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Abstract

The general Randić index of a graph G = (V,E) is defined
as Rα =

∑
u,v∈V (dudv)

α, where du is the degree of vertex u
and α is an arbitrary real number. In this paper, we define
the Randić index of a uniform hypergraph and obtain lower and
upper bounds for Rα depending on different values of α.
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1 Introduction

Graphs have long been used as suitable and a practical tool in modeling. For instance to study
the properties of alkanes, the graph corresponding to their molecule is examined and some
numerical schemes are defined, such as different types of energies of graphs and Randić index.

The Randić index was first defined by Randić in 1975 [1]. He considered some weights
for each edge uv of the associated hydrogen-suppressed graph based on the degree of vertices
belonging to the edge as (dudv)

−1 or (dudv)
− 1

2 , where du is the degree of vertex u. Then, he
defined the Randić index of a graph G = (V,E) as the sum of all these latter weights over the
edges,

R(G) =
∑
u,v∈V

(dudv)
− 1

2 . (1)

The Randić index, often called the connectivity index, describes some important molecular
characteristics and is related to many chemical properties of alkanes such as boiling point,
enthalpy of formation, surface area, and solubility in water.

After that, finding some upper and lower bounds of the Randić index and the graphs having
the maximum and minimum Randić index attracted the attention of many researchers [2–
7]. Also, some researchers tried to find the relationship between the Randić index and other
topological indices of a graph [8, 9].
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In 1998, Bollobaś and Erdös introduced the general Randić index for graph G = (V,E) as:

Rα(G) =
∑
u,v∈V

(dudv)
α, (2)

where α is an arbitrary real number [3]. Note that when α = 1, it is the second Zagreb index
which is another important chemical index [10]. Similarly, several researches have been done
on proposing some upper and lower bounds for the general Randić index [11, 12].

Since in recent years, the use of hypergraphs in different sciences has attracted much atten-
tion from researchers, in this paper we define the general Randić index for uniform hypergraphs
and determine some of its upper and lower bounds for different values of α.

2 Preliminaries

Here, we present some required concepts of uniform hypergraphs, see [13] for comprehensive
references.

An undirected hypergraphH = (V,E) with vertex set V , which is labeled as [n] = {1, 2, · · · , n},
and edge set E = {e1, e2, . . . , em}, in which es ⊂ V for s ∈ [m], is called k-uniform hypergraph
if |es| = k for s ∈ [m]. The order of the hypergraph is n and its size is m. The degree of the
ith vertex, which is denoted by di, is defined by |{e ∈ E | i ∈ e}| and d̄ is the average of degree
of vertices. Vertex i ∈ V is an isolated vertex if di = 0. Vertices i, j are called adjacent and
denoted by i ∼ j if there exists an edge that contains both of them. A hypergraph is d-regular
if all it’s vertices have the same degree d. Two different vertices i and j are connected to each
other if there exists a sequence of edges (el1 , . . . , elp) such that i ∈ el1 , j ∈ elp and els∩els+1 6= φ
for all s ∈ {1, . . . , p − 1}. A hypergraph is called connected if every pair of distinct vertices
in H is connected. Let bac denote the maximum integer smaller than or equal to a for a real
number a.

Definition 2.1. Let Kn = (V,E) be a k-uniform hypergraph and n be a positive integer
number. We call it complete hypergraph of order n if E consists of all possible edges; in other
words, every k distinct vertices form an edge. It is clear that the degree of each vertex in Kn
is
(
n−1
k−1
)
.

Definition 2.2. Let S(m) = (V,E) be a k-uniform hypergraph and m be a positive integer
number. We call it hyperstar of size m if there exists a disjoint partition of the vertex set V as
V = V0∪V1∪· · ·∪Vm such that |V0| = 1 and |V1| = · · · = |Vm| = k−1 and E = {V0∪Vi | i ∈ [m]}.

It is clear that in hyperstar S(m), there is only one vertex of degree m and the degree of the
other vertices is one. The vertex of degree m is called the heart which is connected with all
other vertices.

