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Abstract

The general degree-eccentricity index of a graph G is defined
by, DEI.s(G) = > pev(c) d% (v)eccl,(v) for a,b € R, where
V(G) is the vertex set of G, eccg(v) is the eccentricity of a
vertex v and dg(v) is the degree of v in G.

In this paper, we generalize results on the general eccentric con-
nectivity index for trees. We present upper and lower bounds
on the general degree-eccentricity index for trees of given order
and diameter and trees of given order and number of pendant
vertices. The upper bounds hold for @ > 1 and b € R\ {0}
and the lower bounds hold for 0 < a <1 and b € R\ {0}. We
include the case a = 1 and b € {—1,1} in those theorems for

which the proof of that case is not complicated. We present
all the extremal graphs, which means that our bounds are best
possible.

Received: 17 November 2022
Accepted: 2 March 2023

(© 2023 University of Kashan Press. All rights reserved

1 Introduction

A topological index is a numerical value that associates a chemical structure with various
physical properties, chemical reactivity, or biological activity of molecules.

Let G be a simple connected graph with vertex set V(G) and edge set E(G). Order of G is
defined as the number of vertices in G. Degree of a vertex v € V(G), denoted by dg(v) is the
number of vertices adjacent to the vertex v. A Pendant vertex is a vertex of degree one, and
a pendant edge is an edge incident with a pendant vertex. A branching vertex is a vertex of
degree at least three. A pendant path is a path in which one of the end vertices is a pendant
vertex and the other is branching, and all the internal vertices (if exist) have degree two. For
U CV(G) and F C E(G), the graph obtained from G by deleting all the vertices in U (resp.
edges in F' is denoted by G — U (res. G — F'). On the other hand, for a pair of non-adjacent
vertices u and v, in G, the graph obtained from G by adding an edge uv is denoted by G + uwv.

For u,v € V(G), the distance between u and v, denoted by dg(u,v) is the length of a
shortest (u, v)-path in G. The eccentricity of a vertex v in G, denoted by ecg(v) is the maximum
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distance from v to any other vertex. The diameter of a graph G is the length of the shortest
path between the most distanced vertices. It measures the extent of a graph and the topological
length between two vertices. A tree is a connected and acyclic graph. We denote, the path and
star graphs of order n by P, and S,, respectively. For a connected graph G and a,b € R, the
general degree-eccentricity index of G is defined as

DEI,,(G) = Y di(v)eck(v).
veV(G)

Several well-studied eccentricity-based topological indices are special cases of this general index.
For instance, DEI, 1(G) is the general eccentric connectivity index, DEI; 1(G) is the classical
eccentric connectivity index, DEI; _1(G) is the connective eccentricity index, DEIj 1(G) is the
total eccentricity index and DFEIj 2(G) is the first Zagreb eccentricity index of G.

The mathematical properties of eccentricity-based topological indices have been extensively
studied due to their wide range of applications. In [1-3], the authors studied the eccentric
connectivity index for trees with a given order, order and diameter, and order and number of
pendant vertices. In [4, 5], the authors studied the connective eccentricity index for graphs of
given order and clique number, and order and matching number respectively.

Zagreb eccentricity indices have been investigated extensively. In [6-8], the authors studied
Zagreb eccentricity indices for trees and general graphs, with prescribed domination number or
bipartition. In [9], sharp upper and lower bounds on the general eccentric connectivity index
of trees with prescribed order and diameter/number of pendant vertices were given. In [10],
the authors introduced the general degree-eccentricity index of a graph, they also determined
the general degree-eccentricity index for connected graphs of a given order in combination with
given vertex connectivity, edge connectivity, number of pendant vertices, number of bridges or
matching number. In [11], the same authors studied the general degree-eccentricity index for
trees of a given order, and trees of a given order in combination with a given matching number,
independence number, domination number or bipartition.

In this paper, motivated by the works in [10, 11], we continue to study the general degree-
eccentricity index. We generalize results on the general eccentric connectivity index for trees
which were presented in [9].

The main contribution of this paper is the characterization of trees with a given order and
diameter, as well as trees with a given order and number of pendant vertices, that have the
maximum and minimum general degree-eccentricity index. We study the upper bounds for
a>1and b € R\ {0} and the lower bounds for 0 < a < 1 and b € R\ {0}. In some of the
results, we include the case a = 1 and b € {—1,1}. We also show that all our bounds are sharp
by presenting extremal graphs. Lemma 1.1 was proved in [9], and it plays an important role in
the proof of our main results.

