrix and
deficiency sum energy, on the basis of this very motivation.

Let G = (V,E) be a graph with vertices {v1, v2, . . . , vn} and let deficiency of a vertex vi as
df(vi). Then, the deficiency sum matrix Sdf (G) = [sij ]n×n is defined as:

sij =

{
df(vi) + df(vj), if vivj ∈ E(G),

0, otherwise.

Let φ(G; γ) = det(γI − Sdf (G)) be the characteristic polynomial of Sdf (G) and we consider
φ(G; γ) as deficiency sum polynomial of Sdf (G)(or a graph G) and its roots are termed as
deficiency sum eigenvalues of G. The deficiency sum energy of a graph G is defined as:

ESdf (G) =

n∑
i=1

|γi|.

Remark 1. The deficiency sum matrix Sdf (G) is a symmetric and real matrix with zero trace.

Example 1.1. The deficiency sum matrix of graph G1(as shown in Figure 1) is

Sdf (G1) =


0 2 1 1 2
2 0 3 0 0
1 3 0 2 0
1 0 2 0 3
2 0 0 3 0

 .

The deficiency sum polynomial of G1 is
φ(G1; γ) = det(γI − Sdf (G1))

=

∣∣∣∣∣∣∣∣∣∣
γ −2 −1 −1 −2
−2 γ −3 0 0
−1 −3 γ −2 0
−1 0 −2 γ −3
−2 0 0 −3 γ

∣∣∣∣∣∣∣∣∣∣
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Figure 1: Graph G1.

= γ5 − 32γ3 − 28γ2 + 155γ + 72.

Then, the deficiency sum eigenvalues of G1 are
γ1 = −4.1622777, γ2 = −3.181567, γ3 = −0.4467552, γ4 = 2.1622777 and γ5 = 5.6283239.
Now, the deficiency sum energy of G1 is

ESdf (G1) = 15.58120315861477.

2 Properties of deficiency sum polynomial and deficiency
sum eigenvalues

In this section, we obtain the exact expression of some coefficients in the deficiency sum poly-
nomial φ(G; γ) of the graph G. In addition, some properties of the deficiency sum eigenvalues
of the graph G are discussed.

Theorem 2.1. Let G be a graph having order n and let φ(G; γ) = c0γ
n + c1γ

n−1 + c2γ
n−2 +

. . .+ cn be the deficiency sum polynomial of G. Then

(i) c0 = 1.

(ii) c1 = 0.

(iii) c2 = −
∑n

i=1,i<j(df(vi) + df(vj))
2, vivj ∈ E(G).

Proof. The proof is similar to Theorem 3.1 in [18]. �

Theorem 2.2. If G is assumed to be a graph having order n and γ1, γ2, γ3, . . . , γn as the
deficiency sum eigenvalues of Sdf (G), then

(i)
∑n

i=1 γi = 0.

(ii)
∑n

i=1 γ
2
i = −2c2.
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Proof. We know that
n∑

i=1

γ2i = trace(Sdf (G))
2 =

n∑
i=1

n∑
k=1

sikski

= 2

n∑
i=1,i<k

s2ik = 2

n∑
i=1,i<k

(df(vi) + df(vk))
2,

where vivk ∈ E(G). Hence by Theorem 2.1,

n∑
i=1

γ2i = −2c2.

�

Theorem 2.3. Let Km,n be a complete bipartite graph and γ1, γ2, γ3, . . . , γm+n are the defi-
ciency sum eigenvalues of Km,n. Then for m ≤ n

m+n∑
i=1

γ2i = 2mn(n−m)2.

Proof. Consider Km,n as the complete bipartite graph with vertices {u1, u2, . . . , um,
v1, v2, . . . vn}. Using Theorem 2.2,

n∑
i=1

γ2i = 2

n∑
i=1,i<k

(df(vi) + df(vk))
2, where vivk ∈ E(G).

For the graph Km,n,
df(ui) = 0, ∀ui, i = 1, 2, . . . ,m,

df(vj) = n−m, ∀vj , j = 1, 2, . . . , n.

Then,
∑n

i=1 γ
2
i = 2nm(n−m)2. �

Corollary 2.4. Let K1,n be the star graph and γ1, γ2, γ3, . . . , γn+1 be the deficiency sum eigen-
values of the graph K1,n. Then

n+1∑
i=1

γ2i = 2n(n− 1)2.