3 General Randić index of a hypergraph

As mentioned earlier, in 1975, Randić first defined the Randić index for a graph. He defined
a weight for each edge and then called the sum of all these weights the Randić index. Let
H = (V,E) be a k-uniform hypergraph with n vertices. There are two ways to generalize this
concept to H and define the general Randić index for it.
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1) Graph approach: Cosider the weight wα(e) for each e ∈ E as wα(e) = 1
k−1

∑
i,j∈e (didj)

α

and then define the general Randić index as follows:

Rα(H) =
∑
e∈E

wα(e) =
∑
i∼j

aij(didj)
α,

where A = [aij ]n×n is the adjacency matrix of H and is defined as follows [14]:

aij =


1

k−1 |{e ∈ E : i, j ∈ e}|, i ∼ j,

0, i � j.

2) Hypergraph approach: Consider the weight wα(e) for each e ∈ E as

wα(e) = (di1di2 · · · dik)α, where e = {i1, i2, · · · , ik}, (3)

and then define the general Randić index as

Rα(H) =
∑
e∈E

wα(e). (4)

Although in recent years, the use of the graph approach in the study of hypergraphs, especially
in studying the spectral theory of hypergraphs, has received much attention from researchers,
we use the second method to define Rα(H). Because it seems that the second definition is more
suitable and well-defined.

In the next section, we will find some upper and lower bounds for the general Randić index
and corresponding extremal hypergraphs, considering different values of α.

4 Upper and lower bounds for the general Randić index
We consider a few cases for different values of α and find upper and lower bounds for the general
Randić index and corresponding extremal hypergraphs in each cases.

4.1 Case: α = −1.
Theorem 4.1. Let H = (V,E) be a k-uniform hypergraph and let e0 be an edge with minimum
weight w−1 in H such that it cotains at least two vertices of degree greater than 1. Then we
have:

R−1(H− e0) > R−1(H).

Proof. Without loss of generality, we can assume that e0 = {1, 2, · · · , k} and e∗ = {1, 2, · · · , l}
be vertices of e0 of degree greater than 1, where l ≥ 2. Now we define the following

E(i) = {e ∈ E : |e ∩ e∗| = i}, for i=1, · · · , l-1,

E(l) = {e ∈ E , e 6= e0 : |e ∩ e∗| = l}.

Now consider the following notations:

β
(1)
j =

∣∣∣{e ∈ E(1) : {j} = e ∩ e∗
}∣∣∣, ∀ j ∈ e∗, (5)

β
(t)
j1···jt =

∣∣∣{e ∈ E(t) : {j1, · · · , jt} = e ∩ e∗
}∣∣∣, ∀ j1, · · · , jt ∈ e∗ & 1 ≤ t ≤ l,

β
(r)
j1···jt =

∣∣∣{e ∈ E(r) : {j1, · · · , jt} ⊂ e ∩ e∗
}∣∣∣, ∀ j1, · · · , jt ∈ e∗ & 1 ≤ t < r ≤ l,
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It’s clear that

dj − 1 =

l∑
t=2

( ∑
j2,··· ,jt∈e∗

β
(t)
jj2···jt

)
+ β

(1)
j (6)

=

l∑
t=1

β
(t)
j , ∀j ∈ e∗. (7)

Equations (6) and (7) result from not considering e0 in the βs notations. In other words, in the
above summations, all edges with vertex j are considered except for e0.

Now suppose that e ∈ E(1). Then there exists a vertex i suth that e∗ ∩ e = {i}. Let w∗−1(e)

be the weight of edge e in H− e0. Then we have w∗−1(e) = di
di−1w−1(e), and therefore:

w∗−1(e)− w−1(e) =
1

di − 1
w−1(e) ≥ 1

di − 1
w−1(e0).

Thus,

∑
e∈E(1)

(
w∗−1(e)− w−1(e)

)
≥
( l∑
i=1

β
(1)
i

di − 1

)
w−1(e0).

Similarly suppose that e ∈ E(2),

∃ i, j s.t. e ∩ e∗ = {i, j}, w∗−1(e) =
didj

(di − 1)(dj − 1)
w−1(e).