Lemma 1.1. Let 1 <z <y and ¢ > 0. Fora >1 or a <0, we have
(x+0)* —2% < (y+o)* —y“.
If0<a<1, then
(240" — 2% > (y+ ) — .
2 Trees of given order and diameter

In this section, we characterize trees of prescribed order n and diameter d having the maximum
and the minimum DFEI, ; index.
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Let T, 4 be the set of all n-vertex trees with diameter d. Clearly, T, 2 = {S,} and %, ,,—1 =
{P,}. So in what follows, we consider ¥, 4 for 3 <d <mn —2.

For a positive integer d, let V,, 4 be a tree obtained from a path P41 : xoz1...24 by
attaching n — d — 1 pendant vertices to vertex T4 We prove that V,, 4 is the unique tree
having the maximum DFI,; index for a > 1 and b < 0, and the minimum DFEI,; index for
0 <a<1andb>0,in the class T, 4.

Theorem 2.1. Let T € %, 4. Then fora > 1 and b < 0, we have

= d\’ d+2\"
DEI,,(T) < 2+ Z P4 (n—d+1)* <2) +(n—d-1) (2> + 2d°,

T:72

if d is even,
d—1 b b
d+1 d
DEI,(T) <270 N~ #P4((n—d+1)"+2%) (;) +(n—d—1) (f’) + 2d°,
d+3

T:2

if d is odd, with equalities if and only if T is V,, 4.

Proof. Let T}q, be a tree with maximum DFEI, ;, index in the class T, 4. We show that T},
is de.

Assume, to the contrary, that there exists a tree G;L’d of order n and diameter d with
DEI,I’b(G;l’d) > DEI, (Vy.q) for some n and d. Let G:l*’d be a tree having the minimum
possible number of vertices n* satisfying DET, »( ’n*7d) > DEI, ,(Vpr q).

Let P : xzgx122...24 be a diametral path in G;md. Since G’n*’d is not a path graph, it has
a pendant vertex, say v other than xy and z4. Let u be the neighbor of v. Let V(G;z*—l,d) =
V(G o)\ {v} and E(G._, 4) = E(G},. ;) \ {uwv}. Then G7._, ; € Ty_14.

Let dGiL*,d(u) =r. Then we have 2 <r <n*—d+1,dg ,  (u)=7—1, dGiL*,d(U) =1 and
(y) = dG;*,d(w for all y € V(G 4) \ {u,v}. Moreover, we have ecG;*rd(v) > [47 +1,
@) =ecar. (y) fory € V(G )\ {u,v}. This

implies that ecl(’;;w(v) < ([4]+ 1)b’ ecg;*il,d(u) = ecg;*,d (u) < (%"b for b < 0. Thus

der

n*—1,d
ecG/n*iLd(u) = ecG:ﬁ’d(u) > [47 and ecar,

DEI, (G- 4) — DEI (G 1 4) = d“G;*Yd(v)ecg,*Yd(v)

IA

b
n*.,d
d * o [d)’
([ 2) +[2] e -om
Since GI,. ; is a tree having the minimum possible number of vertices n* such that

DEIa7b(G;L*’d') > DEI, (Vy+.q4), we obtain DEIM(G;L_M) < DEI, 4(Vp+_1,4) which implies
that

DEI, (G« g) = DEIL (G 1 4) > DEIi (Ve a) — DEIoy(Vis—1,4)

BN I
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This implies that,

(M +1>b+ mbw—(r—w) > (m +1>b+ mb((n* —d+1)" — (n* —d)"),

and hence
r*—(r—-0D>mn"—d+1)*—(n*—-d)?,

which is a contradiction, since 2 < r <n* —d+ 1 and a > 1 (see Lemma 1.1). Thus Tya. i8
Vi,d. By simple calculation, we have

= d\" d+2\°
DEIL,y(Vaa) =270 Y P+ (n—d+1)° (2) +(n—d-1) (2) +2d,

for even d, and
DEI, (Vpa) = 201 dzl P ((n—d+1)2+2%) (d;1>b+(n —d-1) <d;3>b +2d°,
e
for odd d. ]

Theorem 2.2. Let T € %, 4. Then for 0 <a <1 and b > 0, we have

= d\’ d+2\"
DEI,,(T) > 2+ Z P4 (n—d+1)* (2) +(n—d-1) (2> + 2d°,

e dt2
2
if d is even,
d—1 b b
d+1 d+3
DEL,(T) > 20 3 i ((n — d+1)7+27) (;) tn—d—1) (;) +od,
d+3

’I‘:2

if d is odd, with equalities if and only if T is V,, 4.