3 Deficiency sum polynomial and deficiency sum energy of
some special graphs

In this section, we discuss the method to obtain deficiency sum polynomial and deficiency sum
energy of some special classes of graphs.

Theorem 3.1. Let G be the regular graph. Then deficiency sum energy, ESdf (G), of graph G
is zero.

Proof. We know that in a regular graph deficiency of each vertex is zero. Therefore, the
deficiency sum matrix is a zero matrix. Hence deficiency sum energy is always zero. �
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Theorem 3.2. Let Pn be a path having order n ≥ 4. Then

(i) the deficiency sum polynomial of Pn is

φ(Pn, γ) = γn−4(γ2 − 1)2,

(ii) the deficiency sum energy of Pn is

ESdf (Pn) = 4.

Proof. Let Pn be a path having order n ≥ 4. Then we have

Sdf (Pn) =



0 1 0 . . . 0 0
1 0 0 . . . 0 0
0 0 0 . . . 0 0
...

...
...

. . .
...

...
0 0 0 . . . 0 1
0 0 0 . . . 1 0


.

The deficiency sum polynomial of Pn is

φ(Pn; γ) = det(γI − Sdf (Pn))

= γn − 2γn−2 − γn−4 = γn−4(γ2 − 1)2.

Hence, the deficiency sum energy of Pn is ESdf (Pn) = 4. �

In the subsequent theorem Jm×n denotes m×n matrix with all entries 1 and On×n denotes
n× n zero matrix.

Theorem 3.3. Let Km,n be the complete bipartite graph. Then for m < n

(i) the deficiency sum polynomial of Km,n is

φ(Km,n, γ) = γm+n−2(γ2 −mn(n−m)2),

(ii) the deficiency sum energy of Km,n is

ESdf (Km,n) = 2(n−m)
√
mn.

Proof. Let Km,n be the complete bipartite graph of order m+ n. Then, we have

Sdf (Km,n) = n−m
(
Om×m Jm×n

Jn×m On×n

)
(m+n)×(m+n)

.

The deficiency sum polynomial of Km,n is

φ(Km,n; γ) = det(γI − Sdf (Km,n))

= γm+n −mn(n−m)2γm+n−2

= γm+n−2(γ2 −mn(n−m)2).

Hence, the deficiency sum energy of Km,n is ESdf (Km,n) = 2(n−m)
√
mn.

�
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Corollary 3.4. Let K1,n−1 be the star graph having order n ≥ 3. Then

(i) the deficiency sum polynomial of K1,n−1 is

φ(K1,n−1, γ) = γn−2(γ2 − (n− 1)(n− 2)2),

(ii) the deficiency sum energy of K1,n−1 is

ESdf (K1,n−1) = 2(n− 2)
√
n− 1.

Theorem 3.5. Let Bk,k be the Bistar graph of order 2k + 2, which is obtained by joining the
center vertices of two copies of K1,k by an edge. Then

(i) the deficiency sum polynomial of Bistar graph Bk,k is

φ(Bk,k, γ) =
[
γk−1

(
γ2 − k3

)]2
,

(ii) the deficiency sum energy of Bistar graph Bk,k is

ESdf (Bk,k) = 4k
√
k.

Proof. Let Bk,k be the Bistar graph of order 2k + 2. Then, we have

Sdf (Bk,k) =

(
A 0
0 A

)
(2k+2)×(2k+2)

,

where,

A =


0 k k . . . k
k 0 0 . . . 0
k 0 0 . . . 0
...

...
... . . .

...
0 0 0 . . . 0


(k+1)×(k+1)

.

The deficiency sum polynomial of Bk,k is

φ(Bk,k; γ) = det(γI − Sdf (Bk,k))

=
[
γk+1 − k(k)2γk−1

]2
=
[
γk−1

(
γ2 − k3

)]2
.

Hence, the deficiency sum energy of Bk,k is ESdf (Bk,k) = 4k
√
k.

�

If ϑ is considered a positive integer, then the friendship graph Fϑ will be a collection of ϑ
- cycles with a common vertex and the length of each cycle being 3. Now, we compute the
deficiency sum polynomial and the deficiency sum energy of friendship graphs.

