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Abstract

In this paper, we revisit a nonlinear singular boundary value
problem (SBVP) which arises frequently in mathematical mod-
els of diffusion and reaction in porous catalysts or biocatalyst
pellets. A new simple variant of sinc methods so-called poly-
sinc collocation method, is presented to solve the non-isothermal
reaction-diffusion model equation in a spherical catalyst and
reaction-diffusion model equation in an electroactive polymer
film. This method reduces each problem into a system of nonlin-
ear algebraic equations, and on solving them by Newton’s itera-
tion method, we obtain the approximate solution. Through test-
ing with numerical examples, it is found that our technique has
exponentially decaying error property and performs well near
singularity like other conventional sinc methods. The obtained
results are in good agreement with previously reported results in
the literature, and there is an impressive degree of agreement be-
tween our results and those obtained by a MAPLE ODE solver.
Furthermore, the high accuracy of the method is verified by us-
ing a residual evaluation strategy.

c© 2023 University of Kashan Press. All rights reserved.

1 Introduction

Biological catalysts (enzymes/cells) play an important role in sustainable chemistry and are part
of the development of green technology in the food, textile, detergent, pharmaceutical and elec-
trochemistry industries [1, 2]. However, physical and/or chemical immobilization/stabilization
of enzymes has been essential to the commercial viability of many large-scale biocatalytic pro-
cesses [3].
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Many biochemical reactions take place in an immobilized enzymatic catalyst which has a
porous structure. The equation that describes the chemical reactants concentration within a
planar/cylindrical/spherical biocatalyst can be formulated for the substrate concentration y(x)
by the following dimensionless nonlinear singular boundary value problem:

y′′ +
m

x
y′ = Φ2R(y), (1)

with the boundary conditions:

y′(0) = 0, (center of catalyst)
y(1) = 1. (surface of catalyst) (2)

In Equation (1), x is the distance variable, Φ is the Thiele modulus, R(y) is a nonlinear function
of the substrate and product concentrations, called reaction rate, and m is the shape factor of
the catalyst (m = 0, m = 1 and m = 2 denote the planar, cylinder and sphere, respectively).
Also, the effectiveness factor (EF), as a measure of catalyst/biocatalyst performance, is defined
as the mean rate of actual reaction divided by the same rate of reaction was evaluated at the
external substrate concentration and expressed as follows [4]:

η = (m+ 1)

∫ 1

0

R(y)xmdx =
m+ 1

Φ2
.
dy

dx
|x=1 . (3)

Equation (1) with the boundary conditions (2) characterize a packed-bed reactor including
immobilized enzymes in supports of specific shape, following Michaelis-Menten kinetics. This
boundary value problem has a singularity at x = 0, which complicates the process of compu-
tations. Moreover, Equation (1) is a special case of the Lane-Emden equation. It is modeled
to study variation in temperature or concentration, which arises mostly in astrophysics and in
chemical/biochemical engineering [5–14] and the references cited therein.
In the following, we will review two SBVPs that arise in a mathematical model of diffusion
and reaction in porous catalyst/biocatalyst pellets. We will also present a brief history of
polynomial-sinc collocation method and some related applications.

1.1 Mathematical model of spherical catalyst equation
Many reactors in an industrial scale involve heterogeneous reaction kinetics of packed catalytic
pellets and the prediction of the concentration and temperature profiles in them is another
important problem in chemical engineering [15, 16]. In [17], the SBVP (1)-(2) is used to model
the dimensionless concentration of chemical species within a spherical catalyst where R(y) is
strictly nonlinear in term of y normalized to be R(1) = 1, and obtained by

R(y) = y exp

(
γβ(1− y)

1 + β(1− y)

)
. (4)

The parameters γ and β express the dimensionless activation energy and the dimensionless
heat of reaction, respectively. Moreover, the dimensionless variables and parameters are given
as follows [10, 17–19]:

x =
r

R
, y =

CA
CAs

, γ =
E

RgTs
, β =

(−∆H)DCAs
KTs

, Φ2 =
krefR

2

D
, η =

3

Φ2
y′(x = 1). (5)

In literature, a number of numerical approaches have been introduced and improved to solve
such types of SBVPs. In order to analyze the numerical solution of SBVP (1)-(2) corresponding
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to the reaction rate function (4), Meade et al. [15] generated the shoot routine as a Maple im-
plementation of the shooting method. The Chebyshev finite difference method and DTM-Padé
method [7], the variational iteration method [10], the optimal homotopy method [11], wavelets
method based on Jacobi and Bernoulli functions [12], and a higher-order quartic trigonometric
B-spline collocation method [20] are also of interest.

