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1. INTRODUCTION

We denote the vertex set and the edge set of a graph G by V(G) and E(G), respectively. The
order of G is the number of vertices of G. The degree of a vertex u, degq(u), is the number
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of edges incident with u. The distance d;(u, v) between two vertices u and v is the number
of edges in a shortest path between u and v. The eccentricity ecc; (u) of u in G is the distance
between u and a farthest vertex from u in G. The distance between any two farthest vertices
in G 1s the diameter of G. A pendant vertex is a vertex of a graph having degree 1.

A graph whose vertices can be partitioned into two (partite) sets V; and V5, such that
no two vertices in the same set are adjacent is called a bipartite graph. A tree is a connected
graph containing no cycles. The complete graph and the empty graph of order n are denoted
by K, and K, respectively. For k > 2, let us denote by G; @ G, @ -+ @ G, the graph
obtained from graphs G4, G, ..., Gi, by joining every vertex of G;_; with every vertex of G,
where i = 2,3, ..., k. The graph G; @ G, is called the join of two graphs G, and G,. For U €
V(G), an induced subgraph G[U] of a graph G consists of the vertices in U and all the edges
of G connecting two vertices in U.

Topological indices have been investigated due to their extensive applications,
especially in chemistry. The general eccentric distance sum of a connected graph G is defined
as EDS4(6) = Suev(a) [ecce (w)]*[D (w)]”, where D (1) = Syey o) dg (uw,v) and @, b €
R.

We believe that it is important to study general topological indices. Then, results for
particular topological indices are special cases of general results. Note that EDS; 1 (G) =
EDS(G) is the classical eccentric distance sum of G, EDS; ((G) is the total eccentricity index
and EDS; ((G) is the first Zagreb eccentricity index of G. So, those topological indices are
special cases of the general eccentric distance sum.

The classical eccentric distance sum EDS belongs to the most well-known distance-
based topological indices. It has been widely studied. A lower bound on EDS for trees with
given order was presented in [9] and [20], a lower bound for trees with prescribed order and
domination number was presented in [6] and trees were studied also in [14]. A lower bound
on EDS for graphs with prescribed order and vertex connectivity was given in [10], graph
operations were investigated in [3], Sierpinski graphs in [4], graphs related to groups in [1],
bipartite graphs in [5] and [12], cubic transitive graphs in [19], fullerances in [7],
relationships with some other indices in [2] and [8], and exact values for several basic graphs
were given in [13]. Some related distance-based indices were studied for example in [15] and
[18]. First results on the general eccentric distance sum were given in [16].

We present some bounds on the general eccentric distance sum for general graphs,
bipartite graphs and trees with given order and diameter 3, graphs with given order and
domination number 2, and for the join of two graphs with given order and number of vertices
having maximum possible degree. First, let us state two lemmas. Lemma 1 was given in [16]
and it is used in the proofs of Theorems 2, 3 and 4.

Lemma 1. Let G be a connected graph with two non-adjacent vertices u and v. For a = 0
and b > 0, we have
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EDSa,b (G + uv) < EDSa,b(G)
Fora < 0and b < 0, we have
EDSa,b (G + uv) > EDSa,b(G)

The following lemma was given in [17] and it is used in the proofs of Theorems 4, 5,
6 and 9.

Lemma 2. Let 1 < x <yandc > 0. Then forb > 1and b <0,
(x+ ) —xb < (y+c)? — yP.
If0 < b <1, then
(x+c)? —xP > (y+c)? — yP.

2. RESULTS FOR GENERAL GRAPHS AND BIPARTITE GRAPHS

Let us present bounds on EDS, ,(G; € G,) for the join of two graphs G; and G, with given
order and number of vertices having maximum possible degree.

Theorem 1. For i = 1,2, let G; be a graph of order n; with k; vertices of degree n; — 1. Let
a,b € R. Then for b > 0,

EDSq (G ® G3) = (ky + k) (ng +ny — 1P + (ng +np — kg — k3)2%(ny + ny)°,
and for b < 0,

EDSqp(G1 @ G) < (kg + kp)(ng + 1, — DP + (ng + 1y — ky — k)2%(ny + np)”
The equalities hold if and only if G; contains n; — k; vertices of degree n; — 2, where n; —
k;iseven; i = 1,2.