Theorem 3.6. For ϑ ≥ 2,

(i) the deficiency sum polynomial of friendship graph Fϑ is

φ(Fϑ, γ) =
[
γ2 − 4(2ϑ− 2)2

]ϑ−1
(
γ −

[
(2ϑ− 2) + (2ϑ− 2)

√
1 + 2ϑ

])
(
γ −

[
(2ϑ− 2)− (2ϑ− 2)

√
1 + 2ϑ

])(
γ + 2(2ϑ− 2)

)
,
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(ii) the deficincy sum energy of friendship graph Fϑ is

ESdf (Fϑ) = 2(2ϑ− 2)[2ϑ− 1 +
√
1 + 2ϑ].

Proof. Let Fϑ be the friendship graph of order 2ϑ+ 1. Then the deficiency sum polynomial of
Fϑ is

φ(Fϑ; γ) = det(γI − Sdf (Fϑ))

=

∣∣∣∣∣∣∣∣∣∣∣∣∣

γ −(2ϑ− 2) −(2ϑ− 2) . . . −(2ϑ− 2) −(2ϑ− 2)
−(2ϑ− 2) γ −2(2ϑ− 2) . . . 0 0
−(2ϑ− 2) −2(2ϑ− 2) γ . . . 0 0

...
...

...
. . .

...
...

−(2ϑ− 2) 0 0 . . . γ −2(2ϑ− 2)
−(2ϑ− 2) 0 0 . . . −2(2ϑ− 2) γ

∣∣∣∣∣∣∣∣∣∣∣∣∣
(2ϑ+1)×(2ϑ+1)

.

Now, the first array cofactor in the first row is

∣∣∣∣∣∣∣∣∣∣∣∣∣

γ −2(2ϑ− 2) 0 0 . . . 0 0
−2(2ϑ− 2) γ 0 0 . . . 0 0

0 0 γ −2(2ϑ− 2) . . . 0 0
...

...
...

...
. . .

...
...

0 0 0 0 . . . γ −2(2ϑ− 2)
0 0 0 0 . . . −2(2ϑ− 2) γ

∣∣∣∣∣∣∣∣∣∣∣∣∣
(2ϑ)×(2ϑ)

,

and the another arrays cofactor in the first row are indistinguishable from∣∣∣∣∣∣∣∣∣∣∣

−(2ϑ− 2) −2(2ϑ− 2) . . . 0 0
−(2ϑ− 2) γ . . . 0 0

...
...

. . .
...

...
−(2ϑ− 2) 0 . . . γ −2(2ϑ− 2)
−(2ϑ− 2) 0 . . . −2(2ϑ− 2) γ

∣∣∣∣∣∣∣∣∣∣∣
(2ϑ)×(2ϑ)

.

Now, solving determinants, we get
φ(Fϑ; γ) = γ

[
γ2 − 4(2ϑ− 2)2

]ϑ
+ 2ϑ(2ϑ− 2)

[
γ2 − 4(2ϑ− 2)2

]ϑ−1

[−γ(2ϑ− 2)− 2(2ϑ− 2)2]

=
[
γ2 − 4(2ϑ− 2)2

]ϑ−1
[γ + 2(2ϑ− 2)][γ(γ − 2(2ϑ− 2))− 2ϑ(2ϑ− 2)2]

=
[
γ2 − 4(2ϑ− 2)2

]ϑ−1
[
γ −

[
(2ϑ− 2) + (2ϑ− 2)

√
1 + 2ϑ

]]
(
γ + 2(2ϑ− 2)

)[
γ −

[
(2ϑ− 2)− (2ϑ− 2)

√
1 + 2ϑ

]]
.

From definition of deficiency sum energy ESdf (G), we get

ESdf (Fϑ) = 2(2ϑ− 2)[2ϑ− 1 +
√
1 + 2ϑ].

�

Let ϑ be a positive integer, then the Dutch Windmill graph Dϑ
4 is a collection of ϑ-cycles

with a common vertex and the length of each cycle being 4. Now, we compute the deficiency
sum polynomial and the deficiency sum energy of Dutch Windmill graph Dϑ

4 .
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Theorem 3.7. For ϑ ≥ 2,

(i) the deficiency sum polynomial of Dutch Windmill graph Dϑ
4 is

φ(Dϑ
4 , γ) = γϑ+1

(
γ2 − 8(2ϑ− 2)2

)ϑ−1[
γ2 − 8(2ϑ− 2)2 − 2ϑ(2ϑ− 2)2

]
,

(ii) the deficiency sum energy of Dutch Windmill graph Dϑ
4 is

ESdf (D
ϑ
4 ) = 2

√
2(2ϑ− 2)[2(ϑ− 1) +

√
ϑ+ 4].