1.2 Mathematical model of the nonlinear reaction-diffusion equation
in the electroactive polymer film

Chemically modified electrode surfaces using electroactive bounded thin polymeric films have
found steadily increasing applications in the development of chemical sensor technology as well
as in fields related to electrocatalysis and electrochemical energy storage [13, 21]. A number of
significant advances have been made in the development of polymer-based materials for use as
electrocatalysts and biosensors in batch amperometric models over the last 30 years [13, 22, 23].
The mathematical explanation of electrocatalysis using electroactive polymer films usually leads
to solving nonlinear reaction-diffusion equations, resulting in the development of approximate
analytical/numerical expressions for the current amperometric response. Under steady-state
conditions and Michaelis-Menten kinetics of the enzymatic reactions, the concentration of the
substrate admits a nonlinear differential equation in dimensionless form as follows [13]:

d2y

dx2
+
m

x

dy

dx
= ζR(y), (6)

subject to boundary conditions
y′(0) = 0, y(1) = 1. (7)

Here, y and x represent the dimensionless concentration and distance parameters, respectively,
α denotes a saturation parameter and ζ = Φ2 is related to the Thiele modulus and defines a
reaction/diffusion parameter. The constants m = 0, m = 1 or m = 2 stand for the catalyst
geometry, and the reaction rate is defined as follows:

R(y) =
y

1 + αy
. (8)

Moreover, the amperometric current response u(α, ζ) evaluated by integrating the concentration
profile as follows:

u(α, ζ) =


∫ 1

0

αζy(x)dx, α ≤ 1,∫ 1

0

ζy(x)dx, α > 1.

(9)

Several numerical/analytical approaches have been devised and extended to solve the BVP
(6)-(7). For instance, we can refer to homotopy perturbation metnod (HPM) [24–26], Akbari-
Ganji’s method (AGM) [23, 27], Danckwerts’ method [22], variational iteration method (VIM)
[28], VIM coupled with Padé approximation [29] and Taylor series method (TSM) [13].

1.3 A brief history of the poly-sinc collocation method
The origin of the polynomial-sinc (in short poly-sinc) collocation method goes back to the work
of professor Frank Stenger [30] and seminal articles of Youssef et al. [31, 32] and Stenger et
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al. [33]. This method uses a collocation approach based on Lagrange polynomial approxima-
tion at non-equidistant sinc points which are made by a conformal map. Usually in solving
a differential equation on a finite or semi-finite interval by a conventional sinc-collocation or
sinc-Galerkin technique, the lack of nullifier functions, obtain approximations with poor ac-
curacy in the neighborhood of boundary points [34, 35]. In contrast, the use of nullifiers
significantly increases CPU consumption. As a possible remedy, Stenger [30] suggested the
poly-sinc interpolation approach and Youssef et al. in [32] proved that the Lebesgue constant
of this polynomial follows the logarithmic asymptotic estimates predicted by Bernstein-Erdős
[36]. Moreover, they showed that Lagrange interpolation at sinc points delivered approxi-
mation results closer to the conjectured optimal approximation than Chebyshev polynomial
approximations [37] using barycentric formulas. Their research on polynomial interpolation is
a remarkable achievement in approximation theory and has been shown to be beneficial for
solving ordinary/partial/fractional/stochastic differential equations [38–43] and the references
cited therein.

2 Poly-sinc interpolation
In generating a Lagrange polynomial approximation corresponding to a continuous function
f : [a, b] → R, the number of nodes and especially their locations in the interval [a, b] can
greatly influence the accuracy of the approximation [44]. For this purpose, Lebesgue’s function
and constant provide a measure of how close the interpolant is to the best polynomial approx-
imation of f [45]. From the past decades until now, much research has been carried out to
choose particular node systems so that polynomial interpolant is as near as possible to the best
polynomial approximation [32, 36, 37]. In literature, Chebyshev-like nodes are often used in the
generation of polynomial interpolants and investigation of corresponding Lebesgue’s function
[45]. Regardless of the extensive use of these points in the interpolation and approximation of
functions, the stability of Lagrange interpolation polynomial at sinc points, its spectral accu-
racy in solving differential equations and end-points singularity handling, motivates us to follow
the Stenger scheme [30] in solving Equations (1)-(2).
To define sinc interpolation points let Z denote the set of all integer numbers and R and C
be the real line and complex plane, respectively. Let h > 0 denote a mesh size corresponding
to uniform grid {kh}−N≤k≤N with N being fixed a positive integer. For a positive number
d ∈