Proof. We present those parts of the proof of Theorem 2.2 which are different from the proof
of Theorem 2.1. Let T,,;, be a tree with minimum DFEI,; index in the class T, 4. We
show that T,,;y is V4. Assume to the contrary that there exists a tree G;l_ 4 of order n and
diameter d with DEI, (G}, ;) > DEI, ,(V,, q) for some n and d. Let G/. d'be a tree having
the minimum possible number of vertices n* satisfying DELL;,(G;L*’d) < DEIa7b(Vn*7d). Since

b
ecG;ﬁ,d(v) > [4] +1 and ecG;L*iLd(u) = ecG;L*’d(u) > 4], we have eclé;md(v) > ((%] +1),

ecg;ﬂil,d(u) = ecg,'md(u) > (%V for b > 0. Thus

DEIa,b(G;*Vd) — DEIa,b(G;l*_lyd) = d‘é;ﬂ.’d(v)ech;*’d(v) + d2 ;’*’d(u)ecl&w (u)

n*.d
—d2,

n*—

b
(weegr | (u)
b

= eclé/n*ﬁ (v) + raeCG;L*,d(u) —(r— 1)‘1602;;*’01 (u)

(m ; Qﬂﬂbww — 1)),

Y
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Since G;md is a tree with the smallest possible order n* such that
DEIa7b(G;L*7d) < DEI, 1,(Vp» 4), we obtain DEIa,b(G;L*_Ld) > DEI, (Vy+«_1,4) which implies
that

DEI, (G- 4) — DEI,3(G. 1 4) < DEI4(Viea) — DEIy (Vi —1,a)

- () e s
This implies that,

(M +1)b+ mbw—(r—na) < (m +1>b+ mb((n* —d+1)" — (" —d)*),

and hence
r*—(r—-1°¢<n*—-d+1)*—(n" —d)*,

which is a contradiction, since 2 <r <n* —d+1and 0 < a <1 (see Lemma 1.1). Thus T}p;n
is de. |

For a positive integer d, the tree obtained by attaching n — d — 1 vertices to vertex x; from
a path Pyy1 : o122 ... 24 is denoted by B, 4. We prove that B,, 4 is the unique tree having
the maximum and the minimum DFEI, ; index in the class T,, g fora > 1,0 > 0,and 0 < a < 1,
b < 0 respectively.

Theorem 2.3. Let T € %, 4. Then fora > 1 and b > 0, we have

d—2 b
d
DEI,(T) <21 Y P+ ((n— d+1)*+2%)(d — 1)’ +(n—d+1)d"+2° (2> ,
r=442
if d is even,
d—2
DEI, ,(T) <2 Y P4+ ((n—d+1)"+2%)(d — 1)’ +(n — d+ 1)d’,
r=44

if d is odd, with equalities if and only if T' is By, q.

Proof. Let Ty,q4 be a tree with maximum DFEI, ; index in the class T, 4. We show by contra-
diction that Th,qz is By 4.

Suppose that T},q, is not By, 4. Let P : zgx122. .. 24 be a path whose length is the diameter
of Tz Without any loss of generality, we assume that dr (1) > dr,,.. (x4-1)-

Since Tqz is not a path graph, there is a non-pendant vertex v ¢ P whose all neighbors
except for one are pendant vertices or a non pendant vertex v € P\ {z1} whose all r > 1
neighbors which are not in P are pendant vertices. We denote those pendant vertices by
V1,02, ...,0y, where r > 1. It follows that dr, _ (v) =7+ € where e =1 or 2.

Let T' be a tree defined by, 77 = Tynas — {vv1, 009, ..., 00, } + {2101, 2102, ..., 210, }. Then
T € %, 4. We have dr,,,, (1) = s > 2. Then dy/(xz1) = s+ r and dy/(v) = e. We obtain
ecr,.. (x1) =ecri(x1) =d—1, ecp,, (v) = ecr(v) <d—1, ecr,, (v;) <dand ecr: (v;) = d,
for i =1,2,...,r. This implies that, ec}, (v) =ech. (v) < (d—1)°, ec), (v;) < ecy(v;) =d°
forb>0and fori=1,2,...,r.
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For all y € V(Tiaz) \ {21,v}, dr,,..(y) = dr(y) and for y € V(Tnaz) \ {v1,02,...,0:},
(

ecr,,..(y) = ecr:(y) and hence e, (y) = ecl. (y). Thus

DEI, y(Trmaz) — DELW(T') = > d§u(vi)(ech, . (v:) — ec (v:))
=1
+d7, (xl)echmm (1) + df (ml)ech, (1)

