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1. INTRODUCTION

All the graphs discussed here are simple, connected, finite and undirected. For further basic
notions of graph theory, we refer the reader to some relevant books [12, 14, 29].

The first Zagreb index M; (appeared within a formula derived in [20]) and the
second Zagreb index M, (introduced in [18]) for a graph H can be defined as: M;(H) =

ZvleV(H)d(W)z = ZvlvzeE(H)(d(vl) + d(vz)) and M,(H) = ZvlvzeE(H)d(vl)d(vz)-
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DOI: 10.22052/1JMC.2022.242939.1571
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The theory of Zagreb indices is deep rooted; for example, see the papers [1, 2, 8, 15, 16, 19,
20, 23, 24, 26, 28], recent surveys [3, 4, 6, 17] and related references listed therein.

For a vertex w € V(H), different researchers use different notations for representing
the sum of degrees of the adjacent to w in literature, however, we use the notations Sy (w)
or Simply S(w) or S,,, due to the simple reason, as S used for sum. The average-degree

[32](also known as dual degree [10]) of a vertex w € V(H) is the number % and we

denote it by a(w). Consider the following general graph invariants

I(H) = Yweva gl(S(W)) and I,(H) = Yowerm) 92 (S(U)JS(W))-

Most of the cases of the above invariants I'; and T, have already been presented in
mathematical chemistry. For example, if we take g;(S(w)) = S(u) or 1/@ then I
gives the first Zagreb index M, [7] or first extended zeroth—order connectivity index [5, 30,

31,33], respectively and if we take gz(S(v) ,S(w)) =Sw)+ S(w) or1/{Sw) S(w)
then I, gives M, (see Lemma 2.6 in [7]), the first extended first-order connectivity index
[5], fourth atom-bond connectivity index [11] or fifth geometric-arithmetic index [13],
respectively. On the same lines, it is natural to consider [27] the following revised version
of the first and second Zagreb indices:

NM;(H) = Yperan(s(@))? and NM,(H) = Yyev(m) S@)s).

The invariant NM; and NM, was referred [27] to as the neighborhood first Zagreb
index and neighborhood second Zagreb index. In this current paper, we are concerned with
the neighborhood first Zagreb index NM;, which was initially presented in Refs. [9, 25] and
referred to as the neighborhood first Zagreb index [25].Clearly, the invariant NM; can
rewritten [9] as NM; (H) = Yyevan(d()a(v))?.

The main objective of the present study is to establish extremal results regarding the
unicyclic graphs and bicyclic graph of order n with respect to NM;. In Section 2, we define
some transformations which will decrease then neighborhood first Zagreb index.
Throughout this paper, graph under discussion is either a unicycle graph or a bicyclic graph
on n vertices for every fixed integer n > 5.

2. MINIMUM NEIGHBORHOOD FIRST ZAGREB INDEX OF UNICYCLIC AND
Bi-cycLic GRAPHS

We provide two transformations which will reduce the neighborhood first Zagreb index as
follows:

Transformation 2.1. Let G be a simple, connected graph and selectu € V (G). G* is
created from G by identifying u along with the vertex v’; of a simple path

V1,V .,V 1<j<n. G is created from G* by removing v’;_;v’; and adding

Uj_l'l] n-
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Figure 1: Graphs G*and G** (used within the Transformation 2.1).

Lemma 2.1. Suppose G** and G* be the graphs as in Transformation 2.1. Then NM, (G*) >
NM, (G**).

Proof. Choose u(= v;) €V (G), d(u) = 4 and Ng(u) = {ug,u} and Ng-(uw)\
Ng(u) = {v’j_l, v'j+1}. There will be four cases regarding the length of the path.

Casel:Ifj=2andn = 3,
NM;(G7) = NM3(6™) = 1= [ (Sengaup 4)” = (Bsmengun A0 — 1)°] + dw)? — 4 > 0.
Since d(u)? — 4 > 12 for dg(u) = 4.

Casell: Ifj=2andn > 3.
Sub-Case ll(a): If j =2andn =4
NM,(G*) — NM,(G*) = 1

= [(ZyaeNG*(u) d(ya))z - (ZyaENG*(u) d(ya) - 1)2 - 4]

+ | Cseneaun A00)° = (Snewgan 4O = 1)°]
+d(w)? -9 > 0.
Since d;(u) = 4.

Sub-Case lI(b): If j =2 and n > 5,

NM,(G*) — NM,(G*) = I
= [(ZyaeNG*(u) d(ya))z - (ZyaeNG*(u) d(ya) - 1)2]
+ [(ZSRENG(ui) d(SR))Z - (ZSRGNG(ui) d(iR) - 1)2]

+(d(u) + 2)? — (d(u) + 1)? + d(u)? — 16 > 0.
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Since d;(u) = 4.

Caselll:Ifj>2andn=j + 1.

Sub-Case lll(a): If j=3andn=j + 1,

NM,(G*) — NM;(G**) = I
= [ (Bueng-a0 40))” = Bypeng-ao da) = 1)°]
+ | (Crencn 40)" = (Sneneun 4 — 1)°]
+d(w)? -9 > 0.

