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1 Introduction

Graphs have long been used as suitable and a practical tool in modeling. For instance to study
the properties of alkanes, the graph corresponding to their molecule is examined and some
numerical schemes are defined, such as different types of energies of graphs and Randi¢ index.

The Randi¢ index was first defined by Randi¢ in 1975 [1]. He considered some weights
for each edge uv of the associated hydrogen-suppressed graph based on the degree of vertices
belonging to the edge as (dudv)_1 or (dudv)_%7 where d, is the degree of vertex u. Then, he
defined the Randi¢ index of a graph G = (V| E) as the sum of all these latter weights over the
edges,

u,veV

The Randié¢ index, often called the connectivity index, describes some important molecular
characteristics and is related to many chemical properties of alkanes such as boiling point,
enthalpy of formation, surface area, and solubility in water.

After that, finding some upper and lower bounds of the Randi¢ index and the graphs having
the maximum and minimum Randi¢ index attracted the attention of many researchers [2-
7]. Also, some researchers tried to find the relationship between the Randi¢ index and other
topological indices of a graph [8, 9].
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In 1998, Bollobas and Erdés introduced the general Randié¢ index for graph G = (V, E) as:

RQ(G): Z (dudv)aa (2)

u,veV

where « is an arbitrary real number [3]. Note that when « = 1, it is the second Zagreb index
which is another important chemical index [10]. Similarly, several researches have been done
on proposing some upper and lower bounds for the general Randi¢ index [11, 12].

Since in recent years, the use of hypergraphs in different sciences has attracted much atten-
tion from researchers, in this paper we define the general Randi¢ index for uniform hypergraphs
and determine some of its upper and lower bounds for different values of a.

2 Preliminaries

Here, we present some required concepts of uniform hypergraphs, see [13] for comprehensive
references.

An undirected hypergraph % = (V, E) with vertex set V, which is labeled as [n] = {1,2,--- ,n},
and edge set E = {e1,€a,...,emn}, in which e; C V for s € [m], is called k-uniform hypergraph
if |es| = k for s € [m]. The order of the hypergraph is n and its size is m. The degree of the
ith vertex, which is denoted by d;, is defined by |{e € E | i € e}| and d is the average of degree
of vertices. Vertex ¢ € V is an isolated vertex if d; = 0. Vertices ¢,; are called adjacent and
denoted by i ~ j if there exists an edge that contains both of them. A hypergraph is d-regular
if all it’s vertices have the same degree d. Two different vertices ¢ and j are connected to each
other if there exists a sequence of edges (e;,,...,e;,) such that i € e;,, j € e;, and e;, Ney,,, # ¢
for all s € {1,...,p — 1}. A hypergraph is called connected if every pair of distinct vertices
in H is connected. Let |a] denote the maximum integer smaller than or equal to a for a real
number a.

Definition 2.1. Let K, = (V,E) be a k-uniform hypergraph and n be a positive integer
number. We call it complete hypergraph of order n if E consists of all possible edges; in other
words, every k distinct vertices form an edge. It is clear that the degree of each vertex in IC,

: n—1
is (32)-
Definition 2.2. Let S,y = (V, E) be a k-uniform hypergraph and m be a positive integer

number. We call it hyperstar of size m if there exists a disjoint partition of the vertex set V as
V = VoUW U: - .UV, such that [Vo| = 1and [Vi| = --- = |V, = k—1and E = {VUV; | i € [m]}.

It is clear that in hyperstar S(,,), there is only one vertex of degree m and the degree of the
other vertices is one. The vertex of degree m is called the heart which is connected with all
other vertices.

3 General Randié¢ index of a hypergraph

As mentioned earlier, in 1975, Randi¢ first defined the Randi¢ index for a graph. He defined
a weight for each edge and then called the sum of all these weights the Randi¢ index. Let
H = (V, E) be a k-uniform hypergraph with n vertices. There are two ways to generalize this
concept to ‘H and define the general Randi¢ index for it.
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1) Graph approach: Cosider the weight w, () for each e € F as w,(€) = -~ dijee (didy)®
and then define the general Randi¢ index as follows:

Ra(H) =) wale) =D ay(did;)*,
c€E inj
where A = [ai;]nxn is the adjacency matrix of H and is defined as follows [14]:
mil{e€Eijeel,  ing,
al-j =

2) Hypergraph approach: Consider the weight w,(e) for each e € E as
wa(e) = (dlldwdlk)a? where e = {ilviQa"' aik}v (3)
and then define the general Randi¢ index as

Ro(H) =Y wale). (4)

ecl

Although in recent years, the use of the graph approach in the study of hypergraphs, especially
in studying the spectral theory of hypergraphs, has received much attention from researchers,
we use the second method to define R, (#). Because it seems that the second definition is more
suitable and well-defined.