Proof. LetDϑ
4 be the DutchWindmill graph of order 3ϑ+1. Then the deficiency sum polynomial

of Dϑ
4 is

φ(Dϑ
4 ; γ) = det(γI − Sdf (D

ϑ
4 ))

=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

γ −(2ϑ− 2) −(2ϑ− 2) 0 . . . −(2ϑ− 2) −(2ϑ− 2) 0
−(2ϑ− 2) γ 0 −2(2ϑ− 2) . . . 0 0 0
−(2ϑ− 2) 0 γ −2(2ϑ− 2) . . . 0 0 0

0 −2(2ϑ− 2) −2(2ϑ− 2) γ . . . 0 0 0
...

...
...

...
. . .

...
...

...
−(2ϑ− 2) 0 0 0 . . . γ 0 −2(2ϑ− 2)
−(2ϑ− 2) 0 0 0 . . . 0 γ −2(2ϑ− 2)

0 0 0 0 . . . −2(2ϑ− 2) −2(2ϑ− 2) γ

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
(3ϑ+1)×(3ϑ+1)

.

In order to solve the determinant, we consider its first row.
Let

M =

 γ 0 −2(2ϑ− 2)
0 γ −2(2ϑ− 2)

−2(2ϑ− 2) −2(2ϑ− 2) γ

 ,

N =

−(2ϑ− 2) 0 0
−(2ϑ− 2) 0 0

0 0 0

 and P =

−(2ϑ− 2) 0 −2(2ϑ− 2)
−(2ϑ− 2) γ −2(2ϑ− 2)

0 −2(2ϑ− 2) γ

.

Then

φ(Dϑ
4 , γ) = γ(det(M))ϑ + 2ϑ(2ϑ− 2)det


P 0 0 . . . 0
N M 0 . . . 0
N 0 M . . . 0
...

...
...

. . .
...

N 0 0 . . . M

 .

By computing, we get

φ(Dϑ
4 , γ) = γϑ+1

(
γ2 − 8(2ϑ− 2)2

)ϑ−1[
γ2 − 8(2ϑ− 2)2 − 2ϑ(2ϑ− 2)2

]
.

From definition of deficiency sum energy ESdf (G), we get

ESdf (D
ϑ
4 ) = 2

√
2(2ϑ− 2)[2(ϑ− 1) +

√
ϑ+ 4].

�

Let ϑ be a positive integer, then the k4-Windmill graph Kϑ
4 is a collection of ϑ complete

graphs with a common vertex and the length of each complete graph being 4. Now, we compute
the deficiency sum polynomial and the deficiency sum energy of K4-Windmill graph Kϑ

4 .

Theorem 3.8. For ϑ ≥ 2,
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(i) the deficiency sum polynomial of K4-Windmill graph Kϑ
4 is

φ(Kϑ
4 , γ) =

(
γ + 2(3ϑ− 3)

)ϑ(
γ2 − 2γ(3ϑ− 3)− 8(3ϑ− 3)

)ϑ−1

γ
[
γ2 − 2γ(3ϑ− 3)− 8(3ϑ− 3)− 3ϑ(3ϑ− 3)2

]
,

(ii) the deficiency sum energy of Dutch Windmill graph Kϑ
4 is

ESdf (K
ϑ
4 ) = 2ϑ(3ϑ− 3) + 2(ϑ− 1)

√
(3ϑ− 3)2 + 8(3ϑ− 3)

+ 2
√
(3ϑ− 3)2 + 8(3ϑ− 3) + 3ϑ(3ϑ− 3)2.

Proof. Let Kϑ
4 be the K4-Windmill graph of order 4ϑ+1. Then the deficiency sum polynomial

of Kϑ
4 is

φ(Kϑ
4 ; γ) = det(γI − Sdf (K

ϑ
4 ))

=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

γ −(3ϑ− 3) −(3ϑ− 3) −(3ϑ− 3) . . . −(3ϑ− 3) −(3ϑ− 3) (3ϑ− 3)
−(3ϑ− 3) γ −2(3ϑ− 3) −2(3ϑ− 3) . . . 0 0 0
−(3ϑ− 3) −2(3ϑ− 3) γ −2(3ϑ− 3) . . . 0 0 0
−(3ϑ− 3) −2(3ϑ− 3) −2(3ϑ− 3) γ . . . 0 0 0

...
...