Sinced;(u) = 4.

Sub-Case llI(b): If j > 4andn =j + 1,

NM;(G*) — NM;(G*) = 1
= [(ZyaeNG*(u) d()/a))z — (Zypenga d(e) — 1)2]

+ [ (Csenetun A0)° = (Snenpaen 4R = 1)°]
+(dw) +2)>—(dw) +1D*+dw)?*—-16 > 0.
Since d;(u) = 4.

CaseIV:Ifj>2andn>j+ 1.
Sub-case IV(a): If j =3 andn =j + 2,
NM,(G*) — NM;(G*) = 1
= [(ZyaeNG*(u) d(ya))z - (ZyaENG*(u) d(ya) - 2)2]
2
+ [(ZiReNg(ui) d(iR))z - (Z(ERENG(ui)) d(R) — 1) ]
+(d(u) +1)?2-21>0.
Since d;(u) = 4.
Sub-case IV(b): If j =3 and n =j + 3,
NM, (G*) — NM;(G*) = 1
= [(ZyaeNG*(u) d(ya))z - (ZyaeNG*(u) d()/a) - 2)2]
2
+| Ssewun 400)” = (Emengeuny 4600 — 1) |
+(d(u) +2)?>-28 > 0.
Since d; (u) = 4.

Sub-case IV(c): If j =4andn =j + 2,
M;(G") — NMy(G™) = 1
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= [(ZyaeNG*(u) d()/a))z - (ZyaENG*(u) d(ya) - 2)2]

+ [(ZERENG(ui) @)’ - (Z(ﬁRENG(ui)) d(®) - 1)2]

+(d(w) +2)? =28 > 0.
Since d;(u) = 4.

Sub-case IV(d): If j > 4andn > j + 3,

= [(ZyaeNG*(u) d(ya))z - (ZyaENG*(u) d(ya) - 2)2]

+ [(Zmezvc(ui) @)’ - (Z(ﬂch(ui)) AR - 1)2]

+(d(u) +2)? = (d() + 1) + (d(w) + 2)> — 35> 0.
Since dg (u) = 4.

Transformation 2.2. Let u,v € V(G). G* is constructed from G by attaching paths

UpUiUy Ui and vviv; .. v With the vertex u(=u,) and the vertex v(=,),

respectively. Construct ™ = G* — uu; + vju;.

*~—e
iis B—8 s iis BB s B8
iy 0 i b5 iy i
C* ok
T T

Figure 2: Graphs G*and G** (used within the Transformation 2.2).

Lemma 2.2. G** and G* be the graphs as appear in Transformation 2.2. If d;-(u) >
de-(v) = 3, i > 1andj > 1, then NM;(G*) > NM;(G*).

Proof. Bearing in mind the assumption that j > 0 and d;-(u) = ds;-(v) = 3, there will be
five cases regarding the position (location) of u and v.

Case I: Ifuv € E(G*) and Ng+«(u) N Ng=(v) = ¢.

Sub-Case l(a): Ifi=1andj =1,
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= [(ZyaeNG*(u) d(ya))z - (ZyaENG*(u) d()/a) - 1)2 - 4]
+ | Etengr rar, 1 AO)” = (Teng: rarw, AR = 1)
+d(w)? +dw)? - (d() + 1) > 0.
Since Xy engd(a) 2 6, dw)? +d(v)? =2d(v)? = (d(v) + 1)?, and
de(uw) = dg<(v) = 3.

Sub-Case I(b): Ifi =1andj > 1. Wheni = 1andj = 2,

= [(ZYaENG*(u) d(Va))z - (ZVaGNG*(u) d(va) — 1)2 B 9]
+ [(Zy'aezvm(v) d()/&))z ~ (S0 e = 1)2]

+ | Estenge g, 1an 4E)” = (Seng- raro, e A0 — 1)°]
+d(Ww)? + (d(w) + 1)? — (d(v) +2)%? > 0.
Since Yy eng-w) A(Va) = 6, dw?+dW) +1)2=>dW)?*+ ([dw) +1)? >
(d(w) +2)? anddg+(u) = dg+(v) = 3.Wheni=1andj > 3,
NM,(G*) — NM,(G™) =
= [(ZyaeNG*(u) d(ya))z - (ZyaENG*(u) d()/a) - 1)2 - 8]
+ [(ZY&ENG*(U) d(yUIl))z - (Zy&eNG*(u) d(Ve) — 1)2]

2 2
+ | Etengr rar, 1 AOR)” = (Teng: rar, 1 AR = 1)
+d(w)? -8 >0.
Since Xy engw) 4(Ve) = 6 and dg-(u) = dg-(v) = 3.