Therefore,

w∗−1(e)− w−1(e) = (
1

di − 1
+

1

dj − 1
+

1

(di − 1)(dj − 1)
)w−1(e)

≥ (
1

di − 1
+

1

dj − 1
)w−1(e0).

So, ∑
e∈E(2)

(
w∗−1(e)− w−1(e)

)
≥
( ∑
i,j∈e∗

β
(2)
ij (

1

di − 1
+

1

dj − 1
)
)
w−1(e0).

Then similarly for e ∈ E(t) and 3 ≤ t ≤ l we have:

∃ i1, · · · , it s.t. e ∩ e∗ = {i1, · · · , it},

w∗−1(e)− w−1(e) ≥
( t∑
j=1

1

dij − 1

)
w−1(e0).

Thus,

∑
e∈E(t)

(
w∗−1(e)− w−1(e)

)
≥

( ∑
i1,··· ,it∈e∗

β
(t)
i1···it

( t∑
j=1

1

dij − 1

))
w−1(e0).
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Now we have:

R−1(H− e0)−R−1(H)

=
∑

e∈E\e0

(
w∗−1(e)− w−1(e)

)
− w−1(e0)

=
∑
e∈E(1)

(
w∗−1(e)− w−1(e)

)
+ · · ·+

∑
e∈E(l)

(
w∗−1(e)− w−1(e)

)
− w−1(e0)

≥

(
l∑
i=1

β
(1)
i

di − 1
+ · · ·+

∑
i1,··· ,il∈e∗

β
(l)
i1···il

( l∑
j=1

1

dij − 1

))
w−1(e0)− w−1(e0)

=

[
1

d1 − 1

(
β
(1)
1 +

l∑
j=1

β
(2)
1j + · · ·+

∑
i1,··· ,il−1∈e∗

β
(l)
1i1···il−1

)

+ · · ·

+
1

dl − 1

(
β
(1)
1 +

l∑
j=1

β
(2)
lj + · · ·+

∑
i1,··· ,il−1∈e∗

β
(l)
li1···il−1

)]
w−1(e0)− w−1(e0)

=

(
1

d1 − 1

( l∑
t=1

β
(t)
1

)
+ · · ·+ 1

dl − 1

( l∑
t=1

β
(t)
l

))
w−1(e0)− w−1(e0)

=
(d1 − 1

d1 − 1
+ · · ·+ dl − 1

dl − 1

)
w−1(e0)− w−1(e0)

=lw−1(e0)− w−1(e0) > 0.

�

Lemma 4.2. Let S(m) be a hyperstar of size m. Then R−1(S(m)) = 1.

Proof. It is clear that the weight of each edge is 1
m . The result is easily obtained by considering

that the number of edges is m. �

In the following, we will specify precisely the hypergraphs with maximum and minimum
R−1.

Lemma 4.3. Let H = (V,E) be a k-uniform hypergraph of order n. If H has the maximum
value of R−1, then it composed of hyperstars.

Proof. It suffices to prove that each edge of H contains at most one vertex of degree greater
than 1. By cotradiction, suppose that there exists an edge with at least two vertices with
degree greater than 1 and with minimum weight (w−1). Then by Theorem 4.1, we obtain a
hypergraph of order n with larger value of R−1(H) by deleting this edge, which contradicts our
assumption. �

Theorem 4.4. Let H = (V,E) be a k-uniform hypergraph of order n. Then we have

R−1(H) ≤ bn
k
c,

with equality if and only if H is composed of n
k disjoint edges for n = qk or is composed of a

k-uniform hyperstar of size 2 and bnk c − 1 disjoint edges for n = qk + (k − 1).
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Proof. By Lemma 4.3, a hypergraph of order n with maximum value of R−1 must be composed
of hyperstars. Since the value of R−1 for each hyperstar is equal to 1 (see Lemma 4.2), the
hypergraph with maximum value of R−1 must be composed of most hyperstar components.
There are two cases:

1) If n = qk, then the hypergraph must be composed of q disjoint edges. In this case, the
value of R−1 is equal to q = bnk c.