In the next section, we will find some upper and lower bounds for the general Randi¢ index
and corresponding extremal hypergraphs, considering different values of a.

4 Upper and lower bounds for the general Randi¢ index

We consider a few cases for different values of o and find upper and lower bounds for the general
Randi¢ index and corresponding extremal hypergraphs in each cases.

4.1 Case: o= —1.

Theorem 4.1. Let H = (V, E) be a k-uniform hypergraph and let eq be an edge with minimum
weight w_1 in H such that it cotains at least two vertices of degree greater than 1. Then we
have:

Rfl(’H — 6()) > Rfl(,H)

Proof. Without loss of generality, we can assume that eg = {1,2,--- ,k} and e, = {1,2,-- ,1}
be vertices of ey of degree greater than 1, where [ > 2. Now we define the following

EW ={ecFE : |ene,| =i}, fori=1, -+, I-1,
EO ={ecE, e#te : leNe.| =1}

Now consider the following notations:

ﬁ](.l):’{eEE(l) : {j}:eﬂe*}’, V)€ e, (5)
/Bj(f)Jt:‘{€EE(t) : {.jl)"'ajt}:eme*}v vjla"'mjtee*&lgtgl’
5](':.)443',,:‘{66E(7‘) . {j1,-~-,jt}C€ﬁ6*}7 Vi, e €e &1<t<r<lI,
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It’s clear that

&
|
[t
I

(> B +8Y (6)

J2sJe€ex

-

~ |l
N

B, Vj € e (7)

=1

~+

Equations (6) and (7) result from not considering eg in the s notations. In other words, in the
above summations, all edges with vertex j are considered except for eq.
Now suppose that e € F(1). Then there exists a vertex i suth that e, Ne = {i}. Let w* ,(e)

be the weight of edge e in H — eg. Then we have w* (e) = %w,l(e), and therefore:

Wh(e) ~ woa(e) = 7w (e) 2

- 1w_1(eo).

Thus,
(a

l )
S (wii(e) —wale) 2 (;d?_l

eeE(l)

)w,l(eo).

Similarly suppose that e € E),

. .y . did;
| 1,7 s.t.eNey, = {Z,j}, wfl(e) = mw_l(e).
g J
Therefore,
1 1 1
w*(e) —w_1(e) = + + w_1(e
1 1
>(——+ ——— .
2 (Gt g v
So,

> (whi@ = waa0) = (X 87 + ) Juasteo)

ecE(®) i,j€e*
Then similarly for e € E® and 3 <t <[ we have:

iy, iy stoeNes ={iy, i},
t

wri(e) —w_1(e) > (Z d.ll

Thus,
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Now we have:

R_y(H — eo) = R_1(H)
> (wh(e) —woa(e) —woi(eo)

e€E\eq
— Z (wi1(6) - w71(e)> 4ot Z (w*_l(e) — w,l(e)> —w_1(eq)
ecE®) S
! /3(1) . .
><i—1 di—1 T ,.Z;Ee 5 . <; di; — 1>>w1(60) —w-1(eo)
1
:[d1—1< 1)+Zﬁ1 e+ Z 552)1---2‘1_1)
i1, i1 €€
4.

A0 YL RRRUD D | PR

(dl_1<zw> () et v
SR

Zl’w_l(eo) — w_l(eo) > 0.

Lemma 4.2. Let S, be a hyperstar of size m. Then R_1(S(m) = 1.

Proof. 1t is clear that the weight of each edge is % The result is easily obtained by considering
that the number of edges is m. |

In the following, we will specify precisely the hypergraphs with maximum and minimum
R_;.

Lemma 4.3. Let H = (V, E) be a k-uniform hypergraph of order n. If H has the mazimum
value of R_1, then it composed of hyperstars.