Sub-Case I(c): Ifi > 1andj = 1.Wheni=2andj =1,
NM;(G*) — NM;(G*) = 1
2 2
= [(ZyaeNG*(u) d(ya)) - (ZyaENG*(u) d()/a) - 2) - 9]
2 2
+ | Etengr rar, 1 AOR)” = (Teng: rarw, 1 AR = 1)
+d()? + (d(w) + 1)? — (d(v) + 2)? > 0.
Since YyaeNgw AVa) = 7, dWv)?+ d@w) + 1?2 =>dWv)?+ dw) +1)? =
(d(v) +2)? and dg+(u) = dg+(v) = 3.Wheni >3andj =1,
NM;(G*) — NM;(G*) = 1
2 2
= [(ZyaeNG*(u) d(ya)) - (ZyaENG*(u) d()/a) - 2) - 16]

2 2
+ | Eengr oo, 1 AR)” = (Zeng v\, 4R = 1)
+d@)? + (d(w) +2)? — (d(v) +2)? > 0.
Since Yy eng:w d(Ve) =7 and s dg+(u) = dg-(v) = 3.
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Sub-Case I(d): Ifi >1andj > 1. Wheni = 2 and j = 2,

= [(ZyaeNG*(u) d(ya))z - (ZVaGNg*(u) d()/a) - 2)2 - 21]
+ [(ZV&ENG*(V) d()/c;t))z - (ZY&ENG*(‘U) d(ve) — 1)2]

+ [(Zmewm(ya\{v,ul}) dR)" = (Zsteng. (r\waiz) 4% — 1)2]
+dw)+1D*+d@W)+1)?—-([d@)+2)2>0
Since YyaeNg @ QW) 2 7,(dW) + 1)* + (d() + 1)? 2 d(v)* + (d(v) +
12> (d() +2)?and dg+(u) = dg+(v) = 3.Wheni >3 andj = 2,
NM,(G*) — NM,(G™) = I
= [(ZyaeNG*(u) d(ya))z - (ZyaeNG*(u) d(ve) — 2)2 - 16]
+|Eyrene 00 10)” = (Zytenge 9 1) = 1)°]

2 2
+ | Eneng ey BR)” = (Ssewe G warzy 4% — 1)’
+(dw) +2)? - (dW)+2)?+([dw) +1)?2-12 > 0.
Since Xy eng-w) 4(¥Ve) = 7 and dg+(u) = dg-(v) = 3. Wheni =2andj = 3,
NM,(G*) — NM,(G*™) =1
2 2
= [(ZyaeNG*(u) d(ya)) - (ZyaeNG*(u) d(ye) — 2) - 12]
! 2 ! 2
+ [(ZY&ENG*(U) d()/a)) - (Z)/&ENG*(U) d(Ve) — 1) ]

2 2
+ | Cseng rarwaiay 4R)” = (Eenge grarivay 4% = 1)°]
+(dw) +1)?—-16 > 0.
Since Xy eng-w) 4(Ve) = 7 and dg+(u) = dg-(v) = 3. Wheni =3 andj = 3,
NM, (G*) — NM,(G*) = I
2 2
= [(ZyaeNG*(u) d(ya)) - (ZyaENG*(u) d()/a) - 2) - 19]
! 2 ! 2
+ [(Zy&eNG*(U) dva)) - (Zy&eNG*(v) dye) — 1) ]

2 2
+ | Cseng rarwaiay 4R)” = (Eenge grarivay 4% = 1)°]
+(dw) +2)?-16>0
Since Yy eng:w) AVe) = 7 and dg-(w) = dg-(v) = 3.

Case ll: If uv € E(G") and |Ngz-(u) N Ng=(v)| = 1.

Sub-Case ll(a): Ifi=1andj =1,

= [(ZyaENG*(u) d(ya))z - (ZyaENG*(u) d()/a) - 1)2 - 4]
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+ [(Zmewa*(ya\{v, i) AO)” = (Srewg- (v, 4R — 1)2]
+d(w)? +d@)? - (d) + 1) > 0.
Since X, engawdWe) 26, dw)? +dw)? =2 2d(v)? =2 (d(v) +1)* and
de(w) = dg<(v) = 3.

Sub-Case lI(b): Ifi =1andj > 1. Wheni = 1and j = 2,
NM, (G*) — NM;(G*) = 1

= [(ZyaENG*(u) d(ya))z - (ZyaeNG*(u) d()/a) - 1)2 - 9]
+ [(ZVoI:ENG*(U) A1) = (Sypengec0 10a) — 1)2]

+ | Estenge g, 1) 4E)” = (Tew v, e A0 — 1)°]
+dWw)?+ (dw) + 1)? — (d(w) +2)? > 0.
Since Yveengw AWa) 2 6, dw)® + (dw) + 1) 2d(w)* + (dw) + D? 2
(d(w)+2)? anddg+(u) = dg+(v) = 3.Wheni=1andj > 3,
NM,(G*) = NM,(G*) = 1
= [(ZyaeNG*(u) d(ya))z - (ZyaENG*(u) d()/a) - 1)2 - 8]
+ [(ZVéENG*(U) d(yéll))z - (Zy&eNG*(u) d(Ve) — 1)2]

2 2
+ [(Zmezva*m\{v, 1) AR)” = (Erenge o\, 1) d(R) — 1) ]
+d(w)? -8 >0.
Since Xy eng-w) 4(¥e) = 6 and dg-(u) = dg-(v) = 3.