2) If n = qk+r and 0 < r ≤ k−1, then the hypergraph must be composed of several disjoint
edeges and a hyperstar S(m) of size m. We want to determine the value of m. Suppose
that S(m) has pk + r vertices. On the other hand, a k-uniform hyperstar of size m must
have k + (m− 1)(k − 1) vertices. Therefore, we have:

(p− 1)k + r = (m− 1)(k − 1), so
p(k − 1) + p+ r − k = (m− 1)(k − 1), thus
p = m− 1 & p+ r − k = 0, therefore,
m = k − r + 1.

Then the hypergraph must be composed of (n−r)−(k−r)k
k disjoint edges and a hyperstar

of size k − r + 1. In this case, the value of R−1 is equal to q − k + r + 1 ≤ q = bnk c. The
last inequality holds because r ≤ k − 1, and equality holds if and only if r = k − 1.

Therefore, the result is valid in both cases. �

Theorem 4.5. Let H = (V,E) be a k-uniform hypergraph of order n containing no isolated
vertices. Then we have the following:

R−1(H) ≥ n

k
(
n−1
k−1
)k−1 ,

with equality if and only if H is a complete hypergraph.

Proof. Suppose that v is an arbitrary vertex in V and let Wv denote the sum of weights of all
edges containing the vertex v. Then

Wv =
∑
e∈E
v∈e

∏
u∈e

1

du
≥ dv(

n−1
k−1
)k−1

dv
=

1(
n−1
k−1
)k−1 .

R−1(H) =
∑

i1,··· ,ik∈E

1

di1 · · · dik
=

1

k

∑
v∈V

Wv ≥
n

k

1(
n−1
k−1
)k−1 ,

equality holds if and only if the degree of all vertices are
(
n−1
k−1
)
or, equivalently, H is a complete

hypergraph. �

4.2 Case: α ≥ 0

According to the definition of the general Randić Index and relations (3) and (4), it is clear that
in this case, adding edges increases the value of Rα while removing edges decreases it. Among
all n-vertex k-uniform hypergraphs without isolated vertices, the minimum Rα corresponds to
the hypergraph with the fewest number of edges and with all its vertices having degree one.
The complete hypergraph Kn has maximum Rα. Therefore, we have the following theorem.
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Theorem 4.6. Let H = (V,E) be a k-uniform hypergraph of order n containing no isolated
vertices and α > 0. Then we have

n

k
≤ Rα(H) ≤

(
n

k

)kα+1

(
k

n
)kα,

for n = qk, and

(q − k + r) + (k − r + 1)α+1 ≤ Rα(H) ≤
(
n

k

)kα+1

(
k

n
)kα,

for n = qk + r and 0 < r ≤ k − 1. The right equality holds if and only if H is a complete
hypergraph, while the left equality holds if and only if H is composed of n

k disjoint edges for
n = qk or is composed of q − k + r disjoint edges and a k-uniform hyperstar of size k − r + 1
for n = qk + r where 0 < r ≤ k − 1.

4.3 Case: - 1
k
< α < 0.

In this case, we only propose an upper bound for Rα.

Lemma 4.7. [15] Let k ≥ 2, be an integer number and let x1, · · · , xk be nonnegative real
numbers. Then we have

xk1 + · · ·+ xkk ± kx1 · · ·xk ≥ 0.

Theorem 4.8. Let H = (V,E) be a k-uniform hypergraph of order n containing no isolated
vertices and let −1k < α < 0. Then we have

Rα(H) ≤ n

k

(
n− 1

k − 1

)kα+1

.

Equality holds if and only if H is a complete hypergraph.

Proof. By Lemma 4.7, for dαi1 , · · · , d
α
ik
, we have k(di1 · · · dik)α ≤ dkαi1 + · · ·+ dkαik . Thus

Rα(H) =
∑

{i1,··· ,ik}∈E

(di1 · · · dik)α

≤ 1

k

∑
{i1,··· ,ik}∈E

(dkαi1 + · · ·+ dkαik )

=
1

k

∑
v∈V

dvd
kα
v =

1

k

∑
v∈V

dkα+1
v

≤ n

k

(
n− 1

k − 1

)kα+1

.