(
0, π2

)
, let D ⊂ C be a simply connected region defined as

D =

{
z ∈ C :

∣∣∣∣arg

(
z

1− z

)∣∣∣∣ < d

}
, (10)

which mapped conformally onto the strip

Dd = {w ∈ C : |=(w)| < d} ,

via w = φ(z) = ln
(

z
1−z

)
. In particular, the real line R ⊂ Dd is mapped onto the reference

interval Γ = (0, 1) by the transformation z = φ−1(w) = ew

1+ew , where 0 = φ−1(−∞) and
1 = φ−1(+∞). Now we define the set of distinct sinc points by

xk = φ−1(kh) =
ekh

1 + ekh
, k = −N, . . . , N. (11)

In fact, the conformal map φ−1 redistributes the infinite evenly spaced nodes kh on the real line
to the finite interval Γ which most of the mapped nodes are located near the end-points of Γ
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[33]. Let Pn be the space of polynomials of degree at most n = 2N and {hk(x)}−N≤k≤N be the
Lagrange basis polynomials (also referred to as nodal basis functions) associated with the inter-
polation points {xk}−N≤k≤N as defined in (11). Given a set of sinc points {xk, f (xk)}−N≤k≤N ,
there exists a unique interpolating polynomial Pn(x) of degree ≤ n which is given as

Pn(x) =

N∑
k=−N

f (xk)hk(x), (12)

with

hk(x) =

N∏
j=−N
j 6=k

x− xj
xk − xj

, k = −N, . . . , N. (13)

This approximation like other conventional sinc methods has an exponential order of ac-
curacy in approximating an unknown function, say f whose values are known at sinc points
[35]. An outstanding advantage of using approximation (12) is that unlike sinc methods, its
derivative can achieve an exponential convergence rate over the interval Γ. In more detail,
under some restrictions of f : Γ→ R, the polynomial (12) generates a desirable approximation
to f with an exponentially decaying error rate which for

h =
π√
N
, (14)

by

‖f (i)(x)− P (i)
n (x)‖∞ ≤

Ai
√
N

B2N
exp

(
−π

2
√
N

2

)
, i = 0, 1, (15)

where ‖.‖∞ denotes the maximum norm on Γ and A1 > 0, A2 > 0, B > 1 are constants,
independent of N [43].

Another criterion to discuss the convergence and stability of the poly-sinc approximation is
the Lebesgue constant. The Lebesgue constant plays an important role in polynomial interpo-
lation theory and with this tool one can discuss the convergence and stability of the poly-sinc
approximation. The Lebesgue constant is a valuable numerical tool for linear interpolation and
provides a measure of how close the interpolant of a function is to the best polynomial approx-
imant of the function [45]. Corresponding to (12), the Lebesgue function Ln(x) and Lebesgue
constant Λn are defined as follows:

Ln(x) := Ln (x−N , . . . , xN ;x) =

N∑
k=−N

|hk(x)| , (16)

Λn := Λn (x−N , . . . , xN ) = max
x∈Γ

Ln(x). (17)

It is obvious from the definition that both Ln(x) and Λn directly depend on the location of
interpolation points and the degree n. If P ∗n denotes the best polynomial approximation to f
on Γ then the Lebesgue inequality will be deduced as follows:

‖f − Pn‖∞ ≤ (1 + Λn) ‖f − P ∗n‖∞. (18)

For poly-sinc approximation, the aforementioned inequality holds for

Λn ≈
1

π
log(n) + 1.07618, as n→∞. (19)

In comparison with the computed upper bounds for the Lebesgue constant corresponding to
Chebyshev and Legendre points, the upper bound (19) is closer to the conjectured optimal
approximation [32].
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3 Spectral poly-sinc collocation method
In this section, we present a spectral collocation method based on poly-sinc approximation to
solve the SBVP (1)-(2) with reaction rates defined in (4) and (8). For n = 2N , assume that
yn ∈ Pn is an approximation of the unknown solution corresponding to (1) which satisfies the
boundary conditions (2). Clearly,

yn(x) =

N∑
k=−N

ykhk(x), (20)

where {yk := yn (xk) , k = −N, . . . , N} is the set of unknown coefficients which can be evaluated
through moderate computations. In order to obtain yn(x), one needs to use the first and second
derivatives of Lagrange basis functions hk(x) at sinc points. Let d(m)

j,k = h
(m)
k (xj), and let

D(m) =
(
d

(m)
j,k

)
−N≤j,k≤N

be the mth-order differentiation matrix relative to {xj}Nj=−N , then

one verifies that [46, p. 65],

D(m) = D(1)D(1). . .D(1) =
(
D(1)

)m
, m ≥ 1, (21)

and the entries of D(1) are determined by [30]

d
(1)
j,k =



N∑
i=−N
i 6=k

1

xk − xi
, if j = k,

1

xk − xj

N∏
i=−N
i 6=k,j

xj − xi
xk − xi

, if j 6= k.