+dt, .. (v)echmw (v) — d% (v)ech (v)
— rlech,,,. (01) — ')+ (d = 1Ps® — (s + 1))
Fech, (0)[(r + )* — €]
< rlecy,,, (1) = d’] + (d = 1)°[s* — (s + 7))
+Hd = 1)°[(r + )" — ]
< (= 1Pt — (s 1)+ (r+ ) — €], 1)
If s > 2 and a > 1, then by Lemma 1.1,
= (s+r)*+(r+e*—€e* <0,
which implies that DEI, y(Tinas) < DEI, ,(T7).
If s=2and a > 1, then by Lemma 1.1,
s*—(s+r)"+(r+e*—€* <0,

with equality if and only if € = 2, which means that v € P. Then the equality in (1) hold only
if ecpr(v) = d — 1, that is v = x4—;. But by our assumption dr,_ (z4—1) = 2, that is there

is no pendant vertex outside the path adjacent to x4_1. Therefore, we get DEI, p(Tinaz) <
DEI, ,(T"), which is a contradiction. Thus Tyyqq is By,g. We have

DEI, 4(Bpq) = 2! dZZ 4+ (n—d+1)242%)(d — 1)’ 4+ (n—d-+1)d°+2¢ (;l)b,
r=942
for even d, and
d—2
DEI,4(Bna) =21 > v+ ((n—d+1)*+2*)(d — 1)’ +(n — d + 1)d",
r=gt
for odd d. [ |

Theorem 2.4. Let T € %, 4. Then for 0 <a <1 and b <0, we have

d—2
DEI, (T) > 2°"" Y P+ ((n—d+1)*+2%)(d — 1)’ + (n—d+1)d*+2° (g)b,
T_d12»2
if d is even,
d—2
DEI, ,(T) > 2°*" Y P4+ ((n—d+1)"+2%)(d — 1)’ +(n — d + 1)d’,

_d+1
T="2

if d is odd, with equalities if and only if T' is By, 4.
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Proof. We present those parts of the proof of Theorem 2.4 which are different from the proof
of Theorem 2.3.

Let Ty be a tree with minimum DEJ, ; index in the class %, q. We show that T, is
By, q. Assume to the contrary that T}, is not B, 4.

Since ecr,,,, (v) = ecpr(v) < d—1, and ecr,,, (v;) < ecrr(v;) = d, we obtain eclq’wmm (v) =
ec, (v) > (d—1)b, and ecgﬂmm (vi) > ec (v;) = d° for b < 0 and for i = 1,2,...,r. Hence

DEI,y(Tinin) — DEL(T') > rlecy,  (v1) —d’]
C—(s+ 1)+ (d=D°[(r + ) — €]

+(d —1)"[
(d=1)"[s" = (s+7)"+ (r+e)* — . (2)

v

If s>2and 0 <a<1,then by Lemma 1.1,

s = (s+r)"+(r+e*—€">0,
which implies that DEI, y(Tin) > DEI, ,(T"), which is a contradiction.
If s=2and 0 <a< 1, then by Lemma 1.1,

(s*—(s+m)*+(r+e*—¢€ >0,

with equality if and only if € = 2, which means that v € P. Then the equality in (2) hold only
if ecr/(v) = d — 1, that is v = z4_1. But by our assumption dr,, (x4—1) = 2, that is there
is no pendant vertex outside the path adjacent to z4_1. Therefore we get DEIa)b(Tmm) >
DEI, ,(T"), which is a contradiction. So Typ, is By, 4.

3 'Trees of given order and number of pendant vertices

In this section, we characterize trees of prescribed order n and number of pendant vertices p
having the maximum and the minimum DFEI, ; index.

Let T,, , be the set of all n-vertex trees with p pendant vertices. Clearly, T, o = {P,} and
Tpn—1 = {Sn}. So in what follows, we consider T,, , for 3 <p <n —2.

Let X, , be a tree that consists of p paths attached to one vertex, such that the lengths
of any two paths differ by at most one. We prove that X, , is the only tree in the class Ty, ,
that has the maximum DFEI, ; index for ¢ > 1 and b < 0, and the minimum DFEI, ; index for
0<a<1landb>0.