Proof. For i = 1,2, let us denote the set of vertices of degree n; — 1 in V(G;) by S;. We have
[V(G;)| = n; and |S;| = k;. Then eccg, gg,(v) = 1 and D¢, g¢,(v) =ny +ny; — 1 forv €
S1US,. For v € (V(G1)\S1) U (V(G2)\S2), we get eccg g, (V) = 2. For v; € V(G1)\S4,
we have
D, &6, (V1) = 1y + degg, (v;) + 2[n; — 1 — degg, (v1)]
=n, +2n; — 2 —degg, (v1)
> nq +n,,
since degg, (v1) < ny — 2. Similarly, Dg, g6, (v2) = ny + n, for v, € V(G3)\S,. Thus, for
i = 1,2, we obtain
[De, @6, W)]” = (ny +1n2)°,
if b > 0, and
[De, @6, W)]” < (ny +12)°,
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if b < 0. Consequently, for b > 0, EDS, ,(G; ® G,) = ki(n; + ny; — )P + ky(ny +ny —
DP + (g — ky)2%(ng +np)" + (np — k2)2%(ny + 1ny)°,

and for b<0, EDSup(Gy D Gy)<ki(ng+n,— 1P +ky(ng+n,—1)0+(n, —
k)2%(ny +np)P + (np — k2)2%(ny + ny)P.

The equalities are achieved when degg, (v;) =n; —2 for every v; € V(G)\S;,
where i = 1,2. Note that n; — k; must be even, since for a graph with k; vertices of degree
n; — 1 and n; — k; vertices of degree n; — 2, from Handshaking lemma, we have

2|E(G)| = ZveV(Gi) degGi(v)
=ki(n; —1) + (n; — k)(n; — 2)
=n(n; — 1) — (0 — k).

Now, we focus on graphs of diameter 3. In Theorems 2 and 3, we give bounds on
EDS, p(G) for general graphs G. For a = b = 1, the graphs of given order and diameter with
the smallest EDS,, ;, were presented in [11].

Theorem 2. Let G be a graph of order n = 4 and diameter 3. Then for a = 0 and 0 < b <
1, we have

EDS,,(G) = 3%[(n+ 2)? + 2n — 2)°] + 2%(n — 2)n?,
with equality ifand only if G is K; @ K,,_3 © K; D K;.

Proof. Suppose that G’ is a graph with the minimum EDS, ;, among graphs of order n and
diameter 3. Let uy and uz be any two vertices of distance 3 in G'. For i = 0,1,2,3, let U; =
{u€eV(G"):dg (ug,u) =i}. Then V(G") = Uy U U; UU, U U;. According to Lemma 1,
adding an edge will decrease EDS,, ,. Thus, G'[U;_; U U;] is a complete graph for i = 1,2,3.
Note that |U3| = 1 (otherwise, if |U;| = 2, we can add edges to G’ to obtain G’ with E(G"") =
E(G") U {uus:u € U}, and by Lemma 1, EDS, ,(G") < EDS,,(G")). So, G has the form

Gp =Ki D Kn_p_» DK, DK, where 1 <p < [ZJ — 1. We have
eccg, (up) = eccg, (u3) =3, Dg, (up) =n+p+1 and Dg, (uz) =2n—-p-—1
For all u € V(G,)\{uo, uz}, we have eccg, (u) =2 and Dg, (u) = n. Thus
EDS.p(G,) =3%[(n+p+ 1P+ 2n—p— 1]+ 2%n - 2)n® = f(p).

Then the derivative

f'(p) =3%[(n+p+ 1>t = C2n—p-1"].
Since 0 < b < 1, we have f'(p) >0 for L <p < |Z]—1and f'(p) =0 forp = 7] - 1.
Thus, f(p) is increasing for 1 <p < [gj —1 and 0<b<1. So, EDS,,(G;) <
EDSq(Gy), where 2 < p < |2] — 1. Hence G'is G; = K; @ Kn_3 @ K; @ K, and
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EDS,,(Ky ® K, s DK, ®K;) =3%[(n+2)2+(2n—2)"1+2%(n—2)n’. =

Theorem 3. Let G be a graph of order n = 4 and diameter 3. Then fora < 0 and b < 0, we
have

EDS,,(G) <3%[(n+2)° + 2n — 2)"] + 2%(n — 2)n?,
with equality ifand only if G is K; @ K,,_3 © K; D K;.