Sub-Case Il (¢): If i >1andj =1.Wheni=2and j =1,
NM,(G*) — NM,(G**) =1
2 2
= [(ZyaeNG*(u) d()/a)) - (ZyaeNG*(u) d(ya) - 2) - 9]
2 2
+ | Cnengr oy AO)” = (Zeng: rarwary 4R = 1)
+(d@w) +1D?*+dw)? - (dw) +2)? > 0.
Since Yveeng @ AWe) 27, (W) + D? +d()? 2 d(w)*(dw) + D? =
(d(v) +2)? and dg«(u) = dg«(v) = 3.Wheni>3and j =1,
2 2
= [(ZyaeNG*(u) d(ya)) - (ZyaeNG*(u) d(ya) - 2) - 16]

2 2
+ | (e ooy A)” = (Zoeng. rarwary 4R = 1)’
+(d@W) +2)*+dw)? - (dw) +2)? > 0.
Since Xy engw) 4(Ve) = 7and dg+(w) = dg=(v) = 3.
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Sub-Case Il (d): If i >1andj > 1.Wheni =3and j = 2,

= [(ZyaeNG*(u) d(ya))z - (ZyaENG*(u) d(}/a) - 2)2 - 21]
+ (e 40D)° = Eypengean 100 = 1)°]

+ [(Zmewa*(ya\{v, i) dO)” = (Zoeng (ro\w, i 4R = 1)2]
+(d@W)+1D*+ [dw) +1)? - (dw) +2)? > 0.
Since Yy en,wdWe) 27, (@A) +1*+ (@) +1*= 2(d(w) +1)?* =
(d(v) +2)? and dg+(u) = dg+(v) = 3.Wheni >3 and j = 2,
NM,(G*) — NM,(G™) = I
= [(ZyaeNG*(u) d(ya))z - (ZyaeNG*(u) d(Ve) — 2)2 - 16]
+ | ynewe 09 40D)” = Bypengeo 40 — 1)°]

2 2
+ | Cseng: rarto, i) AOD)” = (Seng: ratv, 1 A0 = 1)’
+(dw)+2)? +(dw)+ 1?2 —-{dWw) +2)>—-12>0.
Since Yxengw) A(Yo) = 7, and dg-(u) = dg-(v) = 3. Wheni =2 and j = 3,
NM;(G*) — NM,(G*) =1
2 2
= [(ZyaeNG*(u) d(ya)) - (ZyaeNG*(u) d(ye) — 2) - 16]
! 2 ! 2
+ [(ZyéeNG*(v) d(ya)) - (Zy&eNG*(u) d(ya) - 1) ]
2 2
+ | (Cseng: et i) AOD)” = (Tenge v, A = 1)’
+(dw) +1)?-12 > 0.
Since Xy eng-w) (V) = 7 and dg-(u) = dg-(v) = 3.Wheni =3 and j = 3,
NM,(G*) — NM,(G*) =1
2 2
= [(ZyaeNG*(u) d(ya)) - (ZyaENG*(u) d(ya) - 2) - 19]
1A 2 1A 2
+ [(Zy&eNG*(v) d(ya)) - (Zy&eNG*(u) d(ya) - 1) ]
2 2
+ | Cseng rarto, i) AO0)” = (Seng: v, A = 1)’

+(d(u) +2)> —16 > 0.
Since Xy eng-w) d(Ve) = 7 and dg-(u) = dg-(v) = 3.

Case lll: Ifuv € E(G*) and Ng«(u) N Ng=(v) = o.

Sub-Case lll(a): Ifi =1andj =1,

= [(ZyaENG*(u) d(ya))z - (ZyaeNG*(u) d(ya) - 1)2 - 4‘]
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[ Zyeng 0 40)° = Eypengeo 40 +1)°]

+ | Cnengr rar, 1 AR)” = (Teng: raro, A = 1)
+dW)? + d(v)? — (d() + 1)% > 0.
Since Yveeng-w A¥a) 25, dw)? +dw)? = 2d(v)? = (d(v) + 1)?
anddg- (1) 2 de-(@) 2 3. [(Zyengo) drD)) = (Tyreng.ao 40 + 1)2] +

[(Emezvc*(ya\{v. i) AO)” = (Srewg- w1 4R — 1)2] > 0.

Sub-Case llI(b): Ifi=1andj > 1. Wheni=1andj = 2,
NM,(G*) — NM,(G™) = 1
2 2
= [(ZyaeNG*(u) d()/a)) - (ZyaeNG*(u) d(ya) - 1) - 9]
2 2
+ [(Zmezva*m\{v, 1) AR)” = (Erenge o\, 1 d(R) — 1) ]
+dWw)?+ (d(w) + 1)? — (d(w) +2)? > 0.
since  Tyeng- d0a) = 5 dW? + (d®) + D2 2 d@)? + (d(v) + 1)? >
(d(v) +2)? anddg+(u) = dg+(v) = 3.Wheni=1andj > 3,
NM,(G*) — NM,(G™) = 1
2 2
= [(ZyaeNG*(u) d(ya)) - (ZyaeNG*(u) d(ve) — 1) - 8]
2 2
+ [(Zinezvm(ya\{v, ) A@)" = Cseng G\, 1 A — 1) ]

+d(w)? -8 > 0.
Since Xy engw) 4(Ve) = 5and dg-(w) = dg-(v) = 3.