...
...

. . .
...

...
...

−(3ϑ− 3) 0 0 0 . . . γ −2(3ϑ− 3) −2(3ϑ− 3)
−2(3ϑ− 3) 0 0 0 . . . −2(3ϑ− 3) γ −2(3ϑ− 3)

0 0 0 0 . . . −2(3ϑ− 3) −2(3ϑ− 3) γ

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
(3ϑ+1)×(3ϑ+1)

.

In order to solve the determinant, we consider its first row.
Let

M =

 γ −2(3ϑ− 3) −2(3ϑ− 3)
−2(3ϑ− 3) γ −2(3ϑ− 3)
−2(3ϑ− 3) −2(3ϑ− 3) γ

 ,

N =

−(3ϑ− 3) 0 0
−(3ϑ− 3) 0 0
−(3ϑ− 3) 0 0

 and P =

−(3ϑ− 3) −2(3ϑ− 3) −2(3ϑ− 3)
−(3ϑ− 3) γ −2(3ϑ− 3)
−(3ϑ− 3) −2(3ϑ− 3) γ

 .

Then

φ(Kϑ
4 , γ) = γ(det(M))ϑ + 3ϑ(3ϑ− 3)det


P 0 0 . . . 0
N M 0 . . . 0
N 0 M . . . 0
...

...
...

. . .
...

N 0 0 . . . M

 .

By computing, we get
φ(Kϑ

4 , γ) =
(
γ + 2(3ϑ− 3)

)ϑ(
γ2 − 2γ(3ϑ− 3)− 8(3ϑ− 3)

)ϑ−1

γ
[
γ2 − 2γ(3ϑ− 3)− 8(3ϑ− 3)− 3ϑ(3ϑ− 3)2

]
.

From definition of deficiency sum energy ESdf (G), we get

ESdf (K
ϑ
4 ) = 2ϑ(3ϑ− 3) + 2(ϑ− 1)

√
(3ϑ− 3)2 + 8(3ϑ− 3)

+ 2
√
(3ϑ− 3)2 + 8(3ϑ− 3) + υ(3ϑ− 3)2. �

4 Bounds for deficiency sum energy
In this section, the formulation of the lower and upper bound for the deficiency sum energy of
a graph G has been detailed.
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Lemma 4.1. ([16]). Let ξ1, ξ2, ξ3, . . . , ξm be non-negetive numbers. Then

n

[
1

n

n∑
k=1

ξk −
( n∏

k=1

ξk

) 1

n
]
≤ n

n∑
k=1

ξk −
( n∑

k=1

√
ξk

)2

≤ n(n− 1)

[
1

n

n∑
k=1

ξk −
( n∏

k=1

ξk

) 1

n
]
.

Theorem 4.2. If G is considered to be a graph having order n ≥ 2, then√
−2c2 + n(n− 1)det(Sdf (G))

2
n ≤ ESdf (G) ≤

√
−2nc2.

Proof. Lower bound:
For k = 1, . . . , n let ξk = γ2k in Lemma 4.1, we get

n

n∑
k=1

γ2k −
( n∑

k=1

|γk|
)2

≤ n(n− 1)

[
1

n

n∑
k=1

γ2k −
( n∏

k=1

γ2k

) 1

n
]
.

Using Theorem 2.2, we have
n∑

k=1

γ2k = −2c2.

Therefore

−2nc2 − ES2
df (G) ≤ −2(n− 1)c2 − n(n− 1)

( n∏
k=1

|γj |
) 2

n
.

Hence
ESdf (G) ≥

√
−2c2 + n(n− 1)det(Sdf (G))

2
n .

Upper bound :
By using Cauchy-Schwartz inequality, we have( n∑

k=1

|γk|
)2

≤ n
n∑

k=1

|γk|2,

ESdf (G) ≤

√√√√n

n∑
k=1

|γk|2.