Proof. We present only those parts which are different from the proof of Theorem 2. Suppose
that G' is a graph of order n and diameter 3 with the maximum EDS, ;. According to Lemma
1, adding an edge will increase EDS ;. Thus G'[U;_; U U;] is a complete graph for i = 1,2,3.
Note that |U3| = 1 (otherwise, if |U;| = 2, we can add edges to G’ to obtain G’ with E(G"") =
E(G") U {uus:u € U}, and by Lemma 1, EDS, ,(G") > EDS,,(G")). So, G has the form

Gp =K1 ® Knp—» K, D K; where 1 <p < [ZJ — 1. Since b < 0, we have f'(p) <0
for1<p< [gj —1and f'(p) =0 forp = [gj — 1. Thus, f(p) is decreasing for 1 < p <
5| — 1 and b < 0. So, EDSa(Gy) > EDSqp(Gy), where 2 < p < |7] — 1. Hence G is
61:K1®Kn—3®K1®K1' |

A sharp lower bound on EDS,, ;,(G) for bipartite graphs G is given in Theorem 4.

Theorem 4. Let G be a bipartite graph of order n = 4 and diameter 3. Then for a = 0 and
b =1, we have

EDS,s(@) 2 3¢ (n+[2]) + (n+ [2])']

s = 1) (e il =2) + (B - 1) (ot ] -2)

with equality if and only if G is K; @ K»_, @ Kpny_, @ Ki.
2 2

Proof. Suppose that G’ is a graph with the minimum EDS,, ,, among bipartite graphs of order
n and diameter 3. Let u, and u3 be any two vertices of distance 3 in G'. For i = 0,1,2,3, let
U ={u€eV(G):dg(upu) =i}. ThenV(G") = Uy U U; U U, U Uz, where Uy = {uy}. The
graph G'[U;] must be edgeless, otherwise G’ would have some cycle of odd length. According
to Lemma 1, adding an edge will decrease EDS, ;. Thus, G'[U;_; U U;] is a complete
bipartite graph for i = 1,2,3. Note that |U3| = 1 (otherwise, if |U;| = 2, we can add the edge
Uouz to G’ to obtain G", so EDS,,(G"") < EDS,;(G"), by Lemma 1). So, G has the form
K, ® K, ®K,, ® Ky, wheren; +n, =n—2.

Without loss of generality, assume that |U;| = |U,|. We prove that |U;| — |U;| < 1.
Suppose to the contrary that |U;| — |U,| = 2. We choose w € U;. Let G'"' has the same
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vertex set as G' while E(G"") = {wu:u € U; U {u3}} U E(G")\{wu:u € {uy} U U,}. So, G"'
is the graph K; @ Ky, 1 @ Ky,+1 @ K;.
For all u € V(G"), we get eccg,,, (1) = eccg,(u). We have
D¢, (w) = 2|Uy| +|Uz| +1 and Dg,,, (W) = |U;| + 2|U,| + 2.
Since |U;| — |U,| = 2, we obtain D, (w) — Dg¢,,, (W) > 0. Thus
[eccg,(W)]4[Dg,(W)]P — [eccg (W)]*[Dgy (W)]° > 0.

We obtain
D¢, (uo) = |Uy| + 2|Uz| + 1, Dgin(uo) = |Us| + 2|Us| + 2,
D;r(uz) = 2|Uy| + |Uy| + 1, D¢,y (uz) = 2|Uq| + |U,],
Dg,(u) = 2|Uy| + |U2| + 1, Dgip(w) = 2|Us| + |Uz],
Dg,(v) = |Us| + 2|U;| + 1, Dgyy(v) = |Uy| + 2|Us| + 2,
where u € U;\{w} and v € U,. Note that
eccg,(u) = eccg,(v) =2 and eccg (uy) = eccg(uz) = 3.
Then
EDSqp(G') = EDSq,(G"") = [eccqr (ug)]*([Dgr (U)]” — [Dgr (uo)]”)
+ [ecce (u3)]([Dgr (u3)]® = [Dei (u3)17)
+ Xveu, [eccg'()]*([Dgr ()] = [Dgr (v)]7)
+ Yueunwy [ecce )] ([Dg, (W] = [Dern (W)]?)
+ [ecce,(W)]*([Dg;(W)]P = [Dgrs (W)]?)
> 3%([Dgr (uo)]” — [Dgr (uo) + 1]°
+ [Dg, (u3)]” = [Dg/(u3) — 11°)
+ 2°[|U5|([Dgr(W)]° — [Dgr (v) + 1]17)
+ (|U;] = D([Dg,(w)]® = [Dg, (w) — 1]7)]
> 3%([Dgr(uo)]” = [Dgr (uo) + 11° + [Dyr (u3)]?
— [Dgr(uz) = 11°) + 2%|U,|([Dgr (1)]® = [Dgr (v) + 1]°
+ [Dg,(w)]” = [Dg, (W) — 1]7) 2 0,
because for b = 1,
[Dgr(uo)]® — [Dgr (o) + 11° + [Dgr (u3)]” — [Dgr (u3) — 117 =0,
and
[Dg:(1)]” = [Dg,(v) + 1]° + [Dg,(w)]” = [Dg, (w) — 1]” = 0,
and for b > 1, by Lemma 2,
[Dg,(u3)]” = [Dgs(uz) — 1]° > [Dg, (o) + 1]° — [Dg, (up)]°
and
[Dg:(W)]® = [Dg,(w) = 1] > [Dg, (v) + 1]° = [Dg, ()],
since D¢, (uz) > D¢, (up) + 1 and D¢, (u) > Dg,(v) + 1. Thus EDS, ,(G') > EDS, ,(G"")