(22)

Now, we briefly mention our collocation scheme as follows:
Find yn ∈ Pn, such that
y
′′

n (xj) + m
xj
y
′

n (xj) = Φ2R (yn (xj)) , −N + 1 ≤ j ≤ N − 1,

y
′

n (0) = 0, yn (1) = 1.

(23)

Applying (20) yields

yn (xj) =
N∑

k=−N

ykhk (xj) = yj ,

y
′

n (xj) =

N∑
k=−N

ykh
′

k (xj) =

N∑
k=−N

d
(1)
j,kyk,

y
′′

n (xj) =

N∑
k=−N

ykh
′′

k (xj) =

N∑
k=−N

d
(2)
j,kyk.

Substituting the above into (23) leads to

N∑
k=−N

(
d

(2)
j,k +

m

xj
d

(1)
j,k

)
yk = Φ2R (yj) , j = −N + 1, . . . , N − 1,

N∑
k=−N

ykh
′

k(0) = 0,

N∑
k=−N

ykhk(1) = 1.

(24)
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Let us denote

y = (y−N , . . . , yN )
T
,

Fj(y) =

N∑
k=−N

(
d

(2)
j,k +

m

xj
d

(1)
j,k

)
yk − Φ2R (yj) , j = −N + 1, . . . , N − 1,

F−N (y) =

N∑
k=−N

ykh
′

k(0),

FN (y) =

N∑
k=−N

ykhk(1)− 1,

F(y) = (F−N (y), . . . , FN (y))
T
.

Then, the nonlinear system (24) for {yj}Nj=−N reduces to

F(y) = 0. (25)

The system (25) can be solved for the unknown coefficients yj (−N ≤ j ≤ N) by applying a
suitable iterative solver, like Newton’s method and consequently, yn(x) given in (20) can be
estimated.

4 Numerical results and discussion
In this section, we implement our scheme for solving some examples arising from Equation (1)-
(2) whose reaction rate is defined as in (4) or (8). We also exhibit the dependence of substrate
concentration, effectiveness factor and/or amperometric current response on the parameters m,
Φ, β, γ, and/or α via illustrative figures and numerical tables. Moreover, we employ Newton’s
iteration with the stopping criterion ‖Y(k) −Y(k−1)‖∞ < 10−14 and the initial guess Y(0) = 0
to solve (25), and in the absence of a known exact solution, we exploit a residual evaluation
strategy to show the reliability and efficiency of the method. Throughout this section, the
residual error function ResN (x) and its maximum norm ‖ResN (x)‖∞ are computed as follows:

ResN (x) = y
′′

2N (x) +
m

x
y
′

2N (x)− Φ2R (y2N (x)) , (26)

‖ResN (x)‖∞ = max
0≤x≤1

|ResN (x)|. (27)

Moreover, the maximum absolute error function E(N) is defined by

E(N) = ‖y80(x)− y2N (x)‖∞, (28)

where y80(x) is a solution of (23) corresponding to the highest resolution (i.e., N = 40) used
for the problem.

4.1 The solution of spherical catalyst equation

In this model, the reaction rate is R(y) = y exp
(
γβ(1−y)

1+β(1−y)

)
, which is strongly nonlinear, and its

exact solution is not available. Hence, we compare our solutions very favorably with existing
results in the recent literature.
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By taking β = 1,Φ = 1, we perform the poly-sinc collocation method to obtain the solution
of Equations (1) and (2). The effect of changes in the values of activation energy is illustrated
in Figure 1. In this figure, we investigate y(x) for N = 5, β = 1,Φ = 1 and different values of γ
(= 0.5, 1, 1.5, 2). As Figure 1 shows, the poly-sinc solution of SBVP (1)-(2) will decrease with
the increase of γ. Figure 2 illustrates the natural logarithm of E(N) and ‖ResN (x)‖∞ versus
N . Each of the depicted graphs has a shape similar to a straight line and thus we deduce that
the present method converges to the solution at an exponential rate. Moreover, exponential
convergence to zero of the maximum absolute residual error is achieved as N tends to infinity.
By following the data in Table 1, this property is well investigated. Taking β = Φ = 1, in
Table 2, we compare our numerical results for N = 5 with those obtained by OHAM [11],
WSM [12] and QTB-spline method [20]. Clearly, the results show good agreement with the
ones reported in Table 2. We also document in Table 3, approximate values of effectiveness
factor with small resolution N = 5, which are more easily and reliably obtained.