Sub-Case llI(c): Ifi >1andj =1.Wheni =2andj =1,
NM,; (G*) — NM;(G*) = 1

= [(ZyaeNG*(u) d(ya))z - (ZyaENG*(u) d()/a) - 2)2 - 9]
+ [y eng ) 4¥D)” = (Byrengo d0a) +1)]
+ [ Cnengr rar, 1 AR)” = (Seng: rar, 2 AR = 1)]
+(d@) + D* +dw)* — (d(v) + 2)* > 0.
Since Yy enpwdWe) 26, () +1)*+dw)? 2dw)* + (dw) +1)* =2
(d(w) + 2)? and dg-(u) = dg-(v) = 3.
[(Zy&ENG*(v) d(y(;))z - (Zy&gNG*(u) d(]/c,() + 1)2] + [(ZERENg*(ya\{v, ) d(ﬁR))Z —
(ZmENG*(Va\{U, ) d(R) — 1)2] >0.Wheni>3andj=1,
NM,(G*) — NM,(G*) = I
= [(ZyaeNG*(u) d(ya))z - (ZyaeNG*(u) d(ya) - 2)2 - 16]
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+ [(Zyo'_,eNG*(v) d(y(),c))z - (Z)/&ENG*(u) d()/é) + 1)2]

2 2
+ | (e oo, 1 ARD)” = (Zeng ror, 1 4R = 1)
+(d@W) +2)>+dWw)? - (dW) +2)?>0.
Since Xy eng- ) d(¥e) = 6 and dg-(u) = dg-(v) = 3.
Y , 2 2
[(ZY&ENG*(U) d()/a)) - (Zy&ENG*(u) d(ya) + 1) ] + [(ZERENG*()/“\{V, 1)) d(iR)) —

Esrenge rartv, urp AR — 1)2] > 0.

Sub-Case Il1(d): If i >1andj > 1.Wheni =2andj = 2,
2 2
= [(ZyaeNG*(u) d(ya)) - (ZyaeNG*(u) d(ya) - 2) - 20]
2 2
+ [(Zmezvc*(yaml}) dR)" = (Zrenge (ratiy 4R — 1) ]
+(dw) + 12+ (d@w)+1)?—(dw)+2)2—1>0.
Since LypeNgy AVa) 2 6, (d(w) + D2+ @A)+ 1?2 =2d@) +1)?% =
(d(v) + 2)?and dg+(u) = dg+(v) =3.When i >3and j =2
NM, (G*) — NM,(G**) = I
2 2
= [(ZyaeNG*(u) d(ya)) - (ZyaENG*(u) d()/a) - 2) - 16]
2 2
+ [(Zmezvc*(yaml}) dR)" = (Znenge (raturp 4R — 1) ]

+(dw) +2)?-(dW)+2)?+([dw) +1)?-12 > 0.
Since ZYaENG*(u) d(Y,) =6anddg(u) = dg(v) = 3. When i =2 and j > 3,

NM, (G*) — NM,(G*) = I
= [(Byeene-00 40))° = Srpengea dra) — 2)” = 16]
2 2
+ [ (Snenratinn 4R)” = (Eonentraiy 48 = 1)°]
+(d@w) +1)% - 12 > 0.
Since ZYaENG*(u) d(y,) = 6anddg-(u) = dg+(v) = 3. When i >3andj = 3,
NM,(G*) — NM,(G*) = I
= [(ZyaeNG*(u) d(ya))z - (ZyaeNG*(u) d(ya) - 2)2 - 19]
+ [(ZmeNc*(ya{al}) ds)’ - (Zpeng: atisny AR = 1)2]

+(dw) +2)? —16 > 0.
Since Xy eng-w) A(Va) = 6 and dg-(w) = dg+(v) = 3.

Case IV: Ifuv € E(G*) and [Ng+(u) N Ng+(v)|=1.
Sub-case IV(a): Ifi =1andj =1,



120

YOUSAF AND BHATTI

NM; (67) = NMy (6™) = [(Zypeng-a0 20)” = (Cyeeng-ao 40a) — 1) = 4
+ (2 ewg 0 40))° = (yrenge 00 40a) + 1)°] [ (Sneng: ratann 4%)” =
(SN (vatig) AR — 1)2] +dw)? +dw)? — (dw+1))? > 0.
Since Yyeeng-w AWVe) 2 5,dg-(w) = dg+(v) 2 3and d(w)? + d(v)* 2
2d(v)? = (d(v) + 1%
[(ZERENG*(ya{ﬁl}) dR)? — Cneng (rafish) IR — 1)2] + [(Zyeeng- d(v))" -
(Byaengco A0a) +1)°] > 0.