By Theorem 2.2, we have ESdf (G) ≤
√
−2nc2. �

Lemma 4.3. ([20]). Suppose that xj and yj, 1 ≤ j ≤ n, are non-negative real numbers. Then∣∣∣∣∣n
n∑

j=1

xjyj −
n∑

j=1

xj

n∑
j=1

yj

∣∣∣∣∣ ≤ α(n)(X − x)(Y − y),
where x, y, X and Y are real constants, such that for each j, 1 ≤ j ≤ n, the conditions

x ≤ xj ≤ X and y ≤ yj ≤ Y are satisfied. Further, α(n) = n

[
n

2

](
1− 1

n

[
n

2

])
, while [x]

denotes integer part of a real number x.
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Lemma 4.4. ([21]). Suppose that xj and yj, 1 ≤ j ≤ n, are non-negative real numbers. Then

n∑
j=1

x2j

n∑
j=1

y2j ≤
1

4

(√
M1M2

m1m2
+

√
m1m2

M1M2

)2
 n∑

j=1

xjyj

2

,

where M1 = max
1≤j≤n

(xj),M2 = max
1≤j≤n

(yj),m1 = min
1≤j≤n

(xj) and m2 = min
1≤j≤n

(yj).

Lemma 4.5. ([22]). Suppose that xj and yj, 1 ≤ j ≤ n, are non-negetive real numbers. Then

n∑
j=1

y2j + rR

n∑
j=1

x2j ≤ (r +R)

 n∑
j=1

xjyj

 ,

where r, R are real constants, such that for each j, 1 ≤ j ≤ n, the conditions rxj ≤ yj ≤ Rxj
are satisfied.

Theorem 4.6. Suppose G is a graph with n vertices. Let γj , j = 1, 2, . . . , n are the de-
ficiency sum eigenvalues of G. Let γmin = min

1≤j≤n
(|γj |), γmax = max

1≤j≤n
(|γj |) and α(n) =

n

[
n

2

](
1− 1

n

[
n

2

])
, Then

ESdf (G) ≥
√
−2nc2 − α(n)(γmax − γmin)2. (1)

Proof. Applying Lemma 4.3 and put xj = |γj | = yj , x = γmin = y and X = γmax = Y implies
that ∣∣∣∣∣n

n∑
j=1

|γj |2 −

 n∑
j=1

|γj |

2∣∣∣∣∣ ≤ α(n)(γmax − γmin)
2.

By Theorem 2.2, we get

−2nc2 − ESdf (G)
2 ≤ α(n)(γmax − γmin)

2.

Hence,
ESdf (G) ≥

√
−2nc2 − α(n)(γmax − γmin)2.

�

Corollary 4.7. Since α(n) ≤ n2

4
, then by Theorem 4.6, we get

ESdf (G) ≥
√
−2nc2 −

n2

4
(γmax − γmin)2. (2)

Remark 2.

ESdf (G) ≥
√
−2nc2 − α(n)(γmax − γmin)2 ≥

√
−2nc2 −

n2

4
(γmax − γmin)2.

Thus, the inequality (1) is stronger than the inequality (2).
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Theorem 4.8. Suppose G is a graph with n vertices. Let γj, j = 1, 2, . . . , n are the deficiency
sum eigenvalues of G. If zero is not an eigenvalue of Sdf (G). Then

ESdf (G) ≥
2
√
−2nc2γmaxγmin

γmax + γmin
, (3)

where γmin = min
1≤j≤n

(|γj |) and γmax = max
1≤j≤n

(|γj |).

Proof. Using Lemma 4.4 for xi = |γj | and yj = 1 we get

n∑
j=1

|γj |2
n∑

j=1

12 ≤ 1

4

(√
γmax

γmin
+

√
γmin

γmax

)2
 n∑

j=1

|γj |

2

⇒ −2nc2 ≤
1

4

(√
γmax

γmin
+

√
γmin

γmax

)2

ESdf (G)
2.

Hence

ESdf (G) ≥
2
√
−2nc2γmaxγmin

γmax + γmin
,

where γmin = min
1≤j≤n

(|γj |) and γmax = max
1≤j≤n

(|γj |).
�

Theorem 4.9. If G is a graph of order n. Let γj , i = 1, 2, . . . , n are the deficiency sum
eigenvalues of G. Then

ESdf (G) ≥
−2c2 + nγmaxγmin

γmax + γmin
, (4)

where γmin = min
1≤j≤n

(|γj |) and γmax = max
1≤j≤n

(|γj |).