Figure 1: Investigation of y(x) with different values of γ when N = 5 and β = Φ = 1.

Table 1: Comparison of the values of ‖ResN (x)‖∞ for Φ = β = 1, and various values of γ and
N.

N γ = 0.5 γ = 1 γ = 1.5 γ = 2

2 1.01× 10−02 2.47× 10−02 3.82× 10−02 4.97× 10−02

4 4.04× 10−06 1.75× 10−06 1.98× 10−05 1.89× 10−05

8 9.45× 10−13 9.32× 10−13 3.43× 10−13 9.05× 10−12

16 2.90× 10−24 2.35× 10−24 1.82× 10−24 3.74× 10−23

20 1.12× 10−29 4.50× 10−30 1.72× 10−29 4.52× 10−29

25 4.66× 10−38 3.63× 10−37 9.84× 10−37 1.56× 10−35

30 1.42× 10−44 9.84× 10−45 8.38× 10−45 2.23× 10−42

35 1.16× 10−51 1.37× 10−51 8.13× 10−51 1.56× 10−49



Iranian Journal of Mathematical Chemistry 14 (2) (2023) 77− 96 85

Figure 2: Graph of the logarithm of E(N) (left) and logarithm of ‖ResN (x)‖∞ (right) for
different values of N(= 2, 4, 8, 16, 20, 25, 30, 35).

Table 2: Approximate solution of spherical catalyst equation for Φ = 1, β = 1 with N = 5.

x Present method OHAM [11] WSM [12] QTB-spline method [20]
γ = 0.5 γ = 1.5 γ = 0.5 γ = 1.5 γ = 0.5 γ = 1.5 γ = 0.5 γ = 1.5

0.0 0.844260 0.828225 0.844259 0.828228 0.8443 0.8282 0.844272 0.828237
0.1 0.845766 0.829945 0.845765 0.829948 0.8458 0.8299 0.845839 0.830012
0.2 0.850289 0.835106 0.850289 0.835109 0.8503 0.8351 0.850286 0.835105
0.3 0.857851 0.843711 0.857850 0.843714 0.8579 0.8437 0.857897 0.843753
0.4 0.868483 0.855764 0.868482 0.855767 0.8685 0.8558 0.868479 0.855762
0.5 0.882229 0.871267 0.882229 0.871269 0.8822 0.8771 0.882268 0.871302
0.6 0.899148 0.890216 0.899147 0.890218 0.8991 0.8902 0.899145 0.890214
0.7 0.919304 0.912600 0.919304 0.912602 0.9193 0.9126 0.919340 0.912632
0.8 0.942776 0.938396 0.942776 0.938395 0.9428 0.9384 0.942775 0.938393
0.9 0.969645 0.967551 0.969645 0.967552 0.9696 0.9675 0.969679 0.967582

Now, we fix the activation energy and heat of reaction parameters respectively by γ = 1
and β = 1, and analyze the influence of variations in Thiele modulus on the concentration
y(x;β, γ,Φ). In Figure 3 we plot the concentration profile for Φ = 0.5, 1, 1.5, 2. After comparing
Figure 1 and Figure 3, it becomes clear that the concentration profile is more sensitive to changes
in Φ than to changes in γ. The maximum absolute residual errors versus N are given in Table 4,
for β = 1, γ = 1 and different values of Thiele modulus. Obviously, ‖ResN (x)‖∞ is a strongly
decreasing function of N and therefore for moderate values of N , the desirable solution of
Equation (1)-(2) is obtainable, even as Φ increases. In Table 5 the computed values of y(x) for
x = 0 : 0.2 : 0.8, Φ = 0.5, 1, and N = 5 are compared, with a reasonable agreement, to the ones
reported in [11, 20]. Table 6 provides the numerical values of η corresponding to the present
method (with N = 5), OHAM, QTB-spline method, and shooting method. By comparing the
tabulated values, we find that the computed values for η are in good agreement with those
obtained by OHAM and shooting method.
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Table 3: Comparison of the values of EF with Φ = 1 and β = 1.

γ Present method QTB-spline method [20] OHAM [11] VIM [10]
0.5 0.963815 0.948781 0.963818 1.003207
1.0 0.991209 0.977017 0.991210 1.059701
1.5 1.021862 1.008491 1.021840 1.098859

Figure 3: Investigation of y(x) with different values of Φ when N = 4 and β = γ = 1.