for a >0 and b > 1, a contradiction. So, |U;| — |U;| < 1. Hence G is K; @ Kin_y @
2

Kl%J—l @ K, and
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EDS,,(G") = 39 [(n + E])b +(n+ Ej)b]
v [(B-1) (e 5] -2) + (B - D) (e B -2)')
3. RESULTS FOR TREES
For integers | > 2 and n, > n, > 1, P;(ny,ny) is a tree obtained from the path P, by joining

one end vertex of P; to ny new vertices and the other end vertex of P; to n, pendant vertices;
see Figure 1. The tree P;(nq, n,) has n; + n, pendant vertices.

ni n2

Figure 1: Tree P;(nq,n,).

In Theorems 5 and 6, we compare EDS, ;, of these trees if [ and the order are fixed.
Theorem 5 is used in the proofs of Theorems 7 and 10. For a = b = 1, the following theorem
was presented in [6].

Theorem 5. Let2 <1< n-—2. Forab € R, where0 < b <1,

EDSyp(P(1,n—1—1)) <EDS,,(P(2n—1-2)) < -
<ensa (7 (15 [51)

Proof. In the tree Ty = P;(n4,n,), where n; > n, = 2, let uyu, ... u; be the path which does
not contain pendant vertices of P;(n,,n,). We denote the pendant vertices adjacent to u; by
V1, V3, ..., Un, and the pendant vertices adjacent to u; by v'y, v'5, ..., vy, .

Let V(T;) = V(Ty) and E(T;) = {u v’y } U E(T1)\{w,;v',,, }. Note that T, is the tree

P (n; + 1,n, — 1). To prove Theorem 5, it suffices to show that EDS, , (T;) < EDS, ,(T,).

For any v € V(T;), we obtain eccy, (v) = eccr, (v). Note that for i = 1,2, ..., [Hle,

eccr, (u;) = eccr,(W41—) =L+ 1—1i, and eccr,(v) =1+1
for all the pendant vertices v € V(T;).
Forj=12,..,nqandk=1,2,...,n, — 1,
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e in Ty, there are n; — 1 pendant vertices of distance 2 from v; and n, pendant
vertices of distance [ + 1 from v,

e in T, there are n,; pendant vertices of distance 2 from v; and n, — 1 pendant
vertices of distance [ + 1 from v,

e in T, there are n, — 1 pendant vertices of distance 2 from v, and n,; pendant
vertices of distance [ + 1 from v',

e inT,, there are n, — 2 pendant vertices of distance 2 from v’ and n,; + 1 pendant
vertices of distance [ + 1 from v,

thus
Dr,(v;) < Dr,(vj) < Dr, (V') < Dr,(V'y), (D
where
Dr, (Vj) — Dy, (Vj) = Dr, V') — Dr, W) =1-1. (2)
Similarly,
DTZ (v,nz) < DT1 (U,nz), thus [DTZ (v,nz)]b < [DT1 (v,nz)]b (3)
for0<b < 1.
Fori=12,.., ||,
e in Ty, there are n, pendant vertices of distance i from u; and n, pendant vertices
of distance [ + 1 — i from u;,
e in T,, there are n; + 1 pendant vertices of distance i from u; and n, — 1
pendant vertices of distance [ + 1 — i from u;,
e in Ty, there are n, pendant vertices of distance i from u;,;_; and n; pendant
vertices of distance [ + 1 — i from u; 4 _;,
e in T,, there are n, — 1 pendant vertices of distance i from u;,;_; and ny + 1
pendant vertices of distance [ + 1 — i from u;,41_;,
thus
Dr,(w;) < Dr,(u;) < Dr, (Uy11-;) < D, (UWi41-0), “4)
where
Dy, (w;) — Dr,(w;) = Dr,(Uy41-¢) — D, (W41-) =1+ 1 — 2. Q)