Proof. Tt suffices to prove that each edge of H contains at most one vertex of degree greater
than 1. By cotradiction, suppose that there exists an edge with at least two vertices with
degree greater than 1 and with minimum weight (w_;). Then by Theorem 4.1, we obtain a
hypergraph of order n with larger value of R_;(H) by deleting this edge, which contradicts our
assumption. |

Theorem 4.4. Let H = (V, E) be a k-uniform hypergraph of order n. Then we have
n
Ra(H) <17,
with equality if and only if H is composed of T disjoint edges for n = qk or is composed of a
k-uniform hyperstar of size 2 and | 3| — 1 disjoint edges for n = gk + (k —1).



126 G. H. Shirdel et al. / General Randi¢ Index of Uniform Hypergraphs

Proof. By Lemma 4.3, a hypergraph of order n with maximum value of R_; must be composed
of hyperstars. Since the value of R_; for each hyperstar is equal to 1 (see Lemma 4.2), the
hypergraph with maximum value of R_; must be composed of most hyperstar components.
There are two cases:

1) If n = gk, then the hypergraph must be composed of ¢ disjoint edges. In this case, the

value of R_; is equal to ¢ = [ ].

2) If n =gk+7rand 0 < r < k—1, then the hypergraph must be composed of several disjoint
edeges and a hyperstar S,,) of size m. We want to determine the value of m. Suppose
that S(,,) has pk + r vertices. On the other hand, a k-uniform hyperstar of size m must
have k 4+ (m — 1)(k — 1) vertices. Therefore, we have:

p—1Dk+r=(m-1)(k—-1), so
plk—1)+p+r—k=(m—1)(k—-1), thus
p=m-—1 & p+r—k =0, therefore,
m=k—r+1.

Then the hypergraph must be composed of k disjoint edges and a hyperstar
of size k —r + 1. In this case, the value of R_; is equal to ¢ =k +7r+1<q =[] The
last inequality holds because r < k — 1, and equality holds if and only if r = k — 1.

(n—r)—(k—r)
k

Therefore, the result is valid in both cases. |

Theorem 4.5. Let H = (V, E) be a k-uniform hypergraph of order n containing no isolated
vertices. Then we have the following:

n
TR
k(i)

with equality if and only if H s a complete hypergraph.

R_(H)>

Proof. Suppose that v is an arbitrary vertex in V' and let W, denote the sum of weights of all
edges containing the vertex v. Then

1 dy 1
Woy = Z H d, = Z,l)k—l = n,l)k—r

%EEE u€e ( 1 dy (kfl
1 1 n 1
R—l(H): Z d: ---d: :%ZVVUZE 1\ k—1
vl € 1 e veV (k‘fl)

equality holds if and only if the degree of all vertices are (Z:}) or, equivalently, H is a complete
hypergraph. |

4.2 Case: >0

According to the definition of the general Randié Index and relations (3) and (4), it is clear that
in this case, adding edges increases the value of R, while removing edges decreases it. Among
all n-vertex k-uniform hypergraphs without isolated vertices, the minimum R, corresponds to
the hypergraph with the fewest number of edges and with all its vertices having degree one.
The complete hypergraph /C,, has maximum R,. Therefore, we have the following theorem.



Iranian Journal of Mathematical Chemistry 14 (2) (2023) 121 — 133 127

Theorem 4.6. Let H = (V, E) be a k-uniform hypergraph of order n containing no isolated

vertices and o > 0. Then we have
ka-+1
k
<r<(}) G

n

>3

forn = qk, and

ka+1
(q—k+7r)+ (k—r+1)°" < Ro(H) < (:) (S)’mv

form =qk+1r and 0 < r < k—1. The right equality holds if and only if H is a complete
hypergraph, while the left equality holds if and only if H is composed of 3 disjoint edges for
n = gk or is composed of ¢ — k + r disjoint edges and a k-uniform hyperstar of size k —r + 1
forn=qk+r where 0 <r <k —1.

4.3 Case: —% < a<0.

In this case, we only propose an upper bound for R,.

Lemma 4.7. [15] Let k > 2, be an integer number and let xy,--- ,x) be nonnegative real
numbers. Then we have
x]f+~~+a:],§:|:kx1~~xk > 0.