Table 4: Maximum absolute residual error for β = 1, γ = 1 with N = 3, 5, 7.

Φ ‖Res3(x)‖∞ ‖Res5(x)‖∞ ‖Res7(x)‖∞
0.5 1.95× 10−06 1.68× 10−11 6.73× 10−18

1 5.74× 10−04 5.68× 10−08 1.37× 10−11

1.5 1.44× 10−02 4.54× 10−06 2.09× 10−08

Table 5: Approximate solution of spherical catalyst equation for β = 1, γ = 1 with N = 5.

x Present method OHAM [11] QTB-spline method [20]
Φ = 0.5 Φ = 1 Φ = 0.5 Φ = 1 Φ = 0.5 Φ = 1

0.0 0.958391210 0.836759839 0.958391198 0.836778556 0.958406001 0.836772044
0.2 0.960053728 0.843184250 0.960053717 0.843201437 0.960052509 0.843182288
0.4 0.965042436 0.862522410 0.965042428 0.862535556 0.965040181 0.862519713
0.6 0.973360463 0.894952298 0.973360458 0.894960315 0.973358956 0.894950503
0.8 0.985011886 0.940711699 0.985011884 0.940715086 0.985011180 0.940710861
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Table 6: Comparison of the values of EF for β = 1, γ = 1 with N = 5.

Φ Present method OHAM [11] QTB-spline method [20] Shooting method [15]
0.5 0.999413299 0.999413 0.982618 0.999413336
1.0 0.991209253 0.991167 0.977017 0.991209376
1.5 0.962076760 0.961743 0.956138 0.962076695

4.2 The solution of electroactive polymer film equation
We focus here on differential equation (6) with boundary conditions (7) and obtain efficient
and reliable solutions to them for different values of m(= 0, 1, 2), ζ and α. In order to validate
our method, we compare the poly-sinc solutions to the numerical solutions obtained with an
ODE solver in MAPLER© called the shooting technique [15]. For this purpose, we denote by
ynumer(x) the numerical solution of (6) and (7), which obtained by the shoot routine [15]. In
the following, we implement our scheme for electrodes with various geometries.
In Table 7 and Table 8, we report our solution of steady-state concentration y(x) in planar
electroactive polymer films for α = 0.1, ζ = 5 and α = 25, ζ = 25 with spectral resolution of
N = 5. In comparison with the numerical solution, we achieve a mean absolute percentage
error (MAPE) of 0.00%, while the AGM solution shows a significant deviation with MAPE of
3.44% in Table 7 and 13.20% in Table 8. Also, there is a slight deviation between the TSM
solution and the numerical solution.

Table 9 provides a comparison among the numerical solutions of u(α, ζ) and approximate
results obtained by TSM, AGM and poly-sinc collocation method. This table shows that our
estimate works well for small/large values of α and ζ only for small to moderate values of N and
there is a satisfactory agreement between our result and numerical solution (their corresponding
values coincide up to 8 decimal places).

Table 7: Comparison of the values of steady-state concentration y(x) of electroactive polymer
films in planar geometry with α = 0.1, ζ = 5, N = 5.

x Numerical TSM [13] AGM [27] Present % Error of % Error of % Error of
solution method TSM AGM present method

0.0 0.2193 0.2211 0.2339 0.2193 0.82 6.66 0.00
0.1 0.2247 0.2265 0.2392 0.2247 0.80 6.45 0.00
0.2 0.2411 0.2265 0.2555 0.2214 6.06 5.97 0.00
0.3 0.2694 0.2715 0.2834 0.2694 0.78 5.20 0.00
0.4 0.3108 0.3133 0.3242 0.3108 0.80 4.31 0.00
0.5 0.3673 0.3702 0.3799 0.3673 0.79 3.43 0.00
0.6 0.4416 0.4450 0.4529 0.4416 0.77 2.56 0.00
0.7 0.5371 0.5409 0.5465 0.5371 0.71 1.75 0.00
0.8 0.6582 0.6621 0.6650 0.6582 0.59 1.03 0.00
0.9 0.8103 0.8133 0.8140 0.8103 0.37 0.46 0.00
1.0 1.0000 1.0000 1.0000 1.0000 0.00 0.00 0.00