Theorem 3.1. Let T € T, , and k = L"lej Then for a > 1 and b < 0, we have
2k—1
DEIL,(T) <p2* Y "+ k'p" +p(2k)",
r=k+1
ifn=1 (modp),
2k
DEI,(T) <p2* > "+ (p* +2°)(k +1)" + p(2k + 1)°,
r=k+2
if n=2 (mod p), and
2%k
DEI,,(T)<p2* > r'+((2k +2)"+2%(2k + 1)*)(n — kp — 1)+ (k + 1)’p"+(kp — n+ p+ 1),
r=k+2
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otherwise, with equalities if and only if T is Xy, .

Proof. Let Ty,q, be a tree with maximum DFEIJ, ; index in the class T,, ,. We show by contra-
diction that Thqz is X, p.

Let P : xgxi2s...24 be a diametral path in T,,,, and v be a central vertex of T;,,, with a
maximum degree. Clearly, v = x| 4 or z14 and hence ecr,,,, (v) = [4]. Let dr,,,, (v) = 5 > 2.

Claim 3.2. dr

max

(u) <2, for allu € V(Thaz) \ {v}-

Suppose to the contrary that there exists a vertex u € V(Tinay) \ {v} such that dr (u) =
r > 3. Let uy,us,...,u,—o be the neighbors of w not in P and not on the (u,v)-path.
Let TV = Tpap — {uur,uug, ..., uu,—o} + {vu1,vug, ..., vu,—2}. So, TV € T, ,. We have
dr/(v) =s+r—2,dp(u) =2 and dr,, (y) = dr (y) for all y € V(T') \ {v, u}.
For each ¢ = 1,2,...,r — 2, there is no path in T),,, with the first vertex v and the second
vertex u; which is longer than [4]. Since ecr,,,, (y) = dr,,.. (y, o) or ecr,... (y) = dr,... (Y, Ta)
for all y € V(Tae), we have ecr(y) < ecr,,, (y) and hence ech, (y) > ec), ~ (y) for b < 0.
Then

DEIL, p(Traz) — DEI(T') < df ,(v)ec?p"m(v) — “T,(U)ec?p,(v)

+df, (wecr,  (u) = di (u)ecr (u)

< e, O, (0) — & (0)] + e, (I, () — d (w)
= Cl:;z,m (V)[s* = (s+r—2)"+ ec%yw (w)[r® — 29]

< erTmaz (0)[s* — (s +r—2)% + erTmaz (0)[r® — 29]

= edp (V)[s" = (s+r—2)"+r* -2

If s >3 and a > 1, then by Lemma 1.1,

st = (s+r—2)"+r*—-2%<0,

which gives DEI, y(Timaz) < DEI, 5(T"), which is a contradiction.
Let s = 2. In this case, u is not a central vertex as v is a central vertex with maximum
degree and dr,,,, (v) = 2, so ecr,,,, (u) > ecr,,,, (v). This implies that e}, (u) < ec}, (v)

for b < 0. Hence

DElyy(Tmas) = DEL(T) < ech, | (0)ls® = (s +7—2)7] +ech,  (u)lr — 2]
< ek, )" = (s 47 =2 +edh, ()"~ 2]
= ecy (V[ —(s+1—2)" + 7" —27]
= edh,, ()20 =" 4t - 27
= 0’

which gives DEI, y(Timar) < DEI, 5(T"), which is a contradiction.

Therefore, 1,4, has only one vertex of degree at least three, which is v. This implies that
Tinax consists of p pendant paths attached to v. Since v is a central vertex of T;,4., there are
two longest pendant paths attached to v whose lengths differ by at most 1. Let those two paths
be @ : vvivy ... v and Q' : vvjvh ... v]__, where e =0 or 1.

Claim 3.3. Any two pendant paths attached to v have lengths that differ by at most one.
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We prove the claim by contradiction. Suppose that there are two pendant paths, whose
lengths differ by at least 2. It means that there is a path vvyvy...v] in Tpae, such that
1<¢<t-2anddg,,, (v]) =1

Let T" = Than — {v;’_lv;’, Vi_oUs_1, vt_lvt}Jr{vt_lvg_l, vt_lv;', Vot }. Then Thpaq € T p.
Note that if ¢ = 1, then v;_; = v. We have dr,,,, (v)) = dr/(v;) = dr,,,, (v) = dr/(v:) = 1 and
dr,,..(vi—1) = dp(v—1) = 2. Moreover, dr,, . (y) = dp(y) for all y € V(T42). We also know
that ecr,,,, (v)) = q+t, ecri(v;)) = (¢+1) +t—e, ecr,,,, (vi) = 2t —¢, ecp: (vt) = ecr,,,, (Vi—1) =
2t —e—1, and ecyp(vi—1) = ¢+ (t —€). Since ecp/ (y) < ecr

wos (), We have ec (y) > e, (y)
for b < 0 and for all y € V(T ynaz) \ {v]}. Then

DEI,(Tmaz) — DEIW(T') < df, (vg)echnm (v;’) — d%,(v;’)ecg«, (v,’;)