Sub-Case IV(b): Ifi=1andj > 1. Wheni=1andj = 2,
NM, (G*) — NM, (G*) =1
2 2
= | (Zyaene- 00 40))” = (Byeng-a 4 = 1)° = 9]
2 2
+ | (Zsenge (ratind 4R)” = (sneng:tratiny 4% — 1)°]
+dw?+ (d@) +1)2 — (d@) + 2)2 > 0.
since  Tyeng- d0a) = 5 dW? + (d®) + D2 2 d@)? + (d(v) + 1)? >
(d(w) +2)? anddg+(u) = dg+(v) = 3.Wheni=1andj > 3,
NM,(G*) — NM,(G*™) = 1
2 2
= [(ZyaeNG*(u) d()/a)) - (ZyaeNG*(u) d(ya) - 1) - 8]
2 2
+ | Estenge v, 1) AO)” = (Teng: v, 4O = 1)

+dw)?—-8>0.
Since Xy engw) d(e) =5 and dg-(u) = dg-(v) = 3.

Sub-Case IV(c): Ifi > 1andj = 1.Wheni =2andj =1,
NM,; (G*) — NM;(G*) = 1

= [(ZyaeNG*(u) d()/a))z - (ZyaeNG*(u) d(ya) - 2)2 - 9]
+ [ enge ) 400) = Byrengeo da) +1)]
+ | Etengrtrar, 1 AO)” = (Toneng- ror 4R = 1)]
+(dw) + D2 +d(v)? - (d() + 2)? > 0.
Since YyengwdWe) =26,  (d(w) + D2+dw)?=dw)?+ [d@) +1)2 >
(d(w) + 2)? and dg+(u) = dg+(v) = 3.

[(Zy&eNG*(w diyy)’ - (Syrengean da) + 1)2] + [(ZmeNG*(Ya\{v, apd@)” -
(Z‘RENG*(Va\{U' ul}) d(m) - 1)2] > O
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Wheni>3andj=1,

= [(ZyaeNG*(u) d(ya))z - (ZyaENG*(u) d(}/a) - 2)2 - 16]
| Crpene 00 200)” = Eyengean 40 +1)°]
+ [(29{61\’6*()’05\{", U4} d(m))z - (ZERENG*()/“\{V, ) d(R) — 1)2]

+(dw) +2)2+dWv)?2—-(d®) +2)*>0.
Since Xy eng ) 4(¥Ve) = 6 and dg+(u) = dg-(v) = 3.

[(ZY&eNg*(v) d(Vo'z))z - (ZY&ENG*(u) d(ys) + 1)2] + [(Zmewc*(m\{v, ) d(m))z -
Eoreng (rartv, ush AR = 1)2] > 0.

Sub-case IV(d):if i >1andj > 1.Wheni=2andj = 2
NM, (G*) — NM,(G*) =1

= [(ZyaeNG*(u) d()/a))z - (ZyaeNG*(u) d(ya) - 2)2 - 20]

2
(Zsteng- raturay d(m))z B (Z(ﬂieNm(m{u’l})) aR) = 1> l
+dw)+1D*+[dW)+ 12— {dw) +2)2—-1>0.
Since Yyeeng-w AWa) 2 6,dg+(u) = dg+(v) = 3and (d(u) +1)* +
d@w)+1?=2(d@)+1)? = (d(w) +2)?.Wheni >3andj = 2,
NM, (G*) — NM,(G™) = 1

= [(ZyaeNG*(u) d()/a))z - (ZyaeNG*(u) d(ya) - 2)2 - 16]

2
(Zseng-gatu1p d(m))z B (Z(%Nm(m{u’l})) 4R = 1> l

+(dw) +2)?-(dWw)+2)?+([dWw) +1)?-12 > 0.
Since Xy eng ) (V) = 6and dg+(u) = dg-(v) = 3. Wheni=2andj =3,
NM, (G*) — NM;(G**) = 1

= [(ZyaeNG*(u) d()/a))z - (ZyaeNG*(u) d(ya) - 2)2 - 16]

2 2
(Z%ENG*(yA{u’l}) d(m)) - (Z(ERENG* (YA{ull})) d(iR) - 1) l
+(dw) + 12— 12 > 0.
Since Xy eng-w) 4(¥Ve) = 6,and dg-(u) = dg-(v) = 3.Wheni >3 andj = 3,
NM,(G*) — NM,(G*) = I
2 2
= [(ZyaeNG*(u) d(ya)) - (ZyaeNG*(u) d(ya) - 2) - 19]

2 2
+ [(Z%Nc*(ya{ﬂl}) diR) - (ZiRGNG*(ya{lll}) dR — 1) ]

+

+

+
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+(d(u) +2)? — 16 > 0.
Since Yy, eng-w) A(Va) = 6 and dg-(w) = dg+(v) = 3.
Case V: Ifuv ¢ E(G™) and Ng+(u) N Ng=(v)| = 2. Let t; t,eNg+(u) N Ng=(v).