Theorem 4.8. Let H = (V,E) be a k-uniform hypergraph of order n containing no isolated
vertices and let % < a < 0. Then we have

nin—1 ka+1
Ra(H)Sk(k—l) .
Equality holds if and only if H is a complete hypergraph.
Proof. By Lemma 4.7, for d¢',--- ,dg , we have k(d;, - --d;,)* < dF* +--- + df®. Thus

(e

RQ(H) = Z (dil T dik)a

{i1,ir}EE
1
<z oot dl)
{i1,+ in}EE
1 ko 1 ka+1
=l bt =) d,
veV veV

n/n—1 ka+1
< — .
T k\k-1

It is clear that equality holds if and only if the degree of all vertices is equal to (Zj) that is,

‘H is a complete hypergraph. |

Theorem 4.9. Let H = (V, E) be a k-uniform hypergraph of order n and size m containing no
isolated vertices. When % < a <0 and d denotes the average degree of H, we have

Ro(H) < md™®,

with equality if and only if H is composed of reqular components.



128 G. H. Shirdel et al. / General Randi¢ Index of Uniform Hypergraphs

Proof. By Lemma 4.7 and Jencen’s inequality for the Concave function ¢(x) = 2***1, we have
the following:

RG(H) = Z (d11 T dik)a

{1, in}EE
1
<o) (@R e+dy)
(i1, i }EE
1 n -
_ dk:aJrl < 7dk:o¢+l
O DL
veV
= md"e.
The equality holds if and only if d;;, = --- = d;,, for every e = {i1, - ,ix} € FE ie. all
components of H are regular. |

4.4 Case: a = —%.

This case is very similar to the previous one. By Lemma 4.7, we have following theorem.

Theorem 4.10. Let H = (V, E) be a k-uniform hypergraph of order n containing no isolated
vertices. Then we have the following:

R_i(H) <

n
k’

=

equality holds if and only if H is a complete hypergraph or is composed of 3 disjoint edges for
n = qgk.

Proof.
R—% (H) = Z (di, dlk)_T
{i1, ,ix }EE
1 —k —k
<o > @l +etd])
(i1, i} E€E
1 _ n
=5 2 b=
veV
Equality holds if and only if d;, = --- = d;,, for every e = {i1, -+ ,ix} € E. The only cases
where this occurs are when, H is a complete hypergraph or is composed of 7 disjoint edges for
n = qk. |

4.5 Case: -1 <a < —1.
In this case, we propose three upper bounds for R,,.

Theorem 4.11. Let H = (V, E) be a k-uniform hypergraph of order n containing no isolated

vertices and let —1 < o < f%. Then we have

n
< —
Ry(H) < .

with equality if and only if H is composed of T disjoint edges for n = gk.
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Proof. 1t is clear that if a < j then R,(H) < Rg(H). Therefore, R,(H) < R*%(H) < Z
thus, R, (H) < 3. It is easy to see that if n = gk and H is composed of  disjoint edges, then

Ro(H) = %. Conversely, suppose that # is a hypergraph with R, () = %. Then we have
n

Ro(H) <R_.(H), thus R

(H) =

B
Ea

.
Therefore, by Theorem 4.10, H is either a complete hypergraph or is composed of 7 disjoint
edges. On the other hand, if H is a complete hypergraph, then

ka+1
nin-—1 n
Ra(H) = k:(k _ 1) <%
The above inequality holds because ka + 1 < 0. Thus, H is composed of  disjoint edges. W

Theorem 4.12. Let H = (V, E) be a k-uniform hypergraph of order n containing no isolated
vertices and let a < —%. If 6 denotes the minimum degree of H, then we have

Ra (H) S %6ka+1 .

Equality holds if and only if H is reqular.
Proof. By Lemma 4.7, we have the following:
Ro(M)= > (diy---di)
{i1,+ in }EE

1 (e (o3
<o) @R +dy)
{i1,in}€E

_ % Z d5a+1 < %5ka+17
veV

with equality if and only if H is regular. |

Theorem 4.13. Let H = (V, E) be a k-uniform hypergraph of order n containing no isolated
vertices and let —1 < a < 0. If § and A denote the minimum and maximum degrees of H,
respectively, then we have

RQ(H) > %A(k—l)a(soz—&-l.
Equality holds if and only if H is regqular.

Proof. By Lemma 4.7, we have

RQ(H) = Z (dll o 'dik)a

{i1,+,ix}EE
A(kfl)a
k—1o ja __ a—+1
> > Ak df = =—— 3o
{i1,in}EE veV
(k—1)a
Z A k n(SOé 1,

with equality if and only if H is regular. |
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4.6 Case: o< -1

This case is similar to case « = —1, with a slight difference.
Lemma 4.14. Let a <0 and let x1,--- ,x, > 2 be real numbers. Then
_ 1 (e 2N n— 1 «@ _ 1 o " — 1 «
R R TN | P (T | P o | Y
R 7 73

Proof. The proof is by induction on n. For n = 2, we have

(1 =Dz —1)* | _ (21 = 1)% @z = 1) — 2 (s — 1)* + 27 (25 — 1)*
A2y r{wy
¥ (g — 1) — ¥ 1 — 1)* — xf
_ () (= ) a)
AR L1 To
— 1) — 1)
S @1, @7
) L1

-1

-1

The last inequality is valid due to (z2 — 1)* > 2§ for @ < 0. Now suppose that the result is
true for n — 1, we show that the result holds for n.