It is clear that equality holds if and only if the degree of all vertices is equal to
(
n−1
k−1
)
: that is,

H is a complete hypergraph. �

Theorem 4.9. Let H = (V,E) be a k-uniform hypergraph of order n and size m containing no
isolated vertices. When −1k ≤ α < 0 and d̄ denotes the average degree of H, we have

Rα(H) ≤ md̄kα,

with equality if and only if H is composed of regular components.
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Proof. By Lemma 4.7 and Jencen’s inequality for the Concave function φ(x) = xkα+1, we have
the following:

Rα(H) =
∑

{i1,··· ,ik}∈E

(di1 · · · dik)α

≤ 1

k

∑
{i1,··· ,ik}∈E

(dkαi1 + · · ·+ dkαik )

=
1

k

∑
v∈V

dkα+1
v ≤ n

k
d̄kα+1

= md̄kα.

The equality holds if and only if di1 = · · · = dik , for every e = {i1, · · · , ik} ∈ E i.e. all
components of H are regular. �

4.4 Case: α = − 1
k
.

This case is very similar to the previous one. By Lemma 4.7, we have following theorem.

Theorem 4.10. Let H = (V,E) be a k-uniform hypergraph of order n containing no isolated
vertices. Then we have the following:

R− 1
k

(H) ≤ n

k
,

equality holds if and only if H is a complete hypergraph or is composed of n
k disjoint edges for

n = qk.

Proof.

R− 1
k

(H) =
∑

{i1,··· ,ik}∈E

(di1 · · · dik)
−1
k

≤ 1

k

∑
{i1,··· ,ik}∈E

(d
−k
k
i1

+ · · ·+ d
−k
k
ik

)

=
1

k

∑
v∈V

dvd
−
v 1 =

n

k
.

Equality holds if and only if di1 = · · · = dik , for every e = {i1, · · · , ik} ∈ E. The only cases
where this occurs are when, H is a complete hypergraph or is composed of nk disjoint edges for
n = qk. �

4.5 Case: −1 < α < − 1
k
.

In this case, we propose three upper bounds for Rα.

Theorem 4.11. Let H = (V,E) be a k-uniform hypergraph of order n containing no isolated
vertices and let −1 < α < − 1

k . Then we have

Rα(H) ≤ n

k
,

with equality if and only if H is composed of n
k disjoint edges for n = qk.
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Proof. It is clear that if α ≤ β then Rα(H) ≤ Rβ(H). Therefore, Rα(H) ≤ R− 1
k

(H) ≤ n
k ,

thus, Rα(H) ≤ n
k . It is easy to see that if n = qk and H is composed of nk disjoint edges, then

Rα(H) = n
k . Conversely, suppose that H is a hypergraph with Rα(H) = n

k . Then we have

Rα(H) ≤ R− 1
k

(H), thus R− 1
k

(H) =
n

k
.

Therefore, by Theorem 4.10, H is either a complete hypergraph or is composed of n
k disjoint

edges. On the other hand, if H is a complete hypergraph, then

Rα(H) =
n

k

(
n− 1

k − 1

)kα+1

<
n

k
.

The above inequality holds because kα+ 1 < 0. Thus, H is composed of nk disjoint edges. �

Theorem 4.12. Let H = (V,E) be a k-uniform hypergraph of order n containing no isolated
vertices and let α ≤ − 1

k . If δ denotes the minimum degree of H, then we have

Rα(H) ≤ n

k
δkα+1.

Equality holds if and only if H is regular.