Sub-Case V (a): Ifi =1and j =1,
NM, (G*) — NM;(G*) =1

= [(ZyaeNG*(u) d(ya))z - (ZyaeNG*(u) d()/a) - 1)2 - 4]

+|Cyrene @ 40)° = (Zyeng-ao 40 +1)°]

+ :(ZERENG*(Va\{aLti}Zi:Q diR)z - (ZmENG*(Va\{ﬂl,ti}zﬁl) dR — 1)2]

+ :(Z%ENG*(ti)iﬂ ‘m”)z ~ (Zyeneormr AR - 1)2]

+dw)? + d(v)? — (d(v) + 1)% > 0.
SinceXy eng-a d(¥a) 2 5, Ly () 2 AR >N ey ) A dg (W) 2
derwy =3 and d(u)? +d(w)? = 2d(v)? = (d(w) + 1)

Sub-CaseV (b):If i =1andj > 1.Wheni=1andj = 2,
NM,; (G*) — NM;(G*) = 1

= :(ZyaeNG*(u) d(ya))z - (ZyaENG*(u) d(ya) - 1)2 - 9]
- 2 2
+ _(ZERENG*()’“\{ 0y ti)?;,) d(%)) N (ZmENG*(Va\{l'thi}zi:l) d(R) - 1) ]
+(Swrengeeori, A0 = (Ssvrewguieon,, AN = 1) | + dwy?
+(d@W)+ 12 =-{dWw) +2)>?>0
Since ZYaGNG*(u) divy) =5 dw?+{dw)+1)?2=2dw)?+{dw)+1)?%=>

(d(v) + 2)?and dg+(u) = dg+(v) = 3.Wheni =1 and j > 3,

= [(ZVaENG*(u) d(ya))z - (ZYaGN(;*(u) d(V,) — 1)2 — 8]
2 2
* [(ZmENG*(y“\{ Ui tid?y) d(ﬁR)) N (ZSRENG*(Va\{ Ug,t)% ;) d(R) — 1) ]

+(Swrengeori, 4O = (Ssvrengeeon,, AN —1) |
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+d(u)? — 8> 0.
Since ¥y eng-) A () = 5, and dg-(w) = dg+(v) = 3.

Sub-CaseV (c): Ifi >1andj = 1.Wheni=2and j =1,
NM,;(G*) — NM;(G*) = 1

= [(ZyaeNG*(u) d(ya))z - (ZVaGNg*(u) d(]/a) - 2)2 - 9]
+ _(ZVéGNc*(U) d(yoll))z - (ZyAENG*(v) d(¥e) + 1)2]

+ (Z‘Rfl\’c*(m\{ W ti}?,,) d(m))z - (Zi}ieNG*(ya\{ﬂl,ti}zizl) d(R) — 1)2]

- 2 2
+ | (Bovrenge o, AO) = (Zwrewgtepn,., 4D = 1) |

+(d@) + 1D?+dw)? - (dw) + 2)? > 0.
Since ZyaeNG*(u) d(ya) = 6, Zm”ENG*(ti)Zizl d(ER”) > Zy’aeNc*(u) d(}/’a),
deg(u) = dg=(v) =23 and dw?+ @) +1)?+dw)?=>dw)?*+(dw) +
2)%.Wheni = 3andj =1,
NM,(G*) — NM,(G*™) = 1

= [(ZyaeNG*(u) d(ya))z - (ZyaeNG*(u) d(Ve) — 2)2 - 16]

+ [ ypewg 00 40D)” = (Zytenper 408 + 1)°]
: " 2
+ (ZERENG*()’“\{ b} iy) d(%)) B (ZmENG*(Va\{l'thi}zi:l) d(R) - 1) ]
_ 2 )
+ | (Sovrenge o, AOV) = (Swrengateon,., 4D = 1) |
+(dW) + 2) + d(v)? — (d(v) + 2)? > 0.

Since ZyaeNG*(u) d()/a) = 6’ZER”ENG*(,ti)?=1 d(SR”) > Zya’eNG*(v) d(ya,) , dG* (u) =
de-() = 3 and (d(w) + 1% + d@)? = d()? + [d@) + D2 = (d(v) + 2)2.

Sub-Case V (d): Ifi >1andj >1,Wheni=2 and j = 2,
NM,;(G*) — NM;(G*) =1

= [(ZyaeNG*(u) d(ya))z - (ZyaeNG*(u) d(ya) - 2)2 - 20]
2 2
+ [(ZmENG*(Va\{ gt d(gﬁ)) - (ZiRENG*(ya\{ ez, dR) — 1) ]

+(Swrenge o, 4RN)” = (Swrengeceon,, 4D —1) |

+(dW) + 12 +(dW) + D2 — (d@) +2)2 - 1> 0.
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Since Yyieng-wde) 26, (dw)+1*+ W) +1)*=2 2(dw)+1)* =
(d(w) + 2)%,and dg-(u) = dg+(v) =3.When i >3 and j = 2,