Proof. Using Lemma 4.5 and setting xj = 1, yj = |γj |, r = γmin and R = γmax, we get

n∑
j=1

|γj |2 + γminγmax

n∑
j=1

1 ≤ (γmin + γmax)

n∑
j=1

|γj |

⇒ −2c2 + nγminγmax ≤ (γmin + γmax)ESdf (G).

Hence
ESdf (G) ≥

−2c2 + nγmaxγmin

γmax + γmin
,

where γmin = min
1≤j≤n

(|γj |) and γmax = max
1≤j≤n

(|γj |). �

Remark 3. Using inequality between arithmetic and geometric means,

ESdf (G) ≥
−2c2 + nγmaxγmin

γmax + γmin
≥ 2
√
−2nc2γmaxγmin

γmax + γmin
.

Thus, the inequality (4) is stronger than the inequality (3).



Iranian Journal of Mathematical Chemistry 14 (3) (2023) 145− 160 157

5 Algorithm to find spectrum and deficiency sum energy
In this section, we present an algorithm that helps in finding the spectrum and deficiency sum
energy of a graph G. This algorithm consists of several functions and sub-algorithms. It takes
n(order), m(size) and edge list of graph as inputs to give the exact value of spectrum and
deficiency sum energy of G.

(i) Take n(order), m(size) and edge list of graph G as inputs.

(ii) Make adjacency matrix as adj.

(iii) Find the degree of each vertex and the maximum degree among these vertices.

deg = [ ]

for i = 0 to n− 1 :

deg.append(sum(adj[i]))

maximum_degree = max(deg)

(iv) Find deficiency of each vertex.

def=[ ]

for i = 0 to n− 1 :

def.append(maximum_degree-deg[i])

(v) Find deficiency sum matrix.

def_sum = [ ]

for i = 0 to n− 1 :

for j = 0 to n− 1 :

if adj[i][j] == 0 :

def_sum[i][j] = 0

else:

def_sum[i][j]=def[i] + def[j]

(vi) Find eigenvalues of deficiency sum matrix.

(vii) Find deficiency sum energy by using absolute sum of eigenvalues.

A Python(3.8) code to find spectrum and deficiency sum energy of a graph G is added as
Appendix I

6 Conclusion
In this paper, we investigated the newly developed deficiency sum matrix Sdf (G) of a graph G.
The deficiency sum polynomial of the graph G has been solved for some of its coefficients. The
deficiency sum energy ESdf (G) has also been formulated for graph G. The influencing factors
of deficiency sum energy ESdf (G) are the underlying graph along with the deficiency on its
vertices. Further, we have developed an algorithm and a python(3.8) code to find out spectrum
and deficiency sum energy of G. The deficiency sum energy that is considered in this study
may possibly have few applications in the field of chemistry along with some other study areas.
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Appendix I Coding (Python 3.8) to find spectrum and de-
ficiency sum energy

from numpy.linalg import eig
import numpy as np
n = int(input())
m = int(input())
adj = []
for i in range(n):

temp = []
for j in range(n):

temp.append (0)
adj.append(temp)

for i in range(m):
a,b = map(int ,input().split())
adj[a][b] = 1
adj[b][a] = 1

deg = []
for i in range(n):

deg.append(sum(adj[i]))
maximum_degree = max(deg)
defi = []
for i in range(n):

defi.append(maximum_degree -deg[i])
def_sum = []
for i in range(n):

def_sum.append ([])
for j in range(n):

def_sum[i]. append (0)
if adj[i][j]==0:
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def_sum[i][j]=0
else:

def_sum[i][j] = defi[i]+defi[j]
print ()
print("deficiency matrix of this graph is as following:")
for i in range(len(def_sum)):

for j in range(len(def_sum [0])):
print(def_sum[i][j],end=" ")

print ()
print ()
m = np.array(def_sum)
w,v = eig(m)
print("Eigen values of this graph is = (",end="")
for i in range(len(w)):

if i!=0:
print("",end=",")
print("",end="")

print(w[i],end="")
print(")")
print ()
ans = 0
for i in w:

ans+=abs(i)
print("Energy of this graph is = ",end="")
print(ans)
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