Note that if [ is odd, then Dy, (ui+1) = Dr, (Ur+1).
2 2

We have
EDSqp(T1) — EDSqp(T2) = vev(ryy leccr, @)]*([Dr,()]” — [Dr, @)]")
=272, lecer, W)1*([Pr, (v)]° = [Dr, w)])
+ X2, lecer, )] ([Dr, (V1)1 = [Dr, (W'1)]7)
+ o1 [ecer, )]*([Dr, ()] = [Dr, (u)]®).
By (2) and (3),
Y7Ly lecer, W)1*([Dr, ()] — [Dr,(W)]?) + X2, [ecer, W')]*([Dr, @)1 — [Dr,('i)]")
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=+ 1)a[n1([DT1(V1)]b — [Dy, (v1)1?)
+ (nz — D([Dr, (v'1)]” = [Dr, (V' )]”) + [Dr, (v'n)]” = [Dr, (v',)]"]
>+ Dn([Dr,(v) + 1 — 11 - [Dr, (v1)]?) + (n, — 1)([DT1(V'1)]b
— [Dr, (V') +1—1]")]
>+ D%y — D([Dr,(vy) +1 = 117 - [DTZ(V1)]b + [DTl(U’1)]b
—[Dr, (V') +1-1]%) >0,
since ([ +1)* >0, forb =1,

[Dr,(v1) + 1= 1]° = [Dr,(v)]” + [Dr, (V' D]” = [Dr, (V1) + 1 = 1]" =0,
and for 0 < b < 1, by (1) and Lemma 2,

[Dr,(v) + 1 — 177 - [Dr, (v)]? > [Dr, (V') +1— 11 - [Drl(vlﬂ]b-

By (5),
Yiz1 [eccr, u)]*([Dr, (u)]® = [Dr,(u)]")

= %2 [eccr, @)]*(IDr, w)]? — [Dr, @)]?)
+ lecer, (ia1-D)]°([Dr, (tisr-0)]? — [P, (s1-D1")

= %2 (41— 0%([Dp, (W) + L+ 1 —2i]® — [D, (u)]?

+ [DTl(qu—i)]b — [Dr,(Wg1-) +1+1— 2i]") =0,
since (L +1— ) > 0, for b = 1, [Dy, (u) + L + 1 — 20]° — [Dy, w)]? + [Py, igs—)]?
—[Dr, (u41-1) + 1+ 1 = 2i]” = 0,and for 0 < b < 1, by (4) and Lemma 2,

[Dr,(u) + L+ 1= 2i]” = [Dr, u)]” > [Dr, (Ups1-0) + L+ 1= 2i]” = [Dr, (wy41-01.
Hence EDS, ,(T;) — EDS, ,(T,) > 0. ]

Theorem 6 is used in the proof of Theorem 8.

Theorem 6. Let 2 <1 <n—2. Fora,b € R, whereb <0,
EDSy,(P(1,n—1—1)) > EDS,(P(2,n—1—2)) > -

SNAETE)

Proof. We present those parts of the proof of Theorem 6, which differ from the proof of
Theorem 5. We show that EDS, ,(T;) < EDS, p(T,), where Ty = Py(ny,n,), T, = Pi(ng +
1,n2 —_ 1) andn1 2 le 2 2,

Forj=12,..,nyand k =1,2,...,n, — 1, we have
where
Similarly,
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DTZ (v,nz) < DT1 (v,nz)’ SO [DTZ (v,nz)]b > [DT1 (v,nz)]b (8)
for b < 0.
Fori =1,2,..., [éj, we have
Dr,(u;) < Dy, (W) < Dy, (Uy41-¢) < Dr,(U41-1), &)
where
Dr, (u;) — Dr,(w;) = D, (Wy1-¢) — Dy (Ugyq—) = 1+ 1 =20 (10)
By (7) and (8),