NM, (G*) — NM,(G*) =1

= [(ZyaeNG*(u) d(ya))z - (ZyaENG*(u) d(ya) - 2)2 - 16]
2 2
+ [(Z‘RENG*%\{ int, AO) = (Zneng. v\ eopi, 1) 1) ]

n 2 n 2
+ [(Zm”fl\’c*(,fiﬁﬂ d(R )) B (Zm”fNG*('ti)%n d(®") - 1) ]
+(dw)+2)? - (dWw)+2)?+([dw) +1)?*-12 > 0.
Since Xy engw) (V) = 6, and dg-(w) = dg-(v) = 3. Wheni =2and j = 3,

NM,(G*) = NM,(G*) =1
= [(ZyaeNG*(u) d(ya))z - (ZyaeNG*(u) d(ya) - 2)2 - 16]

2 2
+ [(Zmewc*(ya\{ iz, 400) = (Zengerr sneayz, 4O — 1) ]

12} 2 124 2
* [(Zm”ENG*(’ti)iz=1 d(% )) B (Zm”ENG*(’ti)lg=1 d(®") - 1) ]
+(dw) + 1)2 — 12 > 0.
Since Xy engw) (¥Ve) = 6, and dg+(u) = dg-(v) = 3. Wheni =3 andj =3,

NM,(G*) — NM,(G*) = I
= _(ZyaeNG*(u) d(ya))z - (ZyaENG*(u) d(ya) - 2)2 - 19]

_ 2 2
+ _(Zmewcm\{ =1 4O) = (e re iyt i A0 — 1) ]

_ 12 . 2
+ (ZER"ENG*(ti)Zi=1d(m )) - (Zm"eNG*(ti)zi:l d(R"”) — 1) l

+(dw) +2)% — 16 > 0.
SInCE ZYQGNG*(U) d(ya) 2 6 al’ld dG* (u) 2 dG* (v) 2 3

Lemma 2.3. Suppose there exists a path u'y,u’,,...,u’; ,i = 1 attached to the vertex
u € G*, where u is identified with the vertex u’;and u’,v € E(G*). Construct G** = G* —
u'yv +u';v,then NM;(G*) > NM;(G™).



On the Minimal Unicyclic and Bicyclic Graphs 125

ok K
T

Figure 3: Graphs G*and G** (used within Lemma 2.3).

Proof. Since d(u) = 3, there will be three cases regarding the length of the path.

Case l: Ifi = 1,
NM,(G*) — NM;(G™) =1

= (ZyaeNG*(u) d(ya))z - (ZyaeNG*(u) d(¥e) — 1)2
(e 40D)" = (Sypenge 40 — d@) +2)°

F(Eneng- (oo AO). = (Ssten ) - 1)
+dw)? — (d@w) + 1) > 0.

¢ Valviu'z}

Since Xy eng-w) 4(¥Ve) = d(u) + 1, implies that
[ aeng-a0 40))” = Breeng-a 40 = 1)° = 1] > (d@) + 1)? — d(w)?.

Case ll: Ifi =2,

NM; (G*) — NM,(G*™) =1
= [(ZyaeNG*(u) d(ya))z - (ZyaENG*(u) d(ya) - 2)2 - 12]
+[(yenge 0 40D)° = (Zyenge A0 — d ) +2)]

2 2
+ [(Zmezva*(ya\{v, ) A)” = (Bsrenge o, 1 A — 1) ] > 0.
Since ZyaeNG*(u) d(ya) = 6.

Case lll: Ifi > 2.

NM, (G*) — NM,(G**) =1
= [(ZyaeNG*(u) d(ya))z - (ZyaENG*(u) d(ya) - 2)2]
+[(Eewe 00 4¥D)” = (Syengoo dra) — dw) +2)° — 19]
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+ [(Zmewa*(ya\{v, i) A)” = (Srewg- (v, 4R — 1)2]
+(d(u) +2)? —(dw) +1)% > 0.
|

Let U be the unicyclic graph collection derived by joining a path of length n — i
to the cycle C; of length i. From Lemmas 2.1 and 2.2, we have

Theorem 2.1. Let G* be an unicyclic graph of order n and girth i. If G* & U}, then
NM, (G*) > NM, (UL).

OO0 ©

-Dl DE D:i
Figure 4: Graphs D, , D, and D5 (used in Theorem 2.2).

Theorem 2.2. Let C,, be the optimal (minimal) unicyclic graph from the collection of U,
with minimum neighborhood first Zegrab index.

Let D,,D, and D; be the n-vertex bicyclic graphs showed in figure 4. From
Lemmas 2.2 and 2.3, it is obvious that bicyclic graph with the minimum neighborhood first
Zagreb index is one of the graphs D, , D, and D5.

NM, (D;) = 16n + 128,
NM; (D;) = NM;(Ds)
16n + 102 if uv € E(D3)
= {16n+96 if uv ¢ E(D,)or uv ¢ E(D;) and |N(w) n Nw)N(u) nN(w)| = 1;
16n+96 if uwv ¢ E(D,)or ww ¢ E(D;) and N(w) n N(v) = ¢,
So, the above findings brings closer to our extremal result that is stated below.

Theorem 2.3. The optimal (minimal) bicyclic graphs of order n with minimum
neighborhood first Zagreb index are the graphs D, and D5, in which non-adjacent vertices
of degree three exists without any common neighbor.
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