(x1 —1D)* - (x, — 1)®

-1
x{f‘.m%
:(x1—1)a---(xn—1)a—x‘f(x2—1)O‘-~~(xn—1)o‘—|—x‘f(a:2—1)0‘--~(a:n—1)0‘_1
l'(ll.x%
(22— 1) (@ = D (@1 17 —af) o ((@a— )7 (wn — )7 —a§ a3
) ooy ! PR
T2 xﬁ((ml_l)a_xl) — 1) 1)
§ ¢ R PR
Ty Ty D) Ty
— 1)« — 1)« n 1)@
NG a) 4 a) RTINS
1 D) Ty

Theorem 4.15. Let H = (V, E) be a k-uniform hypergraph of order n and let eq be an edge
with minimum weight wo in H such that it cotains at least two vertices of degree greater than
1 and o < —1. Then we have

Ro(H —€0) > Ra(H).

Proof. By notations in Theorem 4.1 and by Lemma 4.14 we have:

S (wg<e>-wa<e>)z( > A0 dl_ll_l))wa(eo).

e€E®) i1, i €e” Jj=1 "
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Therefore
Rao(H — €0) = Ra(H)
> (wi(e) —wal©)) —waleo)

e€E\ey
= 3 (0i(@) - wal@) 4+ 3 (wi(0) ~wa(e)) ~ waleo)
eecE) ecEWM

><i5§1)((did?1)a 1)+ + Z 51(? HZ((dd;jl)a1>>wa(60)wa(eo)

=1 -,i€e* j=1

[CEICERS LS

i1, ,i—1€€*

o 1
(e + e e 3 Al 1)]%(60)‘%(@0)
j=1

i1, ,0—1€€*

(di — 1)~

Theorem 4.16. Let H = (V, E) be a k-uniform hypergraph of order n and oo < —1. Then we
have

n
< —
R.(H) < o

forn = qk and
Ro(H) < | 7] = (k=) + (k=7 + 1),
forn =gqk+r and 0 <r < k. With equality if and only if H is composed of 3 disjoint edges

for n = qk or is composed of || — (k —r) disjoint edges and a k-uniform hyperstar of size
k—r+1forn=qk+rand0<r<k.

Proof. The proof is similar to the case & = —1 in Theorem 4.4. |
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Theorem 4.17. Let H = (V, E) be a k-uniform hypergraph of order n containing no isolated
vertices and let a < —1. Then we have

Ry > ("1 o
= E\k—1 ’

with equality if and only if H is a complete hypergraph.

Proof. Let e = {iy,42, -+ ,ir} be an arbitrary edge in H. Then

1
i+ +dj = — ++—
1 k di1 dzk
= d;a.d;a +.+ di_la”'d;c(il
d-%...d7¢ d-%...d7¢
11 Tk 21 1k
n—1\ (k—1)(-a)
P
= 4T 4T
i1 ik
therefore
(k—1)e
1/n-1 o o o
(D)) ) < @ d) 0

Rq (H) = Z (dll T dlk)a

(i1, ir}€E

- (k—1)a

Zlddg nol
k k—1
1 n—1 (k—1)a Z n—1 ()L+1_E n—1 ka+1
k\k— k—1 o k\k-1
veV

ka+

S R

It is clear that equality holds if and only if H is a complete hypergraph. |

Y

%

/—\<

5 Conclusion

The general Randi¢ index of a graph G = (V, E) is defined as Ry, =}, ¢y (dudy)®, where d,, is
the degree of vertex v and « is an arbitrary real number. In 1975, the Randi¢ index of a graph
was first defined as R(G) = >, v (dyd,) ™2, which has been widely used in studying the
chemical properties of alkanes. In recent years, the use of hypergraphs in various sciences has
attracted much attention from researchers. In this paper, we define the Randi¢ index for a uni-
form hypergraph and obtain lower and upper bounds for R, depending for different values of a.
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