YLy lecer, WD1*([Dr, ()] = [Dr,(W)]?) + X2, [ecer, W')1*([Dr, @')] — [Dr,(v'i)]")
=+ 1)a[n1([DT1(V1)]b — [Dy, (v1)1?)
+ (nz — D)([Dr, (v' )] = [Dr, (v'D]) + [Dr, (v'3,)]” = [Dr, (v'n,)]"]
<+ Dn([Dr,(v)) +1— 11 - [Dr, (v)1?)
+ (nz — D([Dr, v')]° = [Dr,(v'1) + 1 = 1]7)]
<+ D%y = D([Dr,(vy) +1 - 117 - [DTZ(V1)]b
+ [Dr,'D]? = [Dr,(v'1) +1=1]") <0,
since (I + 1)® > 0 and by (6) and Lemma 2, for b < 0,
[Dr,(v1) + 1= 1] = [Dr,(v)]” < [Dr,(v'y) +1 = 1]° = [Dr, (V' )]"

By (10),

i=1 [eccr, u)]*([Dr, (u)]® = [Dr,(u)]")

= %2 [ecer, (u)]2([Dr, ()] — [Dr, (u)]?)
+ lecer, (ia1-D)]°([Dr, (tisr—0)]? — [P, (s1-)1")

= %2 (L +1-0%([Dr, (W) + L+ 1 —2i]® — [D, ()]

+ [Dr, (Wi41-0)1° — [Dr, (sa-) + 1 +1 - 2i]%) <0,
since (I +1—1i)* > 0 and for b < 0, by (9) and Lemma 2,

[Dr,(u;) + 1+ 1 — 2i]" — [Dr, ()]’ < [Dr,(Uyp1-9) +1+1— 2i]" — [DTl(ul+1—i)]b-
Hence EDS, ,(T;) — EDS, 5 (T) < 0. ]

Let us present sharp bounds on EDS,, ,(T) for trees T of given order and diameter 3.

Theorem 7. Let T be a tree of order n = 4 and diameter 3. Let a,b € R where 0 < b < 1.
Then
n n
EDS,,(P,(n—3,1)) < EDS,,(T) < EDS,, (Pz (H -1, lEJ - 1))

with equalities if and only if T is P,(n — 3,1) and PZ(E] -1, EJ — 1), respectively.
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Proof. Every tree of order n and diameter 3 has the form P,(n — k, k), where 1 < k < [gj

For0 < b < 1,by Theorem 5, P,(n — 3,1) and P, ( E] -1, BJ — 1) are the unique trees with

the smallest and largest EDS,, ;, respectively.
Similarly, using Theorem 6, we obtain the following bounds for negative b.

Theorem 8. Let T be a tree of order n = 4 and diameter 3. Let a,b € R where b < 0. Then
EDS,, (PZ (]5|-15] - 1)) < EDSqy(T) < EDS,,(P,(n — 3,1)),

with equalities if and only if T is PZ(EI -1, EJ — 1) and P,(n — 3,1), respectively.

We present the values of EDSqp(Py(n —3,1)) and EDS,,(P(|3| - L[5 — ).
We have
EDS,,(P;(n—3,1)) = 3%[(n — 3)(2n — 2)? + 3n — 6)?] + 2%[(2n — 4)? + n”]
and

0500 (P (2] - 12 - 1)) = 32 [([2] - 1) G+ 2]~ 4) + (2] - 1) n v 2] - )]
v2e[(nr 5] =2) + (n+ 5] -2)]

Let us compare EDS, ;, of P;(ny,n;) and P 1(ny — 1,n,), which are trees having
the same order, but different number of pendant vertices (and different diameter). Theorem
9 is used in the proof of Theorem 10.

Theorem 9. Let | > 2, ny = 2 andn, = 1, where ny = n,. Then fora = 0and b = 1,
EDSqp(Pi(ny,n2)) <EDSqp(Pry1(ng — 1,n3)).

Proof. In the tree T, = P;(nq,n,), let u;u, ... u; be the path which does not contain pendant
vertices of Py(n,,n,). We denote the pendant vertices adjacent to u, by vy, v, ..., vy, and
the pendant vertices adjacent to u; by v'y,v'5, ..., v'y,. Let V(T;) = V(Ty) and E(T,) =
{v1v3, 1,05, ...,vlvnl} U E(T)\{u1v2, Uy V3, ..., U Uy, }. Note that T, is the tree Pq(ny —
1,n;). For any v € V(T;), we obtain eccr, (v) = eccr, (v). For any v € V(Ty)\{v,}, we
have Dy, (v) > Dy, (v), thus fora = 0and b = 1,
[eccr,()]°[Dr, (v)]? > [eccr, ()]°[Dr, (v)]”.