MAPE 1.14 3.44 0.00

Table 10-Table 12 present the maximum absolute value of residual function ResN (x) for
different values of α and ζ (0 < α ≤ 2000, 0 < ζ ≤ 10) with N = 2 or 3. Regardless of the
shape of electrode, the tabular values immediately tell us that the increase in α decreases the
values of ‖ResN (x)‖∞ which leads to higher accuracy of the method. However, the growth of ζ
increases the maximum absolute value of residual function, which is significant for small values
of α and can be fixed by a moderate increase in resolution N . Figure 4 illustrates the deviation
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Table 8: Comparison of the values of steady-state concentration y(x) of electroactive polymer
films in planar geometry with α = 25, ζ = 25, N = 5.

x Numerical TSM [13] AGM [27] Present % Error of % Error of % Error of
solution method TSM AGM present method

0.0 0.5313 0.5318 0.6577 0.5313 0.09 23.79 0.00
0.1 0.5360 0.5364 0.6608 0.5360 0.07 23.28 0.00
0.2 0.5499 0.5504 0.6703 0.5499 0.09 21.89 0.00
0.3 0.5732 0.5737 0.6863 0.5732 0.09 19.73 0.00
0.4 0.6059 0.6063 0.7089 0.6059 0.07 17.00 0.00
0.5 0.6479 0.6483 0.7383 0.6479 0.06 13.95 0.00
0.6 0.6993 0.6997 0.7748 0.6993 0.06 10.80 0.00
0.7 0.7602 0.7606 0.8188 0.7602 0.05 7.71 0.00
0.8 0.8306 0.8309 0.8706 0.8306 0.04 4.82 0.00
0.9 0.9105 0.9107 0.9308 0.9105 0.02 2.23 0.00
1.0 1.0000 1.0000 1.0000 1.0000 0.00 0.00 0.00

MAPE 0.06 13.20 0.00

Table 9: Numerical and approximated values of steady-state current u(α, ζ) in planar geometry
for different values of α and ζ with N = 5.

(α, ζ) Numerical solution TSM [13] AGM [27] Present method
(0.1,0.01) 0.00099698 0.00010 0.00090635 0.00099698
(1,0.01) 0.00998335 0.00998 0.00499168 0.00998335
(10,0.5) 0.49243697 0.49244 0.44778136 0.49243697
(100,0.5) 0.49917493 0.49918 0.49423421 0.49917493
(500,1) 0.99933467 0.99933 0.99734051 0.99933467
(1000,5) 4.99167501 4.99168 4.98670489 4.99167501
(2000,10) 9.98334168 9.98334 9.97838570 9.98334168

Table 10: Comparison of the values of ‖Res3(x)‖∞ for various values of α and ζ (in planar
shape).

α ζ = 0.1 ζ = 0.5 ζ = 1 ζ = 5 ζ = 10

0.01 1.21× 10−08 6.89× 10−06 9.77× 10−05 2.77× 10−02 2.26× 10−01

0.1 1.68× 10−08 8.15× 10−06 9.52× 10−05 3.73× 10−03 5.22× 10−02

1 8.63× 10−09 4.88× 10−06 6.76× 10−05 4.85× 10−03 6.40× 10−02

5 1.53× 10−10 9.87× 10−08 1.64× 10−06 1.32× 10−03 2.25× 10−02

10 9.16× 10−12 5.86× 10−09 9.66× 10−06 7.63× 10−05 1.60× 10−03

100 1.72× 10−16 1.08× 10−13 1.73× 10−12 1.12× 10−09 1.87× 10−08

500 5.83× 10−20 3.65× 10−17 5.84× 10−16 3.67× 10−13 5.93× 10−12

1000 1.84× 10−21 1.15× 10−18 1.84× 10−17 1.15× 10−14 1.85× 10−13

2000 5.76× 10−23 3.60× 10−20 5.76× 10−19 3.60× 10−16 5.78× 10−15
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of y2N (x) from the numerical solution for ζ = 0.1, α = 5 with the shape factor m = 1 and
spectral resolutions of N = 1 and N = 3. Similar illustrations are also provided in Figure 6
in spherical geometry for different values of ζ and α (ζ = 0.1, α = 5; ζ = 1, α = 1). These
figures tell us the error function |y2N (x)− ynumer(x)| tends to zero very quickly as the spectral
resolution moderately increases.

Figure 4: The curves of |y2N (x) − ynumer(x)| for α = 5, ζ = 0.1 with N = 1, 3 (in cylindrical
shape).

Table 11: Comparison of the values of ‖Res3(x)‖∞ for various values of α and ζ (in cylindrical
shape).