+d,,,, (v)ech,, ,, (v) = i (ve)ec (ve)
+df, (v1)ecy, | (vi-1) — df (vr-1)ec (v 1)
= (q+t)’—(g+t—e+ 1)+ 2t —e)’ — (2t —e—1)°
+ (2t —e—1)" — (g +t—€)"2"
If e =0, then
DEI, y(Trmaz) — DEL(T') < (q+6)" = (g+t+1)" + (2)" — (2t — 1)°
+H(2t - 1)° = (g +)")2°
[(q+1)" = (2t = D)1 =2+ (26)" — (g +t +1)°
< [lg+0)°" = (2t —1)"][1 —27]
< 0.

This implies that, DEI, y(Tinee) < DEI, (T"), which is a contradiction.
If e =1, then

DEI, (Tynaz) — DEL,(T") < (2t —1)° — (2t = 2)* +[(2t = 2)* — (¢ +t — 1)*)2°
< 0.

This implies that, DEI, y(Tmaz) < DEI,3(T"), which contradicts our assumption. Thus Tja4
is X, p. By simple calculation, we have

2k—1
DEI, y(Xnp) =p2* Y 1"+ k'p* + p(2k)",

r=k+1

if n=1 (mod p),
2k
DEI, p(Xn,) =p2* Y 1P+ (0" +2%)(k+1)" + p(2k + 1),
r=k+2
if n =2 (mod p), and
2k
DEI, y(Xpnp) =p2* Y rP+((2k+2)" +2°(2k+1)*) (n—kp—1)+ (k+1)"p" + (kp—n+p+1),
r=k+2

otherwise. (]



28 M. Masre / On General Degree-Eccentricity Index for Trees with Fixed...

Theorem 3.4. Let T € T, , and k = L"T_lj Then for 0 < a <1 and b > 0 we have

2k—1
DEI, ,(T) > p2* > "+ k'p* + p(2k)",
r=k+1
ifn=1 (mod p),
2k
DEI,(T) > p2* Y v*+ (p* +2°)(k +1)" + p(2k + 1)°,
r=k+2
ifn=2 (modp),
2k
DEI,(T) <p2* Y rP+((2k+2)" +2°2k+1)*)(n—kp—1) + (k+1)’p" + (kp—n+p+1),
r=k+2

otherwise, with equalities if and only if T is Xy, .

Proof. We present those parts of the proof of Theorem 3.4 which are different from the proof
of Theorem 3.1. Let T}, be a tree with minimum DFEI,; index in the class T, ,. We show
by contradiction that 75, is X5, p.

Claim 3.5. dr,,, (u) <2, for allu € V(Tpin) \ {v}.

Since ecr (y) < ecr,,,, (y), we obtain e}, (y) < ec,  (y) for b> 0 and for all y € V(Tpnin).

It follows that "
DEI,,(Tyin) — DEL,(T") > mm(v)ech - (v) = e, (v)ech, (v)
+dy,, (wecr, . (u) df (u)ech (u)
echn(v)[d%,,,m( v) = df (0)] + ecr, . (W)[dF,,,, (u) = df (u)]
= (V)]s = (s + 1 —2)%+ecr, , (u)[r*—27]
(W)
(v

e
> ecT v)[s*—(s+r—2)°" }+echin(v)[7’a—2a]

= eTmmv st —(s+r—2)"4+r*—29.

- in

If s>3and 0 < a <1, then by Lemma 1.1,

s —(s+r—2)+r*—-2%>0,
which gives DEI, y(Tin) > DEI, »(T"), which is a contradiction.
Let s = 2. In this case, u is not a central vertex as v is a central vertex with maximum
degree and dr,,,, (v) = 2, so ecr,,,, (u) > ecr,,,, (v). This implies that, ec}, (u) > ec}, (v)
for b > 0. Hence

DEI,(Tinin) — DELu(T') > ey, (v)[s" — (s+71—2)"] +ech (u)[r®— 2
> ecq, (0)[s" = (s+71—2)+ech,, (v)[r* —2%
= l} L) = (s+7r—2) 24
= ’} (v)[2% — r® +r* —29]