Proof. By Lemma 4.7, we have the following:

Rα(H) =
∑

{i1,··· ,ik}∈E

(di1 · · · dik)α

≤ 1

k

∑
{i1,··· ,ik}∈E

(dkαi1 + · · ·+ dkαik )

=
1

k

∑
v∈V

dkα+1
v ≤ n

k
δkα+1,

with equality if and only if H is regular. �

Theorem 4.13. Let H = (V,E) be a k-uniform hypergraph of order n containing no isolated
vertices and let −1 ≤ α ≤ 0. If δ and ∆ denote the minimum and maximum degrees of H,
respectively, then we have

Rα(H) ≥ n

k
∆(k−1)αδα+1.

Equality holds if and only if H is regular.

Proof. By Lemma 4.7, we have

Rα(H) =
∑

{i1,··· ,ik}∈E

(di1 · · · dik)α

≥
∑

{i1,··· ,ik}∈E

∆(k−1)αdαi1 =
∆(k−1)α

k

∑
v∈V

dα+1
v

≥ ∆(k−1)α

k
nδα+1,

with equality if and only if H is regular. �
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4.6 Case: α < −1

This case is similar to case α = −1, with a slight difference.

Lemma 4.14. Let α < 0 and let x1, · · · , xn ≥ 2 be real numbers. Then

(x1 − 1)α · · · (xn − 1)α

xα1 · · ·xαn
− 1 >

(x1 − 1)α

xα1
− 1 + · · ·+ (xn − 1)α

xαn
− 1.

Proof. The proof is by induction on n. For n = 2, we have

(x1 − 1)α(x2 − 1)α

xα1x
α
2

− 1 =
(x1 − 1)α(x2 − 1)α − xα1 (x2 − 1)α + xα1 (x2 − 1)α

xα1x
α
2

− 1

=
xα1 ((x2 − 1)α − xα2 )

xα1x
α
2

+ (x2 − 1)α
((x1 − 1)α − xα1 )

xα1x
α
2

>
(x2 − 1)α

xα2
− 1 +

(x1 − 1)α

xα1
− 1.

The last inequality is valid due to (x2 − 1)α > xα2 for α < 0. Now suppose that the result is
true for n− 1, we show that the result holds for n.

(x1 − 1)α · · · (xn − 1)α

xα1 · · ·xαn
− 1

=
(x1 − 1)α · · · (xn − 1)α − xα1 (x2 − 1)α · · · (xn − 1)α + xα1 (x2 − 1)α · · · (xn − 1)α

xα1 · · ·xαn
− 1

=
(x2 − 1)α · · · (xn − 1)α

(
(x1 − 1)α − xα1

)
xα1 · · ·xαn

+
xα1

(
(x2 − 1)α · · · (xn − 1)α − xα2 · · ·xαn

)
xα1 · · ·xαn

>
xα2 · · ·xαn

(
(x1 − 1)α − xα1

)
xα1 · · ·xαn

+
(x2 − 1)α

xα2
− 1 + · · ·+ (xn − 1)α

xαn
− 1

>
(x1 − 1)α

xα1
− 1 +

(x2 − 1)α

xα2
− 1 + · · ·+ (xn − 1)α

xαn
− 1.

�

Theorem 4.15. Let H = (V,E) be a k-uniform hypergraph of order n and let e0 be an edge
with minimum weight wα in H such that it cotains at least two vertices of degree greater than
1 and α < −1. Then we have

Rα(H− e0) > Rα(H).

Proof. By notations in Theorem 4.1 and by Lemma 4.14 we have:

∑
e∈E(t)

(
w∗α(e)− wα(e)

)
≥

( ∑
i1,··· ,it∈e∗

β
(t)
i1···it

( t∑
j=1

1

dij − 1

))
wα(e0).
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Therefore

Rα(H− e0)−Rα(H)

=
∑

e∈E\e0

(
w∗α(e)− wα(e)

)
− wα(e0)

=
∑
e∈E(1)

(
w∗α(e)− wα(e)

)
+ · · ·+

∑
e∈E(l)

(
w∗α(e)− wα(e)

)
− wα(e0)

>

(
l∑
i=1

β
(1)
i

( (di − 1)α

dαi
− 1
)