α ζ = 0.1 ζ = 0.5 ζ = 1 ζ = 5 ζ = 10

0.01 4.62× 10−09 2.71× 10−06 4.02× 10−05 1.48× 10−02 1.41× 10−01

0.1 2.66× 10−09 1.42× 10−06 1.85× 10−05 1.20× 10−03 2.62× 10−02

1 7.41× 10−10 4.35× 10−07 6.38× 10−06 1.15× 10−03 1.47× 10−02

5 1.82× 10−11 1.16× 10−08 1.89× 10−07 1.37× 10−04 2.58× 10−03

10 1.12× 10−12 7.06× 10−10 1.15× 10−08 8.07× 10−06 1.50× 10−04

100 2.14× 10−17 1.34× 10−15 2.15× 10−13 1.37× 10−10 2.23× 10−09

500 7.28× 10−21 4.55× 10−18 7.29× 10−17 4.57× 10−14 7.34× 10−13

1000 2.29× 10−22 1.43× 10−19 2.29× 10−18 1.44× 10−15 2.30× 10−14

2000 7.15× 10−24 4.50× 10−21 7.20× 10−20 4.50× 10−17 7.21× 10−16

In Figure 5 and Figure 7, the poly-sinc approximations of substrate concentration y(x) are
plotted with spectral resolution N = 5 when α is kept fixed and ζ decreases or ζ is kept fixed
and α increases. In both figures, it can be seen that the values of y(x) on the interval 0 ≤ x ≤ 1
grow and tend to 1 when α increases (or ζ decreases). In fact, from a computational point of
view, for a fixed value of α, the exact solution of the SBVP (6)-(7) tends to constant function
y(x) = 1 as ζ approaches 0, which is true when ζ is fixed and α tends to ∞.
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Figure 5: Investigating the behavior of the substrate concentration profile against the increase
of saturation parameter (left) and decrease of diffusion parameter (right), in cylindrical shape.

Table 12: Comparison of the values of ‖Res2(x)‖∞ for various values of α and ζ (in spherical
shape).

α ζ = 0.1 ζ = 0.5 ζ = 1 ζ = 5 ζ = 10

0.01 5.42× 10−06 6.41× 10−04 4.79× 10−03 3.72× 10−01 1.84× 10−00

0.1 2.47× 10−06 3.03× 10−04 2.37× 10−03 2.31× 10−01 1.32× 10−00

1 4.35× 10−07 5.39× 10−05 4.26× 10−04 4.45× 10−02 2.33× 10−01

5 1.21× 10−08 1.53× 10−06 1.24× 10−05 1.76× 10−03 1.66× 10−02

10 1.20× 10−09 1.52× 10−07 1.23× 10−06 1.67× 10−04 1.49× 10−03

100 1.89× 10−13 2.37× 10−11 1.90× 10−10 2.40× 10−08 1.94× 10−07

500 3.16× 10−16 3.95× 10−14 3.16× 10−13 3.96× 10−11 3.17× 10−10

1000 1.98× 10−17 2.48× 10−15 1.98× 10−14 2.48× 10−12 1.99× 10−11

2000 1.24× 10−18 1.55× 10−16 1.24× 10−15 1.55× 10−13 1.24× 10−12
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Figure 6: The curves of |y2N (x) − ynumer(x)| for different values of α and ζ (α = 5, ζ = 0.1;
α = 1, ζ = 1) with N = 1, 3 (in spherical shape).
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Figure 7: Investigating the behavior of the substrate concentration profile against the increase
of saturation parameter (left) and decrease of diffusion parameter (right), in spherical shape.

5 Concluding remarks

A spectral poly-sinc collocation technique has been successfully examined to solve a class of
two-point SBVP arising in a mathematical model of non-isothermal reaction-diffusion equa-
tions in a spherical catalyst and also enzyme kinetic problems occurring at the amperometric
enzyme electrode in various shapes (planar, cylindrical, spherical) which are both followed by
Michaelis -Menten kinetics. By using Lagrange interpolation and collocation approach for spec-
tral resolution N , the problem is discretized into a nonlinear system of algebraic equations of
dimension 2N + 1 which is solved by Newton’s iterations at most, in 6 iterations. Numerical
results exhibit that the present method has an error of exponential order, and therefore, for
small values of N with moderate computational efforts, the desirable polynomial solution is
achieved even across a wide range of parameters. In the absence of an exact solution to rely on,
we successfully compared the results of the present study with some previously available results.
We observed a satisfactory agreement between our results and those obtained by shooting nu-
merical technique. Moreover, high accuracy of the method was verified by exploiting a residual
evaluation strategy. Briefly, it is worth mentioning that the method is easy to implement, has
fast convergence speed and is suitable for solving a wide variety of problems that deal with a
reaction-diffusion model equation with Michaelis-Menten kinetics in catalysts/biocatalysts.
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