= O’

which gives DEI, y(Tinin) > DEI,(T"), which is a contradiction. Therefore T, has only
one vertex of degree at least three, which is v. This implies that T;,;, consists of p pendant
paths attached to v.
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Claim 3.6. Any two pendant paths attached to v have lengths that differ by at most one.

b (y) for b > 0 and for all y € V(Trnin) \

(y), we obtain ec% (y) < ec,

min

SinCe ecrr (y) < ecTnﬂn
v/}, Then
{vg

di,..(vg)eck, . (vg) — i (vg)ecr (vy)

+d7, (vt)ech o (vg) — T,(vt)ech,(vt)

+dF

DEI, y(Tmin) — DEI, (T")

vV

i (V)€ (0p1) = A (01 )echs (v-1)
= (q+t)° —(g+t—e+ 1)+ 2t —eb—(2A—e—1)"
+H@2t—e—1)" — (g +t—€)"2%

If e = 0, then

DEIa b( mzn) DEIa,b(TI)

Y

(q+t)° — (g+t+1)° 4+ (2t)" — (2t — 1)
(2t - 1) = (g + )72

= [(g+t)" =@ =11 =2+ (2t)" — (g +t+1)°
> [(q +1) — (2t — 1)"][1 — 2]

>

This implies that, DEI, y(Timin) > DEI, 5(T"), which contradicts our assumption.
If e =1, then

DEI p(Tyuin) — DEL4(T') > (2t —1)" — (2t —2)" +[(2t = 2)" — (q+ ¢ — 1)"]2°
0.

V

This implies that, DEI, ,(Tynin) > DEI, ,(T"), which is in contradiction with our assumption.
Thus Trin is Xp p- |

For each 3 <p <n—2,let Y, ,, be a tree obtained from a path Q,—pi2 : Tox1T2... Tn_pt1
by attaching p — 2 pendant vertices to vertex x;.

We show that DEI, (T) < DEI, (Y, p) fora > 1and b > 0, and DEI, ,(T) > DEI, 3(Ys )
for 0 < a <1 and b < 0 for every tree in the class T, p.

Theorem 3.7. LetT € T, ;. Then for a > 1 and b > 0, we have

n—p—1
DEI,,(T) < 20! f: b+ (p*+2%)(n — p)’4p(n — p+ 1),
7‘:"_§+2
if n —p is even,
n—p—1 b
DEILp(T) < 2% 3y~ rby2e (”_5“) +(p*+2%)(n — p)*+p(n —p+1)°,

_n—p+3
="

if n —p is odd, with equalities if and only if T is Yy, p.

Proof. Let Tynqz be a tree with maximum DFEI, ; index in the class T, ,. We show that T},
is Y, p.

Assume to the contrary that Tinqs is not Y, ,. Let P : xoz122...24 be a longest path in
Trae- Without any loss of generality, we assume that dr 1) > dT (xg—1). Since Trap is

max ( max
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not Y, ,, we have dr, , (v) = r > 3 for some v € {x2,23,...,2q—1}. Let v1,v2,...,v,._2 be the

neighbors of v outside P.

Let T/ = Thao — {vv1, 002, .. ., 00—} +{z101, 102, . .. ,210,—2}. We have dr,,  (z1) = s>
2. Then dp/(x1) = s+r —2,dp/(v) =2 and dr,, (y) = dp (y) for all y € V(Tmaz) \ {1, 0}
We have ecr, . (y) < ecr/(y) for all y € V(Tjnaz). This implies that, ecd,  (y) < el (y) for

max Tmaz

b> 0 and for all y € V(T}42). Thus

DEI, ,(Traz) — DEI(T') < ecl} (w1)dy,  (r1) — ecé’p, (z1)dp (1)

max

‘ecr, . (V)dg, . (v) = ecp(v)dg (v)
< ecr,,, (@)df,,,, (@1) = df (21)] + ecr,  (0)[dF,,, (v) = d$ (v)]
= ecq,,, (@)[s® = (s +7=2)" +ecp,  (v)[r* 2%
< edy (z)[s*—(s+r—2)"+ed) (1) — 2%
= ecl}m” (x1)[s® = (s+ 7 —2)" +r* =27

If s >3 and a > 1, then by Lemma 1.1,

st = (s+r—2)"+r*—-2%<0,

which gives DET, y(Tinas) < DEI(T"), it contradicts our assumption.
Suppose s = 2. Since ecr,,. (v) < d—2 < ecr,,,. (x1), we have ecé’«maw (v) < (d—-2)* <

max max
b

ecy,  (x1) for b> 0. In this case,

DEI,(Tinaz) — DEILu(T') < ey (@1)[s* — (s+71 —2)"] +ec)  (v)[r® — 2]

s (V) =2

L(W)—edy,  (21)][r*—27]

b

Tmal

= echmw (x1)[2% —r] + ech7
= [echm

< 0.