For vy, we get Dr, (v1) = Dr, (v1) —ny + 1.

We use v; and v’y to compare EDS,;,(T;) and EDS,,(T,). For v';, we have
Dr,(v'y) = Dr,(v'1) + ny — 1. Since n; = n,, we obtain Dy, (v';) = Dr, (v;). Note that
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eccr,(v1) = eccr,(v;) = eccr,(v'y) =1+1 and eccr,(v'y) =1+ 2.
We obtain
EDSqp(T2) — EDSqp(T1) > [eccr, (U1)]a[DTZ(V1)]b - [eCCTl(V1)]a[DT1(V1)]b
+ [ecer, (V)] (VD]? = [ecer, (W) [D, (v'1)]?
= (L +2)%[Dr,(v) —ny + 1] = (L + DD, (v1)]”
+ (L + DDy, (V') + 1y — 17 = (L + DDy, (v'1)]°
> (L+ D([Dr, (v1) — 1y +1]° = [Dr, (v1)]”
+[Dp, (@' +ny — 1 = [y, @'D]?) 20,
because for b = 1,
[Dr, (v1) =1y +11° = [Dr,(v)]® + [Dr, (v'1) + 1y — 1]° = [Dr, (V' )]” =,
and for b > 1, by Lemma 2,
[Dr,(v'1) + g — 11 - [Drl(vlﬂ]b > [DTl(V1)]b — [Dr,(vy) =y + 11,
since Drl(V'1) = Dy, (v1) > Dr,(v1) —ny + 1. Hence, EDS, ,(T;) > EDS, ,(Ty).

A dominating set in a graph G is a set I' € V(G) such that every vertex not in I is
adjacent to a vertex in . The cardinality of a smallest dominating set is the domination
number of G. Let us give an upper bound on EDS, ;,(T) for trees T with given order and
domination number 2 if b = 1. For a = b = 1, the tree of given order and domination
number 2 having the largest EDS, , was given in [6].

Theorem 10. Let T be a tree of order n = 6 and domination number 2. Then for a = 0,
2
EDS,1(T) < (2n? + 6 |%| - 20n + 24) 5% + (5n — 8)4% + (5n — 12)3°,
with equality if and only if T is P,([">~1, |">=]).

Proof. Any tree of order n and domination number 2 has the form P;(n,,n,), where 2 < [ <
4 and [ + n; + n, = n. By Theorem 5, a tree with the largest EDS, ; among trees of order n

and domination number 2 is P,([*==1, ["=21) or Ps([==1, [%21) or P(57, I%57]). By

T () < (5 )

< oo (n (5 J52)

thus P4([n7_4], [nT_‘}J) = P4([§] -2, [%J — 2) is the tree with the largest EDS, ; among trees
of order n and domination number 2. We have EDS,, 4 (P4 (E] -2, BJ — 2)) = (an +

6|| — 20n +24) 5% + (5n — 8)4% + (5n - 12)3°. .
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4. OPEN PROBLEMS

Let us state several problems open for further research. In Theorem 1, we presented bounds
on EDS, ,(G; @ G,) for the join of two graphs G; and G,. We suggest studying other graph
products.

Problem 1. Study EDS,, , for the Cartesian product, tensor product or lexicographic product
of two graphs.

In Theorems 2, 3, 4, 7 and 8, we obtained bounds on EDS,, ;, for general graphs (for
a=>0,0<b<1landa <0,b <0),bipartite graphs (for a = 0, b > 1) and trees (for a €
R,0<b <1andac€R,b<0) of diameter 3. We recommend studying graphs of larger
diameters.

Problem 2. Find upper or lower bounds on EDS, ;,(G) for trees, bipartite graphs or general

graphs G with given order and diameter greater than 3.

In Theorem 10, we presented an upper bound on EDS, ,(T) of trees T only for

domination number 2 and b = 1. We suggest studying related problems if both a and b are
general.

Problem 3. Find upper or lower bounds on EDS, ,(G) for trees or graphs G with given
order and domination number, where both a and b are general.
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