+ · · ·+
∑

i1,··· ,il∈e∗
β
(l)
i1···il

l∑
j=1

( (dij − 1)α

dαij
− 1
))

wα(e0)− wα(e0)

=

[
(
(d1 − 1)α

dα1
− 1)

(
β
(1)
1 +

l∑
j=1

β
(2)
1j + · · ·+

∑
i1,··· ,il−1∈e∗

β
(l)
1i1···il−1

)

+ · · ·+

(
(dl − 1)α

dαl
− 1)

(
β
(1)
1 +

l∑
j=1

β
(2)
lj + · · ·+

∑
i1,··· ,il−1∈e∗

β
(l)
li1···il−1

)]
wα(e0)− wα(e0)

=
(

(d1 − 1)(
(d1 − 1)α

dα1
− 1) + · · ·+ (dl − 1)(

(dl − 1)α

dαl
− 1)

)
wα(e0)− wα(e0)

=

(
(d1 − 1)

(
(1 +

1

d1 − 1
)−α − 1

)
+ · · ·+ (dl − 1)

(
(1 +

1

dl − 1
)−α − 1

))
wα(e0)− wα(e0)

>
(

(d1 − 1)(1− α 1

d1 − 1
− 1) + · · ·+ (dl − 1)(1− α 1

dl − 1
− 1)

)
wα(e0)− wα(e0)

=(−lα− 1)wα(e0) > 0.

�

Theorem 4.16. Let H = (V,E) be a k-uniform hypergraph of order n and α < −1. Then we
have

Rα(H) ≤ n

k
,

for n = qk and

Rα(H) ≤ bn
k
c − (k − r) + (k − r + 1)α+1,

for n = qk + r and 0 < r < k. With equality if and only if H is composed of n
k disjoint edges

for n = qk or is composed of bnk c − (k − r) disjoint edges and a k-uniform hyperstar of size
k − r + 1 for n = qk + r and 0 < r < k.

Proof. The proof is similar to the case α = −1 in Theorem 4.4. �
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Theorem 4.17. Let H = (V,E) be a k-uniform hypergraph of order n containing no isolated
vertices and let α < −1. Then we have

Rα(H) ≥ n

k

(
n− 1

k − 1

)kα+1

,

with equality if and only if H is a complete hypergraph.

Proof. Let e = {i1, i2, · · · , ik} be an arbitrary edge in H. Then

dαi1 + · · ·+ dαik =
1

d−αi1
+ · · ·+ 1

d−αik

=
d−αi2 · · · d

−α
ik

d−αi1 · · · d
−α
ik

+ · · ·+
d−αi1 · · · d

−α
ik−1

d−αi1 · · · d
−α
ik

≤
k
(
n−1
k−1
)(k−1)(−α)

d−αi1 · · · d
−α
ik

,

therefore
1

k

(
n− 1

k − 1

)(k−1)α

(dαi1 + · · ·+ dαik) ≤ (di1 · · · dik)α. (8)

Thus, by (8) we have

Rα(H) =
∑

{i1,··· ,ik}∈E

(di1 · · · dik)α

≥
∑
v∈V

1

k
dvd

α
v

(
n− 1

k − 1

)(k−1)α

≥ 1

k

(
n− 1

k − 1

)(k−1)α∑
v∈V

(
n− 1

k − 1

)α+1

=
n

k

(
n− 1

k − 1

)kα+1

=

(
n

k

)(
n− 1

k − 1

)kα+
= Rα(Kn).

It is clear that equality holds if and only if H is a complete hypergraph. �

5 Conclusion

The general Randić index of a graph G = (V,E) is defined as Rα =
∑
u,v∈V (dudv)

α, where du is
the degree of vertex u and α is an arbitrary real number. In 1975, the Randić index of a graph
was first defined as R(G) =

∑
u,v∈V (dudv)

− 1
2 , which has been widely used in studying the

chemical properties of alkanes. In recent years, the use of hypergraphs in various sciences has
attracted much attention from researchers. In this paper, we define the Randić index for a uni-
form hypergraph and obtain lower and upper bounds for Rα depending for different values of α.
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