Hence, DEI,p(Timaz) < DEI,(T"), it contradicts our assumption. Thus Tynez is Yy, We
have
n—p—1
DEI, (Ynp) =270 " v+ (p"+2)(n—p)’+p(n —p+ 1),

= n—p+2

)

for even n — p, and

n—p—1 b
n—p+1
DEILp(Yay) =200 Y rhq20 (g) +(+2%) (n — )P +p(n — p+ 1)?,
n—p+3
r=s—

for odd n — p. |

Theorem 3.8. LetT € T, ,. Then for 0 <a <1 and b <0, we have

n—p—1
DEI,(T) > 20 Y~ v+ (p*+2)(n—p)’+p(n —p+ 1),

n—p+2
2

if n —p is even,
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n—p—1
— 1
DEIa,b(T) > 2a+1 Z Tb+2a (7112)—"_

.—n—p+3
=T

b
) 2 — p) +pln — p+ 1),

if n —p is odd, with equalities if and only if T is Y, p

Proof. We present those parts of the proof of Theorem 3.8 which are different from the proof
of Theorem 3.7.

Let Tn be a tree with minimum DFEI, j index in the class T,, ,. We prove by contradiction
that Tip is Y, p.

Assume that T},;y, is not Y,, ,. Since ecr,,,,
b < 0and for all y € V(Tynin)-

(y) < ecri(y), we have ec, (y) > ech, (y) for

DEI, (Trin) — DEI ,(T') > ecs (w1)d,  (71) — ecs (z1)d% (x1)

min
b

+€CT L)y, (v) = ecp (v)di (v)

> edr,,, (@1)[df,, (1) — di(21)]

+edr, . (0)[dg,,, (v) = df (v)]
= ech( D[s® = (s +7—=2)%) +ech,,, (v)[r" —27]
2 W (@[ = (s 7 =2) +ecp, | (z1)[r" —27]

. [
= bT (@)[s" = (s +7r—2)"+ —2“].
If s >3 and 0 < a <1, then by Lemma 1.1,

s = (s+r—2)"+r*—-2%>0,

which gives DET, y(Tnin) > DEIL, ,(T").
Since ecr,,,, (v) < d—2 < ecr,,,, (z1), we have ec),  (v) > (d—2)" > ec), (x1) for b < 0.
In this case,

DELp(Tnin) = DELy(T) > ecy, (e0)ls* — (s 47— 2+ ech, , (0)[r" —2°]

s
= ecp, (w)2° =1 +ecy, . (0)[r" —2°]
= lecr,, (v) —ech . (x1)][r* — 2]
> 0.
Hence, DEI, y(Timin) > DEI, ,(T"), which is a contradiction. Thus Tyyip is Yy, p. [ ]

4 Conclusion and open problems

In this paper, we studied the DEI, ; index for trees of fixed order and diameter, and trees of
fixed order and the number of pendant vertices. In Section 2, we obtained upper bounds on
DEI,,(T) for a > 1,b € R\ {0} and lower bounds on DEI, ,(T') for 0 < a < 1,b € R\ {0}, for
trees T' of fixed order and diameter. In Section 3, we obtained upper bounds on DEI, ;,(T") for
a >1,b € R\ {0} and lower bounds on DEI, ,(T') for 0 < a < 1,b € R\ {0}, for trees T of fixed
order and the number of pendent vertices. In some of the results, we included the case a = 1
and b € {—1,1}. We also showed that all our bounds are sharp by presenting the corresponding
extremal graphs. We state open problems on the DEI, ; index of trees for future research.
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Problem 4.1. Find trees having the mazimum and minimum DEI, , index among trees of a
fixed order, where a <0 ora>1andb>0, anda <1 orb<0.

Problem 4.2. Find a tree T' having the minimum DEI, ; index among trees of fized order and
diameter/trees of fized order and number of pendant vertices, where a <0 ora >1 and b € R.

Problem 4.3. Find a tree T' having the mazimum DEI,; indexr among trees of fized order
and diameter/trees of fized order and number of pendant vertices, where a <1 and b € R.
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